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NECESSARY CONDITIONS FOR EXISTENCE OF POSITIVE SOLUTIONS OF
NONLINEAR DIFFERENCE EQUATIONS

Koplatadze R., Nanobashvili I.

Abstract. The difference equation
A2u(k) + p(k) [u(o (k)| signu(o(k)) = 0 (0.1)

is considered, where A € (0,1), p: N - Ry, 0: N — N, o(k) > k for k € N and difference
operator is defined by Au(k) = u(k +1) —u(k), A2 = Ao A.

Necessary conditions are obtained for the equation (0.1) to have a positive solution.
Besides, oscillation criteria of new type are obtained.
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1. Introduction

Consider the equation
A?u(k) + p(k) ‘u(a(k))‘/\ signu(o(k)) =0, (1.1)

where p: N — R,, 0 : N — N are defined on the set N = {1,2,...} of the natural
numbers, (k) >k for k € N, Au(k) = u(k + 1) — u(k) and A? = Ao A,
Below it will assumed that

sup{p(i) : ¢ >k} >0 forany k€& N.

For any n € N, denote N,, = {n,n+1,...}.
Definition 1.1. Let ny € N. A function u : N,, — R is said to be a proper
solution of (1.1), if it satisfies (1.1) on N, and

sup {|u(i)| :i >k} >0 for ke N,,.

Definition 1.2. We say that a proper solution u : N,, — R of equation (1.1)
is oscillatory, if for any n € N,,, there are nj,ny € N, such that u(n;)u(ny) <
Otherwise, the proper solution is cold nonoscillatory.

In the present paper sufficient conditions for the oscillation of all proper solutions
of (1.1) are established.

2. Main results

Below it is meant that the condition

i kp(k) = +o0 (2.1)
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is fulfilled.

Let ko € N. Denote by Uy, the set of all proper solutions of (1.1) satisfying u(k) > 0
for k € Ny,.

Theorem 2.1. Let kg € N and Uy, # &. Then for any 6 € [0,A] and for any

seN
+o0

Z B (ps(a(k)))‘;p(k;) < +00,

k=1
where

k +oo

pi(k) =Y > p(i); (2.2)

(=1 j=¢
k  +oo

pik) = 3" "0 (0 (0(G))Y, G=2..s. (2.3)

(=1 j=¢

Theorem 2.1 play important role in establishing the sufficient conditions for the all
proper solutions of equation (1.1) to be oscillatory.

Theorem 2.2. Let condition (2.1) be fulfilled and for some 6 € [0, A] and for some

seN
+oo

SR (0 (k) p(k) = +oc.

k=1

Then any proper solutions of equation (1.1) is oscillatory, where pg is defined by (2.2)
and (2.3).

Corollary 2.1. Let
+o00
> kp(k) = +oo.
k=1

Then any proper solutions of equation (1.1) is oscillatory.

Corollary 2.2. Let (2.1) is fulfilled and for some s € N

+0o0

S~ (ps((k))) *plk) = +oo.

k=1
Then any proper solutions of equation (1.1) is oscillatory, where ps is defined by (2.2)
and (2.3).
Theorem 2.3. Let for some v € (0,1) and a € (1, 4+00)

k—+4o00

+o00o
lim inf k7 " p(i) > 0
i=k

and .
lim inf M > 0.
k—too k<
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Moreover, if at last one conditions
al>1

or
if a A <1, for somee >0

+oo

aA(l=)
E k 1—a A p(k) = +OO,
k=1

then any proper solutions of equation (1.1) is oscillatory.
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