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ON THE BEHAVIOR OF SOLUTIONS OF ONE 4 -TH ORDER DIFFERENTTAL
EQUATION ELLIPTIC TYPE

Kupreishvili T.

Iv. Javakhishvili Thilisi State University

Abstract

An a priori energy estimate analogous to the inequalities expressing St. Venant's principle in
elasticity theory is obtained for the solution of one 4-th order differential equation elliptic type with
the conditions of the first boundary-value problem in an n-dimensional domain. These estimates
are used to study the behavior of the solution and its derivatives near irregular boundary points
and as a consequence of the geometric properties of the boundary in a neighborhood of these
points.
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In this article we consider the solution of one 4-th order differential equation elliptic
type with Dirichlet boundary conditions in an n-dimensional domain. We obtain a
priori estimates analogous to the energy inequalities expressing St. Venant’s principle
in elasticity theory (see, for example, [1], [4]). On the basis of these estimates we
investigate the behavior of solutions of one 4-th order differential equation and their
derivatives near irregular boundary points.

A priori estimates analogous to the energy inequalities expressing St. Venant’s prin-
ciple in elasticity theory of one 4-th order differential equation enable us in the case
when coefficients dependent only one argument to prove theorems for the generalized
solution of the Dirichlet problem in the plane domain.

Inequalities of St. Venant type differ from the usual energy estimates in that they
estimate the Dirichlet integral over a domain €2; C €2 in terms of the Dirichlet integral
over a larger domain €2y D {2y, with a coefficient depending on the distance p from
Q1 to the boundary of s, which does not belong to 0f). Here it is assumed that
the Dirichlet boundary conditions on 92 N 92y are homogeneous. The nature of the
decrease in this coefficient with increasing p depends on the geometric properties of €25.
The coefficient can be determined by solving a certain ordinary differential equation
or differential inequality — with special initial data.

In this article we consider some properties the solution of one 4-th order differential
equation elliptic type

Ala(z)Au(@)] + b (2)uap(z) = f(2) (1)

in the a domain 2 which lies in R} = {(z1,...,2,), 21 > 0} with boundary conditions
ou

ulog = ¢, = @2, (2)

ov loa
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where A is the Laplas operator, Greek indeces o and 3 on the value 1 and n and
summation over the repeated indices from 1 to n is assumed v is the direction of
external normal to the boundary 02 and
ou 0*u
u,a:a—%, umg:m, a,B=1,....n

When an equation is studied for two arguments this equation is 4-th order elliptic
differential equation, which is “Equation of now-homogeneous elastic plane body” — [1]
and we have studied this equation in the works [2], [3] and [4].

But in the work [3] it is studied, when coefficient of equation depends on the only
one argument.

The present paper covers the case, when the number of arguments is more then two

and when coefficients of equation (1) depends only on argument x; (a,; = 8 =0 and
baﬁ %’aﬂ—o i=2,n).

Definition. Let  be a bounded domain in R%. A function u(z) is called a gener-
alized solution of equation (1) in Q with H,,(£2, j) and satisfies the integral identity:

/[ () UapVap + Zanu”vdx—kbﬁ aﬁv]dx

Q
/ fa 3)

for any function v € H,,,(Q2,00Q); here f € Ly(Q).
Let functions u(t), M; (i =0,1) and W (u) such that:

0 < p(t) < inf {/a(x)uﬂgu,aﬁ d:@’ /a(x)Bg(u) d:pg‘l}, (4)
St

uc I’
St
/a(:zc)u2 dzxs

St St

1
} (5)
-1
0 < M(t) < igfr{/a(x)u,agu,ag dxs /a(x)ujaua dxs }, (6)
St St

W(u) = a(z)uap - tap, (7)
where S; = QN {z: 23 =t} and consists of finitely many bounded domains whose
boundaries belong to 0€2; ' is the set of 2 times continuously differentiable functions
in a neighborhood of S; such that u(r) = u;(z) = ua(xr) = 0 on S; N OQ; By(u) =
UalUo —ujiu at all i = 0,n.

