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Abstract

In the paper the basic two-dimensional boundary value problems (BVPs) of statics of elastic
transversally isotropic binary mixtures are investigated for a half plane. Using the potential method
and the theory of singular integral equations, Fredholm type equations are obtained for all the
considered problems. By the aid of these equations, Poisson type formulas of explicit solution are
constructed for a half plane.

Key words and phrases: Boundary value problems, transversally-isotropic elastic mixtures,
explicit solution.
AMS subject classification: T4E30; 74G05.

Introduction

The equation of the theory of elastic mixtures and a lot of important results have
been obtained concerning mathematical problems of three-dimensional models (see
Rushchitski [1] and references cited therein). As to the corresponding two-dimensional
problems, they are not deeply investigated so far. The purpose of this paper is to
consider the two-dimensional version of statics of the theory of elastic transversally-
isotropic binary mixtures, which is the simplest anisotropic one and for which we
can do explicit computations (it is assumed that the second component of the three-
dimensional partial displacement vectors are equal to zero and the other components
depend only on the variable z; and z3). The fundamental and some other matrices of
singular solutions for the system of equations of statics of a transversally-isotropic elas-
tic mixtures are constructed in [2]. Using these matrices, the potentials are composed
and the solution of basic BVPs for half-plane are constructed in [2,3,4].

In this paper we will explicitly construct solutions to the III and I'Y BVPs for a half
plane. Applying a special integral representation formula for the displacement vector
the problems are reduced to a simple system of integral equations.By the aid of these
equations, Poisson type formula of explicit solutions are constructed for a half plane.

Some previous results

Let D denote the upper half-plane 3 > 0. The boundary S of D is x; axis.

We say that a body is subject to a plane deformation if the second components
ub, and u} of the partial displacements vectors ' (u}, uy, us) and u”(uf, uy, u}) vanish
and the other components are functions of the variables only z;,23. Then the basic
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equations of statics of a transversally isotropic elastic mixtures in the case of plane
deformation read as [1]

W (9z) OB (9
c<a>c<a>>U:’ "

C(0x)U = ( CO) O (9a)

where

L 92 92 . :
ORI N (cg +Cia4>>

Cl1 55 T C44
‘ 0x? 0x? 0x10
CV)(9z) = " 33263 o? xéf?’ , 7=123
(C(j) + C(j)) o) + W)
13 4 8[E18!L’3 4 8x% 33 8x§

U(x) = U(u',u") -is four-dimensional displacement vector, v’ (u}, u}) and u”(uf, u}) are

partial displacement vectors, depending on the variables 1, x3. cz(,jq) are constants.
The stress vector is defined as follows [2]
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where (0,0,1) are components of outside normal vector.

Definition. A vector function U defined in the region D is called regular , if
ul,uy € C%(D) N CHD), and the following conditions at infinity uj, = O(1),u} =
O(1), 00’ = O(1), 0t = O(1), k = 1,3 to be fulfilled with ¢* = 2? + 2.

For the equation (1), we pose the following basic (BVPs). Find a regular vector U
satisfying the system of equations (1) in D, if on the boundary S one of the following
boundary conditions are given:

Problem III. The components u},u of displacement vector U and the components
(Tuw)y,(Tu)” 3 of stress vector are given on S

limu)(t) = fi(t),z € D,t € S,

r—1
limtu”l(t) = fg(t),l' S D,t € S,

lim[Tu]y = fao(t),z € D,t € S,

r—t

lirr%[Tu]g” = fa(t),z € D,t € S,
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for large | t |, a,c = constants, f > 0,a > 0.

7

Problem IY. The components u}, us” of displacement vector U and the compo-
nents (T'u)}, (T'w)”y of stress vector are given on S

lirr%u’g(t) = fi(t),z € D,t € S,
hH’%ZLg” (t) = fg(t),ZE S D,t € S,
lirr%[Tu]'1 = f3(t),z € D,t € S,

liir%[Tu]'l' = fu(t),z € D,t € S,
+o0 +oo
o Jo € OXS), o fy € CONS), i fo = i [ nwde=o. [ swar=o.

a
Jo, fa=co+ W—1+B7
for large | t |, a,c = constants, 3 > 0, > 0. where f is given vector on S.

