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ON ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF THREE-DIMENSIONAL
LINEAR DIFFERENCE SYSTEMS WITH DEVIATING ARGUMENTS

Giorgadze G., Koplatadze R.

Abstract. In the paper the following linear differential system

zi(t) = pi(t) miga1 (rig (t)) (1 =1,2),
5 (t) = pa(t) x1(m (1)),

is considered, where p; € Lioe(R4; Ry), 7 € C(R4, Ry) and tlir+n Ti(t) = +o0 (i =1,2,3).
——+0o0
Sufficient conditions of new type are established for oscillation of solutions of the above
system.
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1. Introduction

This work concerns the study of oscillatory properties of the system
2i(t) = pi(t) w1 (T (1)) (1= 1,2),

(1.1)
25(t) = ps(t) z1 (1 (1)),

where
pi € LIOC(R—i-; R+), T; € C(R+, R+>,

1.2
lim 7(t) =400 (:1=1,2,3) and 74(¢t) >0 for t€ R,. (12

t——+00

The problem of oscillation of solutions of high order differential equations is well
studied (see, for example, [1-4]). Analogous results for systems (1.1), where p3 €
Lioe(Ry; R_) is considered in [5].

Definition 1.1. Let t; € R,. A continuous vector function & = (z;)i; :
[to; +00) — R? is said to be a proper solution of system (1.1) if it is locally continuous,
sup{||z(s)]. s € [to; +o0)} > 0 for t > ty, there exists a function * € C(R,; R?) such
that * = x(t) on [ty, +00), and the equalities

7i(t) = pi(t) a7 (i (1) (0= 1,2),
wy(t) = ps(t) 23 (1 (1)),

hold for t > t.

Definition 1.2. A proper solution of the system (1.1) is said to be oscillatory if
every component of at solution has a sequence of zeroes tending to +oo. Otherwise
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the solution is said to be nonoscillatory.
2. Sufficient conditions for oscillation of solutions

Below, we will assume that the following conditions

/+Oopi(t) dt = 400 (i =1,2), (2.1)
+o0 T1(t) 2(s)
/0 ps(t) /0 pl(s)/0 po(§) dEds dt = 400 (2.2)
and +oo t
/o 75(t) (/0 pg(s)ds) h(7s(t)) ]’L(Tl(7'3<t)>) dt = +o0 (2.3)
hold, where t
h(t) = /0 pi1(s)ds. (2.4)

Theorem 2.1. Let the conditions (1.2), (2.1)—~(2.3) be fulfilled and for any A € [0, 1]

lim sup <hmmf<h(t>>”%m /0 t pi(s) (h(o(s))) eV T / - ( / ;) p2(fl)d§1)

e—0+ t—+00 T2(s)

X pa(75(€))75(€) (h(m (15(€)))) " de ds> > 1.

Then each proper solution of the system (1.1) either is oscillatory or satisfies the con-
ditions
[z ()| 1 +oo (1=1,2,3), (2.5)

where

o(t) =7(T2(t)), T2(t) =inf {min(s, 2(s)) : s > t},
(2.6)
o(t) = inf { min(s, 71 (73(s))) : s > t},

0 for A=0 0 for A=1
01(A) = ' 09:(A) = ' 2.7
() {5 for X e (0,1], (M) {5 for A€ [0,1). 27)

Theorem 2.2. Let the conditions (1.2), (2.1)~(2.3) be fulfilled and

. h(o(t))
ligﬁgf n(t) > 0. (2.8)
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If, moreover, for any X\ € [0,1]

t +o00
lim sup (liminf(h(t))—A—azg(A)/ pl(S)(h(s))éls()‘)MQE()‘)/ (
0 T2(8)

e—0+ t—+o0

3
/ ( )m(&)d&)

x pa(73(€))75(E) (h(m (r3(€)))) " Mate czs> > 1,

then each proper solution of the system (1.1) either is oscillatory or satisfies the con-
dition (2.5), where the functions h, o, 01, 09. are defined by (2.4), (2.6) and (2.7).

Theorem 2.3. Let the conditions (1.2), (2.1)—(2.3), (2.8) be fulfilled and for any
A e (0,1]

lim sup <lim inf (h(t)) AR

e—0+ l—+o0

+o0o
T2 (t)

Then each proper solution of the system (1.1) either is oscillatory or satisfies the con-
dition (2.5), where the functions h, 6. are defined by (2.4) and (2.7).

Theorem 2.4. Let the conditions (1.2), (2.1)—(2.3), (2.8) be fulfilled and there exist
¢ > 0 and 1. > 0 such that

£
/ p2<£1>d51)p3<73<5>>fg<5>(h<n<73<§>>>)A‘51€“>d5> > A

T2 (t)

pa(t) > cupi(t) for te Ry and ligjgof h(IZS» = Ty (2.9)

If, moreover for any X\ € [0,1]

lim sup (hm e (h(e)) > [ h<s>p3(73<3))7;(s>(h(ﬁ<73<5>>>)A—515<A>ds>

e—0+ t—+oo
A2 =\

>
Co T

Y

then each proper solution of the system (1.1) either is oscillatory or satisfies the con-
dition (2.5).
Theorem 2.5. Let the conditions (1.2), (2.1)—(2.3), (2.8), (2.9) be fulfilled and for

any A € [0, 1]
lim sup (hm inf h(t) / i (h(s))I—AHE(A)pz(Ts(S))Té(S)(h(ﬁ(73(8))))A_515(A)ds>

e—0+ t—+o0
AL =XN)(2-A
L A=NE=Y
Cy T}
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Then each proper solution of the system (1.1) either is oscillatory or satisfies the con-
dition (2.5).

Theorem 2.6. Let oy, ¢; € (0,4+00) (i =1,2,3). Then for every proper solution of
the system

Qf;(t) = C; Tj+1 (ai+1 t) (Z = 1, 2),
C
wy(t) = t—;j’ 1 (o 1),

either is oscillatory or satisfies the condition (2.5), if only if the inequality
creacsar oyt > max {A(1 = A)(2 — A)(aqazaz) ™ A € [0,1]}

holds.
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