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THE METHOD OF THE SMALL PARAMETER FOR NON-LINEAR SHALLOW
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Abstract. In the present paper we consider the geometrically non-linear shallow cylindrical
shells. By means of I. Vekua method the system of equilibrium equations in two variables is
obtained. Using complex variable functions and the method of the small parameter approxi-
mate solutions are constructed for N = 1 in the hierarchy by I. Vekua. Concrete problem is
solved, when the components of the external force are constants.
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I. Vekua has constructed refined theory of shallow shells [1],[2]. This method for
non-shallow shells in case of geometrical and physical theory was generalized by T.
Meunargia [3],[4].

In the present paper we consider the system of equilibrium equations of the two-
dimensional geometrically non-linear shallow cylindrical shells which are obtained from
the three-dimensional problems of the theory of elasticity for isotropic and homogeneous
shell by the method of I. Vekua.

The displacement vector U(x1, x2, x3) is expressed by the following formula [1]

U(x1, x2, x3) = u(x1, x2) +
x3

h
v(x1, x2).

Here u(x1, x2) and v(x1, x2) are the vector fields on the middle surface x3 = 0, 2h
is the thickness of the shell, x3 is a thickness coordinate (−h ≤ x3 ≤ h), x1 and x2 are
isometric coordinates on the cylindrical surface.

Let us construct the solutions of the form [4]

ui =
∞∑

k=1

k
uiε

k, vi =
∞∑

k=1

k
viε

k (i = 1, 2, 3),

where ui and vi are the components of the vectors u and v respectively, ε = h
R0

is a
small parameter, R0 is the radius of the middle surface of the cylinder.

The system of equilibrium equations of the two-dimensional non-shallow cylindrical
shells may be written in the following form [1], [5]

µ∆
k
u1 + (λ + µ)∂1

k

θ +λ∂1
k
v3 =

k

X1,

µ∆
k
u2 + (λ + µ)∂2

k

θ +λ∂2
k
v3 =

k

X2, (1)

µ∆
k
v3 − 3

[
λ

k

θ +(λ + 2µ)
k
v3

]
=

k

X3,
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µ∆
k
v1 + (λ + µ)∂1

k

Θ−3µ(∂1
k
u3 +

k
v1) =

k

X4,

µ∆
k
v2 + (λ + µ)∂2

k

Θ−3µ(∂2
k
u3 +

k
v2) =

k

X5, (2)

µ∆
k
u3 + µ

k

Θ =
k

X6,

(k = 1, 2, ...),

where λ and µ are Lame’s constants,
k

Xp (p = 1, ..., 6) are the components of external

force and well-known quantities, defined by functions
0
ui, ...,

k−1
ui,

0
vj, ...,

k−1
vj.

The general solutions of systems (1) end (2) are written in the following form

2µ
k
u+ =

5λ + 6µ

3λ + 2µ

k
ϕ(z)− z

k
ϕ ′(z)−

k

ψ(z)− λ

6(λ + µ)

∂
k
χ(z, z̄)

∂z̄
+

k̂
u+,

2µ
k
v3 = − 2λ

3λ + 2µ

(
k
ϕ

′
(z) +

k
ϕ ′(z)

)
+

k
χ(z, z̄) +

k̂
v3,

2µ
k
v+ =

4(λ + 2µ)

3µ

k

f ′′(z) + z
k

f ′(z) +
k

f(z)− 2
k
g ′(z) + i

∂
k
w(z, z̄)

∂z̄
+

k̂
v+,

2µ
k
u3 = −1

2

(
z̄

k

f(z) + z
k

f(z)

)
+

k
g(z) +

k
g(z) +

k̂
u3,

(
k
u+ =

k
u1 + i

k
u2,

k
v+ =

k
v1 + i

k
v2, z = x1 + ix2,

∂

∂z̄
=

1

2

(
∂

∂x1
+ i

∂

∂x2

)
,

∂

∂z
=

1

2

(
∂

∂x1
− i

∂

∂x2

))
,

where
k
ϕ(z),

k

ψ(z),
k

f(z) and
k
g(z) are any analytic functions of z,

k
χ(z, z̄) and

k
w(z, z̄) are

the general solutions of the following Helmholtz’s equations, respectively:

∆
k
χ − η2

k
χ = 0

(
η2 =

12(λ + µ)

λ + 2µ

)
,

∆
k
w − γ2 k

w = 0
(
γ2 = 3

)
.