Solution of the third BVP

A solution of the III boundary value problem for a half plane will be sought in the

form
=—fmZR(’“ / (0t 3)

—00

where ¢ is unknown real vector function, m is an arbitrary real constant matrix which
will be defined below, 2z, = x1 + agxs, a4 are the roots of the characteristic equation
2], R®T denote transposition of matrix R*)

R® = || Ry |aa,

RY = (AP oy + ANy + (AW + AD), RY = RS,
k 1 k 3 k 1 k k k

jo = (cgg)Aéj) + cég)A§4))ak + 053)14%) + c§3 AJ3), R(3; akR4j ,

RY = o (AR oy + AD) + ) (AR + AD),

Ri’;) = (cg?g)Aéj) + cé%)A§4))ak + C%)A + cgg)A( ) j=1,2,3,4.
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A are given in [2]. From (3) we obtain

B g(t)dt
T(0x,n)U ——ImZ/ axlzk—t’ (4)

(CCl,l'g) € Da
where
LE = || L5 |44,
k) k) k k k k k k
LY = a2Ls), L) = LYy, LY = o2L5), L) = —ay LY

Ly = —ap Ly, Ly = —en Ly, LY = o} LiY,
LS = —Aqudilas + af(biy + 2a34) + agzai],
L) = — Aqudifass + a2 (=bss + ais + ass) + arzal],
Lz(;i) = —Aqudi|ass + o (bas + 2a12) + a0y,
A= (cgely = ") = qias + Al an + Y

2 1) (2 3)2 3)2
a=ciell =i g = cigle) — % a0 = i) el — ),

3)

ass + 2011 Cllg) > 0,

di’ = 201(0f — a3)(af — af)(af — af),
dy' = 205(a2 — a?) (a3 — a3)(a3 — a?),
d3' = 203(a3 — a?) (a3 — a3)(a3 — a?),
dy’ = 20u(0] - a3)(af — af)(af — of),

a1, ..., a44 are the real constant values which characterizing mechanical properties of
the elastic mixture in question and satisfy following conditions.

(2) (1) (2)2 ®3) (2) 3) (2) (

1) (2) (3 3), (1) (2 3)2
a3 = _051)‘13 + C:(33)C§3)C§3) + CéS) 53) 53) - C:(33)(Cg3)cg3) + ng) ),

and = g — AV + 20y — ey > 0,

o = ey — A + 20l — D) >0,

1 2 1) (3 1) (3)2
auA = Cz(’>3)Q1 Cgl)cgs) +2c gl) g3) §3) §1) 53) >0,

(1) (2) C(3)2) (2) (1) (2) 3) .(2) (3)

o1z = (e - D + cDeld),

C11 C13 C33 — C33C3Cyy + €3 (C33 €1y

3 2 3)2 1 (3 1) (2) (3
aiaA = _Cgs)(cg:a)cg:a) ( ) )+ Cgl)cg:a)cz(s?,) + Cg3)053)cgl)
3), (1) (2 3) (3) 1) (2 3) (1
_053) (Cézs)cgl) + 051)01(33 ), assA = _613)(C§3)C§3) 653) )+ Cgl)cgz%)cz(s:s)

1 3), (2 3) (3 2 3)2
+C:(33)C§3)C( ) c§3>(c(3)c§1’ + Cgl)ci(‘)S))7 az A = Cg:s)(cgza)cgs) ng) )

1) (2 (1 1 (3 1
_051)053)0:(33) - C:(a3) 53) §1) + Cgs) (C:(as)cgl) + gl) :(a3))



Third and Fourth Boundary Value Problems of ....

19

Taking into account the following relation [5]

+o00

o g(t)dt T gt
g&;;zﬁ—wamn+/;;;,

o) 9 g) )
(Zk—t)2 8tzk—t Zk—t.