When coefficients are dependents on only from argument z;, that why satisfied
conditions correspondingly:

a(z) >0, [b*7(2)| < mo(z1)a(z),
a1 (@) < m(za(z),  |an(@)] < mle)a(z),

ue

0 < My(t) < inf {/a(a:)uyagu@g dxy

(8)
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where 19(t), n1(t), n2(t), t € [0,T] arbitrary functions with conditions:

1 Mo(?)

Imo(t)] < miﬂ{zl : 3—2}7

)] < min {2 20U ) < i {20 M0
Theorem 1. Let a bounded domain S be studied in the half-space RY. The set S,
is nonempty for all t € (0,T], T = const > 0, and coefficients a(x) and b*P(z) satisfies
conditions (8). f(x) =0 on QNQr. Then, for the generalized solution u(x) of equation

(1) in the domain Qr, with the boundary conditions u = Ou/Ov = 0 on QN I (if
it exists), the following estimates are valid:

/a(x)uQ(x)Mg(xl)q)(xl,T, e)dx

Qp
1
<k /a(x)u,ag U 0gP(1, T, €)dr < g/W(u) dx, 9)
QT QT
/u@u,aMl(ml)CI)(xl,T, e)dx
Qr
< kg/a(:r;)u,ag U 0p®P(r1, T, €) dx, (10)
Qr

where ¢ = const € (0,1/2), ky and ky are positive constants, which depends from
geometrical structure of domain Qr and coefficients of equation (1).
The function ®(xq1,T,¢) is a solution of the following Cauchy problem:

2| 11 (x1, T, e)| = (1 — ) pu(x1)P(2q, T, €) (11)

for 0 < xy < T with the initial conditions:

d
<I)(T, T, g) =1, <I>,1(T, T, 5) = d—q)(T, T, 0) = 0. (12)
X1

Proof. Let us construct a function ¢ (z1,0), assuming that

U(x1,0) = ®(21,T,¢) for 0<d6<x <T,
DT (21— 6)@,,(6,Tye) + @6, T,e) for 0<zy <6.

It is easy to see that: v(x) = u(z)(¥(x1,6) — 1) € Hpp(Qp, 0Qr). Substituting the
function v(z) = u(y) — 1) into the integral identity (3) for 27, we obtain

[ @t astv = Datw)a s

Qp
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+a(2) U000 + a(T)Ua0sut s
+ Za 1t jiu( — 1) + 0P (2)u gp(2)u(yh) — 1)] dr = 0.

In the derivation of the last equality we have used integration by parts, which can
easily be justified if we approximate u(z) by functions of class C?(Q7) equal to zero
in the neighborhood of 92 N 907, and use the fact that ¢, = 0 if o # 1 for 1 = T.
Taking into account that ¢ is independent of z;, j = 2,n, we find that:

/ 02ttt (0 — 1)] da

Qr

= /aylu,ﬁu,gq),l dx — /bo‘ﬂu@ﬁu(w —1)dx

Qp Qr

+ / (a(:v)u,auﬂ - CL($)U,11U)¢,11 dz

Qr\Qs

— /CL711U7]‘]‘U(77ZJ - 1) dzx. (13)

Qp

We put p(u) = a(x)u gt — a(z)ugu.

Let u,, be a sequence of functions twice continuously differentiable in Q7 which are
equal to zero in the neighborhood of the set 92N OQr, converging to u(z) in the norm
as n — 00. It is easy to see that

/ p(u) 11 de = / p(un)Y 11 de + €4,
Qr\Qs Qr\Qs

where ¢,, — 0 as n — oo. From the definition (4) of the function x(¢) and the equation
for ®(z4,,T,¢), it follows that

T

‘ / P(un)® 11 d:r‘ < /éﬁll(xl,T,s))/p(un)d:vg‘dxl
Sy

Qr\Qs 0

T

d T
/ AL xl’ c ‘/W Uy, dxg‘dxl

d

=(1—-¢) / W (u,)®(xy) d.

Qr\Qs
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Letting n in this inequality go to oo, we obtain

( / p(u>q>,ud;c‘g(1—g) / W (u)® (21, T, €) dz. (14)

Qr\Qs Qr\Qs

From this and (13) we conclude that

/a(m)u,agu@@zﬁ(xl, 9) dx

SQ/ Wi(u)de+ (1 — 5)9 {2 W(u)®(z1,T,¢)dz

41 [ -+ [a@ew- s
Qr Qp
Letting 6 — 0

kl/W(u)qD(xl,T,a) d:r;g/W(u) da.

