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ESSENTTALLY NONLINEAR GENERALIZED DIFFERENTIAL EQUATION OF
EMDEN-FOWLER TYPE WITH DELAY ARGUMENT

Koplatadze R.

Abstract. In the paper the following differential equation
u™ (1) + p(t) |u(a ()Y signu(o(t)) = 0, (0.1)

is considered, where p € Lioc(R+; R), 0 € C(R4+,Ry), o(t) <t fort e R, tli+m o(t) = +o0

and p € C(Ry,(1,400)). New sufficient conditions, the Eq. (0.1) to have Property A or
Property B, are established.
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1. Introduction

The work concerns the study of oscillatory properties of the differential equation

u™(t) + p(t) [u(o ()" signu(o(t)) =0, (1.1)
where p € Lioo(Ry; R), p € C(Ry;(1,4)), 0 € C(Ry;Ry), oft) < t, tlifrn o(t) =
+o00 and

p(t)y>A>1 for teR,. (1.2)
It will always be assumed that either the condition
p(t) >0 for te R, (1.3)
or the condition
p(t) <0 for te R, (1.4)

is fulfilled.

Let tp € R. A function u : [tg,+00) — R is said to be a proper solution of Eq.
(1.1) if it is locally absolutely continuous together with its derivatives up to order n —1
inclusive,

sup {|u(s)| : s € [t,+00)} >0 for t >t
and there exists a function @ € C(R; : R) such that u(t) = u(t) on [tg, +00) and the
equality

a ™ (t) + p(t) [a(o ()Y signm(o(t)) = 0
holds for ¢ € [ty, +00). A proper solution u : [ty, +00) — R of Eq. (1.1) is said to be

oscillatory if it has a sequence of zeros tending to +o0o. Otherwise the solution w is
said to be nonoscillatory.
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Definition 1.1. We say that the Eq. (1.1) has property A if any of its proper
solutions is oscillatory when n is even and is either is oscillatory or satisfies

()] 10 as tT 400 (i=0,....,n—1) (1.5)
when n is odd.

Definition 1.2. We say that the Eq. (1.1) has property B if any of its proper
solutions either is oscillatory or satisfies (1.5) or

WD @) T +00 as tT4o0 (i=0,...,n—1) (1.6)
when n is even and either is oscillatory or satisfies (1.6) when n is odd.

A number of survey papers and monographs have been devoted to various aspects of
oscillation of nonlinear differential equations with a delayed argument (see, for example,
[1-3]).

2. Differential equation with property A and B

Theorem 2.1. Let the conditions (1.2), (1.3) ((1.4)) be fulfilled,
£))H®)
lgmjnf le®)? >0, limsup pu(t) < +oo (2.1)
—Te t——4o00

and for some € > 0

/1 T (ﬂ)lﬁ Ip(t)| dt = +oo. (2.2)

t

Then Eq. (1.1) has Property A (B).
Remark 2.1. The condition (2.2) cannot be replaced to the condition

+o0
/1 t" 2o (t) |p(t)| dt = +oo.

Corollary 2.1. Let the conditions (1.2), (1.3) ((1.4)) be fulfilled,
o(t)

liminf —= >0, limsup pu(t) < +oc.
t—+o0 t——+o00
Then the condition e
/ 1 (1)) dt = +oo (2.3)
0

is necessary and sufficient for the Eq. (1.1) to have Property A (B).
Theorem 2.2. Let the conditions (1.2), (1.3) be fulfilled,

(o ()

lim sup — < +oo, limsup u(t) < 400 (2.4)

t—-4o00 t—-4o00

and for some € > 0

/1 (om0 (ﬂ) p(t) dt = +oc.
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Then Eq. (1.1) has Property A.
Theorem 2.3. Let the conditions (1.2), (1.4) (2.4) be fulfilled and for some ¢ > 0

/ oty om0 (ﬁ) Ip(t)] dt = +oo.

Then Eq. (1.1) has Property B.

Theorem 2.4. Let n be odd (n be even), the conditions (1.2), (1.3), ((1.4)) be
fulfilled and for some ¢ > 0

(o (1)) +++

lim inf > 0.
t——+00 t2+e

Then the condition (2.3) is necessary and sufficient for Eq. (1.1) to have Property A
(B).

Theorem 2.5. Let the conditions (1.2), (1.4) and the second condition of (2.4) be
fulfilled and for some € > 0

(O‘(t) 2u(t)—1—¢

lim sup e

t——+4o00

Then the condition oo
[ o) o)t = +oc
1

is necessary and sufficient for Eq. (1.1) to have Property B.
To simplify things, consider the Emden-Fowler type differential equation

u™(t) + p(t) ‘u(ta)|/\ signu(t*) =0, (2.5)

where a € (0,1), A € (1, +00).

Corollary 2.2. Let n be odd (n be even), the conditions (1.3) ((1.4)) be fulfilled
and a > 2. Then the condition (2.3) is necessary and sufficient for Eq. (2.5) to have
Property A (B).

Corollary 2.3. Let the conditions (1.4) holds and a < ﬁ Then the condition

+o0o
/ t A=D1 )| dt = 400
0

is necessary and sufficient for Eq. (2.5) to have Property B.
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