Here
k̂
u+,

k̂
v3 and

k̂
v+,

k̂
u3 are particular solutions of the non-homogeneous equations (1)

and (2), respectively.
We solve the problem when the middle surface of the body after development on

the plane, is the circle with the radius R. Let’s consider the concrete problem, when
the components of the external force are constant X1 = X2 = 0, X3 = q. Boundary
conditions are

ur + iuϑ = 0, | z |= R, v3 = 0 | z |= R, (3)

vr + ivϑ = 0, | z |= R, u3 = 0 | z |= R, (4)
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This problem for the approximation k = 1 is a well known case in the theory of
elasticity for which we have

2µ
1
u+ =

(
2(λ + 2µ)

3λ + 2µ
a1 +

λ

12(λ + µ)
q

)
z − λη

12(λ + µ)
α0I1(ηr)eiθ,

2µ
1
v3 = α0I0(ηr)− λ + 2µ

6(λ + µ)
q − 4λ

3λ + 2µ
a1,

2µ
1
v+ = − 3µR2

8(λ + 2µ)
qz +

3µR2

8(λ + 2µ)
qz2z̄,

2µ
1
u3 = −

(
1 +

3µR2

16(λ + 2µ)

)
R2q

2
+

(
1 +

3µR2

8(λ + 2µ)

)
qzz̄

2
− 3µ

32(λ + 2µ)
qz2z̄2,

where

a1 =

− λR

12(λ + 2µ)
+

λ(λ + 2µ)ηI1(ηR)

72(λ + µ)2I0(ηR)

2(λ + 2µ)R

3λ + 2µ
− λ2ηI1(ηR)

3(λ + µ)(3λ + 2µ)I0(ηR)

q,

α0 =




λ + 2µ

6(λ + µ)
−
− λ2R

3(λ + 2µ)
+

λ2(λ + 2µ)ηI1(ηR)

18(λ + µ)2I0(ηR)

2(λ + 2µ)R− λ2ηI1(ηR)

3(λ + µ)




q

I0(ηR)
.

The system of equilibrium equations, for the approximation k = 2, are:

µ∆
k
v+ + 2(λ + µ)∂z̄

k

Θ−3µ(2∂z̄
2
u3 +

2
v+) = A1 + A2zz̄ + A3z

2z̄2 (5)

+A4(z + z̄) + A5(I1(ηr)eiϑ + I−1(ηr)e−iϑ)

µ∆
2
u3 + µ

2

Θ = B1 + B2zz̄ + B3z
2z̄2 + B4(z

2 + z̄2) (6)

+B5(z
3z̄ + z̄3z).

where

A1 = −3λ

2µ

(
1 +

3µR2

16(λ + 2µ)

)
R2q

2
, A2 =

3λ

4µ

(
1 +

3µR2

8(λ + 2µ)

)
q,

A3 = − 9λq

64(λ + 2µ)
, A4 =

3µR2q

8(λ + 2µ)
, A5 = − 3µq

8(λ + 2µ)
− λ + 2µ

2µ
α0,

B1 =
9µR2q2

128(λ + 2µ)
+

3µR2q

8(λ + 2µ)
+

3λ

4µ

(
1 +

3µR2

16(λ + 2µ)

)
R2q,

B2 =

(
1 +

3µR2

8(λ + 2µ)

)(
3λq

2µ
− 3(3λ + 10µ)q2

8(λ + 2µ)

)
− 27µ2R2q2

128(λ + 2µ)
+

3µq

4(λ + 2µ)
,

B3 =
9µ2q2

16(λ + 2µ)2
− 27µ(λ + µ)q2

128(λ + 2µ)2
− 9λq

64(λ + 2µ)2
,

B4 = −9q2

32

(
1 +

3µR2q

8(λ + 2µ)