(4) can be rewritten in the form

4 T ,
t)dt
T(Ox,n)U = —Im / L(k)mg( ,
( ) ™ kz:; zp — 1t (5)

for determining the unknown density ¢(t), from (3) and (5) we obtain the following
integral equation

+oo
ImDm(rg(z1)i + / f(_”jf) — O~ F(x), 11 €8 (6)

C is an arbitrary real vector, D is the following matrix

by Ray 0 Ry
D_ 0 Ly 0 Lo

0 Raz by Rus |’

0 Loy 0 Ly

Ry = 32 RELC = 0.6.0.007F = (f.Fo ),
P = g‘ Fot)dt, Fy = Of Fat)dt,
Direct calculations give
detD = b2(A,Cy — BHAuA; > 0,0y = ¢3qu,
Az = by(mims — 2\/aaza30y) + A%%ﬂ[(anam — a3a)” +

4 4 4
01 = Z dk = ZC, Bl = Z dk&z = —iB,Al = Z dkOéi = —iA,
k=1 k=1 k=1

2
1103391 + a14Q3]

A

4
D1 = Z dkag = —iD,
k=1

4
my = Y \/ak, m3 = (/a1a2a3 + \/a1aza4 + \/ara3as + \/axa3a4) > 0,
k=1

If we choose D so that
Dm=F,



20 Bitsadze L.

where F is the unit matrix, from the equation (6) we have g = C' — F and (3) takes
the form

4 oo 4
1 F(t)dt ,
u(x) = —;Im E R(R)Tm/ P —Im E RO m (. (7)
k=1 . k=1

By solving the matrix equation we obtain

myp myz 0 miy
m — 1 0 Moy 0 Moy
biAsz | O M3z Mmip M3zq |’
0 maos 0 M4
e £l La o Lo
11 b47 24 Ag ) 22 Ag ) 44 A3 )
—a 1
mig = —2_ [—bama(age + arnonasasay) + by(ba + 2a12) a0 aeasoy
by VAV
+Aqa[ariasn(biy + 2as4) + (bag + 2a12)a13a94 — (a14 + ag3 — bgz)(ar13a2e + ar1a24)]],
—Q14 1
myy = —— — [—bama(ags + a1z easzay) + by(—bss + ara)a110q o3y
by VAN

+Aqaar11a24(b11 + 2as4) + (b2 + 2a12)a13044 — (@14 + G235 — b3s)(a13a24 + a11a44)]],

—a93 1
by DbyAs

+Aqa[arza2(b11 + 2ass) + (b2 + 2a12)assass — (@14 + ag3 — bss)(a13a24 + aeass)]],

Mgy = [—bama(ags + arzonaeasoy) + by(ars + ass — bsg)anyasasoy

—Qa34 1
by VAW
+Aqq[arzasa(biy + 2a34) + (bag + 2a12)az3a44 — (a14 + o3 — b3s)(a13a44 + azzas4)]],

(8)

msq = [—b4m2(a44 + a33a1a2a3a4) + 54(511 + 2a34)a11a1a2a3a4

Solution of the fourth BVP

Let us look for the solution to the fourth BVP in the form

—+00

u(x _! m 4 BT hlt)dt
0= m >R [ ZE (9

—1

—00

where h is unknown real vector function, x is an arbitrary real constant matrix which
will be defined below. From (10) we obtain

1 0 h(t)dt
T(0x,n)U Im E /L Kaxl p—t (10)
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For determining h we have the integral equation
)t
ImDyr(mg(xy)i+ / %) =C—F(21),21 € S. (11)
— I
where F' = (Fl, fz,Fg, f4)T, C = (01,0,63, f fl dt F3 f f3 dt D4 is the
following matrix
Ly 0 Liz O
D, — Ris by R3y O
* Liz 0 Ly 0 |
Riy 0 Rzq by

If we choose k so that Dyx = E,where E is the unit matrix, rom the equation (12) we
have h = C' — F, and (11) takes the form

+o0

u(z) :——[mZR /z,fzdf Im>  R®TkCi. (12)

—00

where C' = (c1,0, ¢3,0)7 is an arbitrary constant vector.
By solving the matrix equation we obtain

kit 0 K3
L KRo1 K22 Ka3
biAs | K13 0 ks
kg1 0 Rq43 K22

o O O

where . . . .
Kil = Ao R13 = — Ay, K22 = 3, K33 = R
R21 = —Mi2, Koz = —M32, K41 = —1M14, K43 = —1M34.
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