Seminar of I. Vekua Institute
of Applied Mathematics

REPORTS, Vol. 35, 2009

FUNDAMENTAL SOLUTION OF ELASTIC STEADY STATE OSCILLATION
EQUATIONS

Tediashvili Z., Sigua 1.

Abstract. The system of differential equations of steady state oscillations of anisotropic
elasticity are considered. By the generalized Fourier transform technique and with the help
of the limiting absorbtion principle, we construct maximally decaying at infinity matrices of
fundamental solutions explicitly. Their expressions contain surface integrals over a certain
semi-sphere and a line integrals along the edge boundary of the semi-sphere. We investigate
near field and far field properties of the fundamental matrices and show that they satisfy the
generalized Sommerfeld-Kupradze type radiation conditions at infinity.
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The homogeneous system of differential equations of steady state oscillations of
anisotropic elasticity reads as follows (see, e. g., [1])

C(0,w) u = C(I)u + Wt = Chjpg0;04uy + w’u = 0, (1)

where u = (u1,us,u3)" is the displacement vector (amplitude), w > 0 is the oscillation
(frequency)parameter,

C(D,w) 1= C(0) + w3 = [ChjpgDi 0y + Oppw?]sxs,
C(0) = [ChjpgDiOq]3x3- (2)

Here 0; = %, I3 stands for the unit 3 x 3 matrix, d, is the Kroneker delta, the
superscript T denotes transposition, cyjp, are elastic constants; cijpq = Cjkpg = Cpghjs
k,7,p,q=1,2,3.

Let F,_¢ and fgjx denote the direct and inverse generalized Fourier transform
in the space of tempered distributions (Schwartz space S'(R?)) which for regular
summable functions f and g reads as follows

Foedl) = [ f)eban, Flla) = s [t Q

R?:

where x = (21,29, 23) and & = (&1,&2,&3). Note that for arbitrary Multi-index o =
(ala 062,(13) and f S S,(Rg)

Floof] = (i) FIfl, F'[g%) = (10)*F'[g].
Denote by ¥(z,w) the matrix of fundamental solutions of the operator C(0,w)

C(0,w)¥(x,w) = I36(x). (4)
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Here §(-) is the Dirac’s delta distribution. By standard arguments we can show that

V(r,w) = f1[@1(—¢g,w>]:f1[—(c¥(zi;’)}
_ N(@x,w)f_l[q)(;w)]:N(é?x,w)l“(x,w), (5)

where C™1(—i€,w) is the inverse to the symbol matrix C(—i,w), C*(—i&,w) is the

corresponding matrix of cofactors, (¢, w) = det C(—i&,w), N(0,,w) = [Nkj(ax, w)]
3x3
is the formally adjoint matrix to the matrix C(0,w) i.e.,

N(0p,w)C(0,w) = C(0,w)N(0y,w) = ®(x,w)Is.

It is clear that Nj; is the nonhomogeneous differential operator of order 4.
Assume that for any n € ¥;, where

o= {n e R¥n =1},

the equation ®({,w) = 0 (written in spherical coordinates) has three different roots
t1, to, t3 with respect to t = 22, p =&l so

3
(¢, w ) [[(0* = w’i3), (6)
7=1
where t; = ,u?(n), j =1,2,3 are the different roots of the equation (¢, w) = 0 and

-1

a(n) = |i3) g3 15| . e S pm(=n) = (), al—n) = aln).
Taking complex 7 = w +ig, ¢ # 0 instead of w > 0, we can show that ®(£,7) # 0 and

[(x,7) = FHo ¢ 7).

With the help of the Cauchy integral theorem for analytic function and the limiting
absorbtion principle [2], we prove the following
Theorem 1. The fundamental solution of (1) has the following form

U(z,w,1) = N (0, w) Z / e!@mea gy, (7)

or

3
U(r,w,2) = =N (0, w) Z /Fq(n)e_i(w'”)pq dXy, (8)
q=1 =,
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where
Fy(n) = = () Cpen
am){ I [ - o)}

J=1,j#q

pq(n) = wiq(n), q=1,2,3 and 57 ={n : n € Xy and (z-n) = 0}.

Clearly, V(z,w,2) = ¥(z,w,1).

Denote by S, the characteristic surface given by the equation p = p,(n), ¢ =
1,2,3, n € ;. We assume, that S, is star-shaped surface with respect to the origin
and convex; it means that £ - n(§) > 0 for all £ € S, where n(§) is the outward unit
normal vector at £ € 5.

Note that np,(n) = € € S, and

_ (£ _1
s = (g - nl€))dsy = - (& n())asi,
so we can rewrite (7) in the equivalent form
~ [ EME-n©)
v 1) Oy w ol H=94s,. 9
e | )

RRCA 0

In this paper we essentially use the following
Lemma 1. If
o) = [ olen)d,
sf
and p(-,n) € CH(R?), then

0P(z) / dp(x,n)
8xk n al’k

d,Xy + —/ x,n)nkdry (10)
=F
where vy, = 0% .

We prove the following
Theorem 2. The fundamental solution V(z,w, 1) of equation (1) is represented as

U(z,w,1) = ¥ (z) + VO (), (11)
where
¥ /ZF N(inpg, )@ dz,. (12
sp !
‘II(O)(x = n) dVe; (13)

7T2|96|
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here C~1(n) is the inverse matriz of C(n). Moreover, if |z| — 0, then

- [r)] =0 52 [1w] =o( )

and

3
@gWWF/;ﬂWWMM@L
b

Remark, that ¥ (z) is the fundamental solution of the static equation (w = 0)

3 .
1 N(i£D, w)
\Ij(x7w71)22{_E 3
g=1 a(n@) TI [p2(n@) — p3(n@)]
j=1,j#q
6i(x'§(q))

" Va1V €) role D}’

(@) " ‘
where 7@ = &5y, €9 € S, n(€9) = &, and V, = (2, a0, 505)-

Finally we prove the following
Theorem 3. For |z| > 1

3
(@) (@)
Vrw,1) =3 U (z,w,1), ¥ (2,0,1) = O(z| ™),
q=1
(2)
R (x,w,1) ()

al'k _ka v (wivl) :O(’x‘72)
These conditions are called the generalized Sommerfeld-Kupradze type radiation con-
ditions.
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