)
− 9µ2R2q2

128(λ + 2µ)2
, B5 = − 9µq

128(λ + 2µ)
.
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The general solutions of systems (5) end (6) are written in the following form

2µ
2
v+ =

4(λ + 2µ)

3µ

2

f ′′(z) + z
2

f ′(z) +
2

f(z)− 2
2
g ′(z) + i

∂
2
w(z, z̄)

∂z̄
+ N0 + N1z + N2z̄

+ N3z
2 + N4z̄

2 + N5zz̄ + N6z
2z̄ + N7z

3z̄2 + N8I0(ηr)

+ N9I−1(ηr)e−iϑ + N10I3(ηr)e3iϑ,

2µ
2
u3 = −1

2

(
z̄

2

f(z) + z
2

f(z)

)
+

2
g(z) +

2
g(z) + M0(z

2z̄ + z̄2z) + M1(z
3z̄ + z̄3z)

+ M2z
2z̄2 + M3z

3z̄3 + M4z
4z̄4 + M5I0(ηr) + M6(I2(ηr)e2iϑ + I−2(ηr)e−2iϑ),

where

M0 = − µA1

16(λ + 2µ)
, M1 =

µ

24(λ + 2µ)

(
2(λ + µ)

µ
B4 − A4

2

)
,

M2 =
µ

16(λ + 2µ)

(
2(λ + µ)

µ
B2 +

3B1

2
− A4

)
,

M3 =
µ

72(λ + 2µ)

(
4(λ + µ)

µ
B3 − B2

2

)
,

M4 = − µB3

384(λ + 2µ)
, M5 = − µA5

12(λ + µ)
, M6 = − µA5

24(λ + µ)
,

N0 = −A1

3
, N1 = B1, N2 =

A4

3
− 4(λ + µ)

3µ
B2 +

64

9
B5,

N3 = −A2

6
− 8A3

9
− 2M0, N4 =

4B5

9
,

N5 = −A2

3
− 16A3

9
− 4M0, N6 =

B2

2
− 4M4, N7 =

B3

3
− 6M6,

N8 =
(λ + 2µ)ηA5

6(3λ + 2µ)
, N9 =

(λ + 2µ)ηA5

6(3λ + 2µ)
− 2M6,

N10 =
(λ + 2µ)ηA5

6(λ + 2µ)
− 2M6.

Boundary conditions are

2
vr + i

2
vϑ = 0,

2
v3 = 0, | z |= R. (7)

Let us introduce the functions
2

f(z),
2
g(z)and

2
w(z, z̄) by the series

2

f(z) =
∞∑

n=1

cnzn,
2
g(z) =

∞∑
n=0

dnz
n,

2
w(z, z̄) =

∞∑
−∞

βnIn(ηr)einθ. (8)

where In(ηr) are Bessel’s modifications functions.
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By substituting (8) into (7) we obtain

c1 = −N1 −N6R
2 −N7R

4,

c2 = −
N0 + N5R

2 + N8I0(ηR) + I0(γR)
I2(γR)

N3R
2 + 2M0R

2

(
I0(γR)
I2(γR)

+ 1
)

R2 + 8(λ+2µ)
µ

,

c3 = −
N2R + N9I−1(ηR) + I1(γR)

I3(γR)
N10I3(ηR) + 4M1R

3

(
I1(γR)
I3(γR)

+ 1
)

R3 + 8(λ+2µ)
µ

R
,

c4 =
N4(

I2(γR)
I4(γR)

+ 1
)

R2 + 8(λ+2µ)
µ

,

d0 = −1

4

(
N1R

2 + N6R
4 + N7R

6
)−M2R

4 −M3R
5 −M4R

8 −M5I0(ηR),

d1 =
R2

2
c2 −M0R

2, d2 =
R2

2
c3 − 1

R2

(
M1R

4 + M6I3(ηR)
)
, d3 =

R2

2
c4,

β1 =
2i

γI3(γR)

(
N3R

2 −R2c2

)
,

β2 =
2i

γI3(γR)

(
N10I3(ηR)−R3c3

)
.
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