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ON THE ABSOLUTE CONVERGENCE OF FOURIER SERIES WITH RESPECT
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Abstract. In the paper the sufficient and in some special cases, necessary conditions are
given for the absolute convergence of Fourier series with respect to orthonormal complete
systems.

Keywords and phrases: Absolute convergence, orthonormal complete systems, best ap-
proximation.

AMS subject classification (2000): 42B05.

Let f € Ly(I), I =0, 1]; assume that
{o() }ezo (1)

is an orthonormal complete in Ly(I) system, and let
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be the Fourier series of the function f with respect to system (1).
It will be said (see [1]) that the sequence of non-negative numbers (7;) belongs to
the class A,, a > 1, if there exists s, > 0 such that for any natural n
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then the sequence (7;) will be said to belong to the class A.. It is easily seen that if
a1 > ay, then Ay, C A,, C Aq,. Note that A C A, where A is the class of sequences,
introduced by P.L. Ul'yanov [2] in the following way: (y:) € A if there exists s > 1
such that
max Y <  min Y.

2n<k§2n+1 2n71<%§2n

It is clear that if the sequence (7;) is monotone decreasing, then (7;) € A.
The paper deals with convergence of the series
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We will now introduce the theorem in which the sufficient condition for series (2)
to be convergent is given.
Theorem 1. Let f € Lo(I), 7 € (0,2], {1} € A

2 If the series

> BNk (3)
k=1
is convergent, where Ei(f) is the best approzimation of the function f by polynomials
of order < k with respect to system (1) in the norm of the space Lo(I), then series (2)
will be convergent.

This result when 7 = 1, v, = 1, was obtained by S. Stechkin [3], and when ~;, = k*
for the trigonometric system, by A.A. Konyushkov [4].

In some special cases the inverse theorem of Theorem 1 is also valid, i.e. the

necessary conditions for the convergence of series (2) are found.
Theorem 2. Let f € Lo(I), 7 € (0,2], (|ek(f)|") € Az. If the series
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18 convergent, then the series
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will also be convergent.

When r = 1 and the sequence (|cx(f)|) is monotone decreasing, Theorem 2 was
obtained by S.B. Stechkin [3].

Let

2k+1

n=2k41
Theorem 3. Let f € Lyo(I), r € (0,2], (|ex(f)]") € Ao and for some 3 > r the
sequence I',27%2 is non-increasing.
If series (2) is convergent, then series (3) will also be convergent.

REFERENCES

1. Gogoladze L.D. Uniform strong summation of multiple trigonometric Fourier series, Rep.
Enlarged Sessions Sem. Vekua Inst. Appl. Math., 1, 2 (1985), 48-51, (in Russian)

2. Ul'yanov P.L. Series with respect to a Haar system with monotone coefficients, Izv. Akad.
Nauk SSSR Ser. Mat. 28 (1964), 925-950 (in Russian).

3. Steckin S.B. On absolute convergence of orthogonal series, (in Russian) Dokl. Akad. Nauk
SSSR (N.S.) 102 (1955), 37-40.

4. Konyushkov A.A. Best approximations by trigonometric polynomials and Fourier coefficients,
Mat. Sb. (N.S.) 44, 86 (1958), 53-84 (in Russian).

Received: 21.06.2008; revised: 20.10.2008; accepted: 21.11.2008.



