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THE METHOD OF THE SMALL PARAMETER FOR NON-LINEAR SHALLOW
CYLINDRICAL SHELLS
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Abstract. In the present paper we consider the geometrically non-linear shallow cylindrical
shells. By means of I. Vekua method the system of equilibrium equations in two variables is
obtained. Using complex variable functions and the method of the small parameter approxi-
mate solutions are constructed for N = 1 in the hierarchy by I. Vekua. Concrete problem is
solved, when the components of the external force are constants.
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I. Vekua has constructed refined theory of shallow shells [1],[2]. This method for
non-shallow shells in case of geometrical and physical theory was generalized by T.
Meunargia [3],[4].

In the present paper we consider the system of equilibrium equations of the two-
dimensional geometrically non-linear shallow cylindrical shells which are obtained from
the three-dimensional problems of the theory of elasticity for isotropic and homogeneous
shell by the method of 1. Vekua.

The displacement vector U(z!, 2%, x?) is expressed by the following formula [1]

$3

U(z!, 2%, 2%) = u(z!, 2%) + Ev(xl,mj).
Here u(z!, z?) and v(z', z?) are the vector fields on the middle surface 2 = 0, 2h
is the thickness of the shell, 23 is a thickness coordinate (—h < 2® < h), z! and 22 are
isometric coordinates on the cylindrical surface.

Let us construct the solutions of the form [4]

>k >k
Uu; = uek, v; = vie® (i =1,2,3),
k=1 k=1
where u; and v; are the components of the vectors u and v respectively, ¢ = RLO is a

small parameter, Ry is the radius of the middle surface of the cylinder.
The system of equilibrium equations of the two-dimensional non-shallow cylindrical
shells may be written in the following form [1], [5]

k k k k
pAw + (A4 )00 +N0 Vs = X,
k k k k
pAW A+ (A4 )02 0 +A02 V3 = Xo, (1)
k k
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k k k k k
pAvy 4+ (A4 )0 © —=3p(0r uz + V1) = Xu,
k k k k k
pA vy + (A4 )02 © —=3p(0r ug + v3) = X5, (2)

k k k
pAus + (O =X,
(k=1,2,..),

k
where A and p are Lame’s constants, X, (p =1,...,6) are the components of external

k=1 0 k—1

L ) 0
force and well-known quantities, defined by functions u;, ..., u;,v;, ..., v;.

The general solutions of systems (1) end (2) are written in the following form

by = St be) - 2 () = ) = g g
by = —3A2+A2M (ZE’(Z)H’Z’(Z)) a4 b,
b, = A2 ”<z>+z?’<z>+?<z>—25’—@+i%+%,
21153 = —% <Z;(z)+z%> +5(z)+%+53,

(Z+251+@'52, by =0y +ily, z=a'4iz?

o_1(o9 0N o0 _1[l9 .0
9z 2\az o2 ) 8z 2\oxt ‘ox2) )

K ko ok k k k
where ©(2),0(2),f(z) and g(z) are any analytic functions of z, X(z, z) and w(z, z) are
the general solutions of the following Helmholtz’s equations, respectively:

o 12(M+p)
o (=0,
0 (v*=3).
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Here u,, v3 and v,, wug are particular solutions of the non-homogeneous equations (1)

and (2), respectively.

We solve the problem when the middle surface of the body after development on
the plane, is the circle with the radius R. Let’s consider the concrete problem, when
the components of the external force are constant X; = Xy = 0, X3 = ¢. Boundary
conditions are

ur +iug =0, |z|=R, v3=0 |z]|=R, (3)

v, +ivg =0, |z|=R, ug=0 |z]|=R, (4)
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This problem for the approximation k£ = 1 is a well known case in the theory of
elasticity for which we have

1 20N +2p) A AN "
2 = S| i
i ( Bton TR0 u>q> 2T D0y et
| A+ 24 A\
2 = aolo(nr) — -
pog = aolo(nr) = Grms 8~ sy
1 3uR? 3pR? 9_
2 = -
O+ 3ot 20 TR o
1 3uR? R%q 3uR? qzz 3 5 o
2 = —(1 L . L
pils ( +16(>\+2,u)) > T\ r) 2 T ot
where
AR A+ 2p)nli(nR)
1200+ 2p) — 72(A+ p)*lo(nR)
a; = D) q,
2A+20) R Nl (nR)
33X+ 2 3(A+ p) (BN + 2u)Io(nR)
MR A2\ + 211 (nR)
o A+ 20 3(A+2u)  18(A+ u)?lh(nR) q
0 - .
6(A + 1) ANl (nR) Ip(nR)
2\ +2u)R — LY
(A +2p) 30+ 1)

