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FINANCIAL MARKETS WITH DISORDERS. OPTIMAL MARTINGALE
MEASURES FOR TRINOMIAL SCHEME

Glonti O., Jamburia L., Khechinashvili Z.

Abstract. In the paper we consider a trinomial scheme with two random disorder moments,
which we propose as stock price evolution model, and find entropy minimal martingale mea-
sure for one special class of martingale measures.
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On the probability space (£, F, P) consider a real valued stochastic process with
discrete time S = (5,,),n =0,1,..., N,

S = Su-1(1+ pn), (1)

where Sy > 0 is deterministic and (p,),n = 1,2,..., N, is the following sequence of
random variables:

pn:pg)l(n<91)+pn ](0<n<81+92)+pn) (71201—1—02) (2)

Here pli) = (pgf)) (n=1,2,....,N;i = 1,2,3) are sequences of independent iden-
tically distributed random variables that take only three values a;, b;,c;,a; < b; < ¢;
and —1 < a; < 0 < ¢; with probabilities p;, q;,ri,p; + ¢; + 7 = 1,2 = 1,2,3, and
01,05 are random variables with values from the sets {0, 1,..., N} and {0,1,...., N — 0}
respectively. Assume, that the distribution P(0; = k, 0, = [) is known.

I(A) is the indicator of A € F. p™M p@ pB) are jointly independent of each other
and they are independent of 6y, 05.

It is clear, that until the random moment #; we have one process S Wlth the
return pﬁl , then until the random moment 6; + (92 we have the process S with the
return p%) and after 61 + 0y we have the process S with the return p; Such process
described by (1), (2) we call the trinomial scheme with disorder and propose as a model
of stock price evolution.

Consider a class of equivalent to P measures P with Radon-Nycodim derivative of
following form

9P (w) = Zn(w) = [T, (6" 1(n < 00) + €710, < n < 0, + 62) 5
+&P1I(n > 0, + 65)],

where

€0 = Do — o) + L1(o0 =) + ST = )i =1,2.3
Di qi r;
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Here p;, g;, 7; are such positive constants, that
Now we find the relative entropy

dP  dP

1P, P)=Er 1 95 TP

Direct calculations shows, that

Mz

N ~ ~
S P, :k,92:l)[(k—n[ﬁllnﬂﬂ}lnﬁ
=0 h q1

W

=0

+r11n—} + l+1)[p21n——|—q21n—+7"21n—]
42 T2

~

N —(k+1 In— In = In —
HV = (k) [ 2+ i 2 ]

Consider the filtration G,, = (6, 92,p§1),p§ ), : ,p,(ll),p?),. ,p%),pgg), s p,(f)), n =

1,2,...,N,Gy = {@,Q}. It is easy to see, that
_ (3)
Zn ka (n<6))+EP1(0 <n <6, +6,)+ P I (n> 0, + 6y)

is the G,,-martingale. . .
The probability measure P is a martingale measure for S'if P ~ P and S = (S, Gy,)

is a martingale. )
The martingale condition has the following form E(AS,,/G—1) = Sy 1E(pn/Gn-1) =
0 or E(pn/Gn-1) =0 and

0= E(pn/anl) = E(pnZn/Gn-1) = ElpnE(Zn/Gr) [ Gn]
= FE(ppZxn)Gn-1) = ElpnZn1(EPT(n < 01) + P10 < n < 61 + 6)
+6I(n > 01+ 02))] = Zo 1 [E(p V) I(n < 01) + E(pY€)

<I(0 < n < 6 +05) + E(pP NI (n > 6, + 6,)],

or
(a1p1 + b1Gy + c171) 1 (n < 01) + (agps + baGo + cof2) )
[(9 <n< 01"‘92) + (a3]53+b3(jg+cgf3)1(n > 01 +(92> =0
This martingale condition (4) will be fulfilled if
aip1 +biqi + 171 =0
aspPz + baGa + cor2 = 0 (5)

asps + bs@s + cs3) = 0.
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The class of measures defined by (3) represents a class of martingale measures for
S under the conditions (5).

Our aim is in this class to construct the measure P*, (entropy minimal martingale
measure) which minimizes the relative entropy I(P, P) under the constraints

apr +biqy +carp =0, ©1=1,2,3,

The general problem of finding relative entropy martingale measure is investigated
in [3]-[5]. Such problem for the trinomial scheme without disorder we have studied in
[1] and with one disorder in [2].

In our case the Lagrangian has the following form

2
=

N ~ ~
= ;Zpel_k 92_Z)[(k—1)[ﬁ11n%+q~11n%

0
]+(l+1)|:p2111p——|‘Qanq—+T21nT—2i| +(N—(I€+l))

X [253 In=> 4 Gy nL T3 1n —” + Ai(a1p1 + b1Gy + 1)
D3 qs3 T3

+A2(agps + baGa + caf2) + A3(asps + bsGs + c373)
+i(pr+ G+ 71— 1)+ pe(Pa+ G+ 72— 1) + pus(ps + G + 73 — 1)

and solving this optimization problem under the constraints we obtain the following
result: 5

Theorem. The Radon-Nykodim derivative of minimal martingale measure P* has
the form

Zi(w) = C0) exp{— N [MI(n < 0)) + Mol <1 < 6y +6,)

A3l (n > 01 + 65)] 52},
where N, i = 1,2,3, are the unique solutions of the following equations
a;p; exp{—a;x;} + biqi exp{—b;z;} + ¢;ri exp{—c;z;} =0

and
0(9) = exp{— Ziv:l[f(n < 91) lnD1 + 1(91 S n < 01 + 92) h’lDQ

+I(n > 601+ 6;) In Dsl},
1

D, = ~ i} . i=1,2.3
piexp{—XNia;} + ¢ exp{—\;b;} + i exp{—N\;c;}
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