The remaining inequalities (9), (10) for the functions w, follow immediately from
the definitions of My and M;. Further, passing to the limit as n — oo, we obtain the
desired inequalities for u. The Theorem 1 is proved.

Theorem 2. (Analogue of Saint—Venant’s principle) Under the conditions of Theo-
rem 1 when coefficients a(x) and b*°(z) satisfies conditions (8) for any 0 < to <t; <T

/ a(z)(1 — k(x1))u aptt ap dx

< T [ @)= b)) astanda.

t1

(15)

where function ®(xq,t1) satisfies for to < xq < t1, the ordinary differential equation
2111 (2, t)| = (1 = k(1)) p(a1) @ (21, 1), (16)
Q(z1,1) <0, O(z1,8) 21

and conditions:
(I)(tl,tl) = 1, (I)J(tl, tl) =0. (17)

Now we proved Theorem 3 and Theorem 4, when Qp C R2.
Theorem 3. Under the conditions of Theorem 1, when coefficients a(x) and b (x)
satisfies conditions (8) hold estimate:

a(z)u?(x) My (1) My* (21)® (21, T, €)

< B(1+m)et+ne ) /a(m)u’aﬁu@w dz, (18)

Qp
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where the functions ®, My and My are defined in Theorem 1.

Moreover, it is assumed that My and My are nonincreasing functions continuously
differentiable for 0 < x1 < T.

Proof. Since, by definition, u(x) belongs to Hs(S2, 5), where j = 0Q N 0 there
exists a sequence of functions u, such that u, — v as n — oo and u, = 0 in a
neighborhood of j. We define the functions u,, outside the set {27 by assining the value
zero. We define functions ®5, Mys and M;s in such a way that &5 = &, My = M,
and Mys = M for 1 > §; &5, Mys and M5 are bounded, monotone and continuously
differentiable with respect to z; for 0 < x7 < T, and &5 < &, Mys < My and M5 < M;.
We estimate

a(z)u? (x)@s(x1, T, €)My} (x1) M (1) = alw)u? (x)ps(1)-

We note that for a certain 0 = o(n) the function u,(x) is equal to zero in €,. Hence

we may write
1

ol ()gion) = [ 5 - (@@ @)es(on) do
= /2unun1a($)g05(:v1)dx1 —I—/uia@)cpg,l dxy +/a1(x)ui¢5 dz;.

Since @51 < 0,
a(x)uy (2)ps(21)

T T
/ U1 )2a(x) M2 ®s day + / a(z) M MY ®s dzy
0 0

T
+m /a(x)uigo(; dx.
0
It is easy to see that:

(tn1)2a(z) M,y day

St~

< /(un,l)Qa(x)Mm@g d$+/a(x)(un712)(l>5 dx.
QT QT

Analogously we have

T
/ uia(x)Mllég/QMl/Q@g dxy
0

< /a(x)uiCIJC;MOg dm+/a(x)(un72)2<1>5M15 dx.
QT QT
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From these inequalities it follows that

a()u, (x)ps(11)

< /(I(ﬂ?)(umlg)zcbgdﬂﬁ—{—/(I(l’)(uml)Q(I)ngg dx

QT QT

+/a(x)ui¢)5M15 dm—i—/a(x)(un,g)QCI)(;Mm dx
QT QT

+m /G(l’)(un’g)Q(I)ng dr +m /a(x)uiq)(;Mlg dx

QT QT

+n1/a(x)ui<135 dz,

Qp

where

T T
nl/a(a:)uigo(; dr; < nl/a(x)(un72)2<1>5M15 dx
0 0

+m /a(m)uicbg dr +m /a(x)uicngm dx.

QT QT
Thus, for x € Q,
a(x)uy (z)@s(21)
< /W(un)q)g(x) dx + (1 + 771) /CL(I) (uma)ZCI)(;Mh; dx
QT QT

+(14+m) / a(x)u®s M5 dx + /a(x)ui(bg dz.

QT QT

Using the definition of My(z1) and M;(x;), we obtain

a(x)u, ()ps(71)

<3(1 —i—m)/W(un)fl)(xl)dx+/CD(;(J:)W(un) dx

Qr

+/a(az)(u7a)2¢5(xl)(1 + 1) Mysdr + (1 —|—771)/a(93)u2(1>5M15 dx

QT QT

i / a(2)u?®(z,) dz.