The system of equilibrium equations, for the approximation k = 2, are:

UA D, + 20N+ p)O- (E) C3u(20- 1ty +0y) = Ay + AgzE + Ay22F (5)
+ A4 (2 + 2) + As(Li(pr)e” + Ty (nr)e™™)
AUy + 1O = By + Byzz + By222 4 By(2% + 22) (6)
+Bs(2°2 + 2°2).
where
A = _@(H Sl )R2q, A2:Q(1+—3“R2 )q,
24 16(A +2u) ) 2 A 8(A+ 2u)
A — 9\q oA - 3uR?q CoA— Bug A+ 2“040,
64(A + 2u) 8(A+2p) 8(A+2u) 21
B — IR q? 3uR%q 3\ (1 3R> ) 9
P18+ 20)  8(A+2u)  4p 16(\ + 2u) ’
B, — (1 N 3uR? > <3/\q C30BA+ 10u)q2) B 27Tu? R?q? N 3uq
8(A+2u) 2 8(A+2p) 128(A+2u)  4(A+2u)’
B, — I 2N+ 9)\g
ST 16 +2u)%  128(A+2u)%  64(N + 2u)?
9¢° ( 3uRq ) 9u*R*q Iuq
B, = ——||l+—7F—— | ————, By = ——rr—rr.
32 SO+ 20) ) 1280\ + 2p)? 128(X + 2p0)



58 Gulua B.

The general solutions of systems (5) end (6) are written in the following form

2

4 A + 2 2 " 2 ’ 2 2 ’ aw ? z >
U, = (3—M“)f (2) + 2f '(2) + f(z) — 29 (z)+z$+No+le+N2z
4+ N32? 4+ NyZ* 4+ N52Z + Ng2’Z 4+ N.2° 22 + Nalo(nr)
4+ Nol_i(nr)e™™ 4+ NigIs(nr)e®™,
2 1[_2 2 2 2 2., 22 3., =3
2uug = ) Zf(2)+2f(2) | +9(2)+9(2) + Mo(2°2+ z°2) + My(2°2 + Z°2)
+ My2?2% + My2®28 + My 2 + MsIo(nr) + Mg(Io(nr)e®™ 4 I (nr)e=2"),
where
A 2(A A
M, = _Lj M, = K ( +M)B4__4 7
16(A + 2p) 24\ +2p) o 2
2\ + 3B
M2 — H ( ”) B2 + 1 _ A4 ,
16(\ + 2p) I 2
4 B
M, — f (A + “)Bg _ By
T2(\ +2p) o 2
pBs pAs pAs
M, = —— %8 My=——125 =5
! 384(\ + 2p) T 1200+ p) T 2U(N+p)
Ny = —— N, =8B Noy=———B,+—B
0 3 1 1, 2 3 3 2 + g o5
A A 4B
NS = _J_E_QMOa N4:_5>
6 9 9
Ay 16A B B
Ny = =5 == —4My,  No="—dMiy,  Ny=—2—GMs,
(A +2p)n4s (A +2p)nAs
NS - 9 NQ - 65
6(3\ +2u) 6(3\ + 2p)
A+ 2u)nA
Ny = M — 2 M.
6(A +2p)
Boundary conditions are
by ity =0, U5 =0, |z|=R. (7)

2 2
Let us introduce the functions f(z), 9(z)and 5)(2, Z) by the series
9 %) 9 0o ) ) ) .
f(z) = chz", 9(z) = Zdnz”, w(z,z) = Zﬁn[n(nr)e . (8)
n=1 n=0 —00

where I,,(nr) are Bessel’s modifications functions.
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By substituting (8) into (7) we obtain

cC1 = —N1 - N6R2 - N7R4

No+ N5R? + NsIp(nR) + ”R IN3R? + 2M, R?
Cy = )

1 (’YR) 2 A+2u)
(g +1) B2 4 2

N>R+ NoI 1(nR) + £2R NipIs(nR) + 4M, R?

c3 = — )
L(vR 3 8(A+2p)
(RGR 1) B+ 2208
Ny
Cq4 =
(12(%2 > R2 + 8(A+2p)’

14(vR) ©

1
dy = —= (N1R2 + NgR* + N;R°) — MyR* — M3R® — MyR® — M51,(nR),

R2 R? 1 R?
di = 702'—M0R2, dy = =~ T (MiR* + MgI3(nR)), ds = DR
= N3R* — R?
2

Py = ~I;(vR) (MoL3(nR) — R’cy) .
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