Qr
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We pass to the limit as n — oo. For any fixed x € Qr and § < x1, we find that:

/a(m)<1>5W(u) dx + /G(ZE)(U@)Q(D(S(ZL‘l)(l + 1) M5 dx
Qs Qs

+<1 + nl)/a(x)u2CI>5M15 dx

Qs

< /a(m)u,agu@ﬁq) dzr+ (1+m) /a(x)(u,a)zq)Ml dx

Qs Qs

+(1+m) /a(m)u2@(x1)M0(x1)da:.

Qs

By virtue of (9), the right-hand side of this inequality tends to 0 as § — 0. We have

a(z)u*(z)p(z1)

where n =y - 1/{max M}

The theorem is proved.

Theorem 4. Let a bounded domain Q be situated in the helfs-plane RY. The set
Sy is nonempty for all t € [0,T], T = const > 0, and coefficients a(z) and b*°(z)
satisfies conditions (8). Let u(x) be the generalized solution of equation (1) in Qp, with
boundary conditions w = Ou/Ov = 0 on QN IQr and f = 0 in Qp. Then for any
O<to<ti <T ( )

2 plto
a(x) Igix|u| < mg/ a(z)u apu op de,

where function ®(xq,11) satisfies, for tg < xy < t1, the ordinary differential equation

D 1y (21, t1) — () P(21,t1) =0
and the initial conditions:
O(ty,t1) =1, P4(ts,t1) =0
and

plto)= (1+(1+m) sup (Mo(a1) ™ +(14+m) sup (Mi(a1)™).

0<x1<to 0<x1<tp
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Proof. Let u, be a sequence of functions twice continuously differentiable in Qr,
which are equal to zero in the neighborhood of the set 92 N 0Qr. We extend u,(z) by
zero outside €;,. For x € ;, we have

a(x)ui(z) = /2a(zv)unun1 dxl—l—/alui dx
0 0
t1 t1 t1
< /a(:c)ui dxy —|—/a(a:)ui71 d:c—i—m/a(x)ui dzy,
0 0 0
a(r)(uy)? < /a(m)un’ldxqu/a(x)un,mdxg. (19)

Hence (ay = 0),

]O a()(n1)" dz1 < / a () (un,1)? do + / a(x) (tp.1)? da.

Q¢ Q4

In exactly the same way we obtain:

to

/a(:z:)(un)2 dr, < /a(az)(un)2 d:v—{—/a(x)(umg)Q dx.

0 Q, Q,

Therefore, from (19) we conclude that

a(x)ul(z) < /a(x)(un)de—i-/a(x)(umg)de

Qqy Qi

+ /a(m)(un,l)Qdﬂc—l—/a(m)(un,lg)de

Q, Q,

- 771/a(m)(un)Qd:B+771/a(x)(un,g)Qd:v.

O, o
From the definitions (5) and (6) of the functions My(z1) and M;(z1) we have

a(x)uy ()

< sup (o)) Jato) Moy (e dotm fola) Mo do

+ s (1) [in [ ale) M) () (o) do

0<z1<tg
QtO
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+ / a(x)Ml(xl)(uw)de] + / (1)t gt o do

Q¢ Qg

S/W(un) [1+Sup(Mo(x1))’1(1+m)—i—sup(Ml(xl))’l(H—m) dx

Qi

p(to) / W (u,) dz.
Q,
Passing to the limit as n — 0o, we obtain

a(z)u?(x) < p(to) /a(x)u’agu,ag dx.

O,

The theorem is proved.

Now we conside unbounded domain.

Definition. Let © be an unbounded domain in R’. A function u(z) is called a
generalized solution of equation (1) in Q with boundary conditions j = 9Q N 90,
T = const > 0,Vt > T u(x) € Hy,(Qt,T)), 02t, T) N O and satisfies the integral
identity (3) for an function v € H,,(Q2(t, 1), 02(¢t, T)).

Theorem 5. Let u(x) be the generalized solution of equation (1), (2) in §2, with
boundary conditions j = 0Q N OQL, T = const > 0, u(x) € H,, (2,005 N INQ) and

Dalz) < 0. Then, for any Vt > T
T
+ I
a(X) U o5U o de—/Wu dx,
[ et e < = [ W
QT Q;

where function 1 is a solution of the following Cauchy problem.
Proof. Let ®(x) € C?*[T,00), ®(T) =0, ®(T) = 0, ®(z;) > 0 (P(x1) = ax + b,
a,b = const, when x; > T + dl). It is easy to see that:
v(x) = u(x)®(xq1) € Hy (e, T),00(t,T))
into the integral identity (3) for 2}, we obtain:

/ [a(x)uﬂﬁu,ag@(xl) + a(2)uapu 0P 5 + a()uopu P o

QF
+a(2)u 0pu® 05 + bo‘ﬂu,agufb + Z aqiu i Pu—2 Z a,iju,ijufb] dx

— / ar(z)uoua® 1 dr = 0.

QF
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In the derivation of the last equality we have used integration by parts, we find
that:

/ [a(m)u,agu@g(l)(xl) -+ Za}iiu’jﬂ)u — QZayiju,ijuq)ijaﬁu’agu(I) dx

+
QT

— / (a(x)unuq — a(x)u1u)® 1 do
QT T+9)

—/al(q:)u,au,afb,l dx

Qr
or

/a(:v)u,agu@gq)(xl) dr < / p(u)® 11 do

Qf Q(T,T+59)
— / (bo‘ﬂu,aguq) + Z a v j;uP — 2 Z a,iju,ijuq)] dzx.
Q7

The function’s make more precise

d(xq) for T <x3 <9
®° =1 asin(z; —06)+ad+b for 6 <x; < +7/)2
a(l+0)zy +0b for 64+ 7/2 <x; < o0

and following v(z) = u(z)®°(z;). We have

/ 0(2) ot s (1)

QF

< / p(u)® 1y dx + / p(u)® 1y dx

QT T+5) Q6,6+ T)

_ / [baﬁu’aﬁud) + Z a7iiu7jju<l> -2 Z CLJJ'UJ]'U(I)] d.ﬁE,

+
QT

/ <ba5u’aﬂu<b + Z a,iiquu(I) -2 Z ayijuyiju@> dx

+
QT

where

< %/noa(x)lﬂcb(xl)dx

Qp

/nou@/gu,aﬁa(x)@(m)dx—f—/Za(x)niju?jq)dx
Qp

Qp

_|_

N | —



On the Behavior of Solutions of One 4 -th Order... 13

Qr

< / (% no + (n — 1)2nmax)a(3§)u2<b dx

+
QT

1
+ / <_ Mo + 7]max> a(l’)uﬂﬁuﬂﬁ@ dx.

2
Q7
Now, let 6 =t and
O(1,) = P(x,T) -1 for T<x; <%
VTl a6, T (g —t) +ap(t, T) =1 for t < x5 < o0

/G(I)U,aﬁu,aﬁ‘b(%) dr < / p(u)Y11(21, T) dx
o QT,t)
+ / (% no + (n — 1)2'r]max>a(x)u2(w —1)dx

QTt)

_ / (% no + (n — 1)2nmax>a(x)u2 dx

of

+ / (% Mo+ (n = 1)2”max)a<x)u2<<1>(x1) +1)dx

of

1
+ / (5 no + nmax) a(x)u opu op® do
QTt)

1
- / (5 Mo + 77max> a(m)u,aﬁu,aﬁ dz
of

1

+ / (5 Mo + 77max>a(x)u,a,8u,aﬁ<q) +1)dx.

of

Let u, be a sequence of functions twice continuously differentiable in Q(7',t), which
are equal to zero in the neighborhood of the set 9Q(T,t) N OS2, converging to u(x) in
the norm. It is easy to see that

/ p(w)11(xq, T) dx = / p(un)Y11(x1, T) dx + €,

Q(T\t) QTt)
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from (14), we have
‘ / p(w)11(zq,T) dx‘ < / a(z)u apu app (1, T) da
Q(T,t) QTt)

the following estimates are valid:

The theorem is proved.

Remark 1. Under the conditions of Theorem 5, when ﬁ < 0 holds estimates:

Ty
/a(x)@(xl,T, g)a(z)uppuapde < 5_1/a(x)u7agu7a5 dz,
of Qf
/a(x)@(:vl,T, e)Mo(z)u?dx < 5_1/a(x)u7agu7a5 dx,
of QF
/a(x)uﬂu,a@(azl,T,a)Ml de < al/W(u),dx,
of Qf

where the function ® is defined in Theorem 1.
The author is deeply grateful to I. N. Tavkhelidze for a useful discussion of the
questions considered in this article.
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