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Abstract

The bending of a prismatic cusped shell described by the zero approximation of 1.Vekua's
version of the theory of elastic prismatic shells is considered. Mathematically it leads to a
dirichlet type boundary value problem for a strongly elliptic system of differential equations
with order degeneration on the boundery. The existence and uniqueness of generalised solutions
of the coresponding boundary value problems in the weighted Sobolev spaces are proved.

Key words and phrases: Elliptic systems with order degeneration, weighted Sobolev
space, bending of prismatic cusped shells.
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1. Introduction

Consider the following system

( 0 ou 0 ou
—%(Mh%) — a—y(ﬂha—y) = f(z,y),
0 aul 0 3u1 0 8“2 0 3u2 .
9 ((/\ + 2#)h% - a—y(ﬂha—y) - %(/\h(‘)_y) - a—y(MhE) = filz,y), (1)

6 0uQ 8 0u2 8 0u1 8 6%1 .
\ 8_x<)\h%) ~ oy <()\ + 2“)h8_y> - a_x<“ha_y) ~ oy <)\h%> = fo(z,y),

where u, u1, us are unknown functions and are called the moments of the displace-
ment vector A > 0 and p > 0 are Lame’s constants, f, f1, fo are the Fourier-Legendre
moments of a given volume forse,h is the thickness of the plate.

In this paper we study the case when the middle surface w is a plane bounded
domain with a smooth boundary dw € ¢!, where

aw:F()UFl,
Fo={(z,0):a<z<b abeRacR a<b},
I ={(z,y) : (z,y) € 0w y <0},
FOﬂFI = {(CL,O),(Z),O)}
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Let the thickness h be given by the function
h=h(z,y)=y™ m>0.

The system (1) is strongly elliptic on w\I'g with order degeneration on I'y.

2. Auxiliary material. Let D(w) be a set of infinitely differentiable compactly
supported functions on w. We define a scalar product and a norm on D(w) according
to the formulas:

(U, V) = /ym[VuVU + uvldr, (2)

w

[N

[ull,n = /ym[VuVu+u2]dT , (3)

w

where u,v € D(w).

0
We complete D(w) by the norm (3) to obtain the Hilbert space H,,(w), where a
scalar product and a norm are defined by formulas (2) and (3).

0
Lemma 1. For every u € H,,(w) there hold the inequality:

2
/ym_2u2d7' < c/ym (%) dr for m #1, (4)
Y

w w

2
/y‘l | Inky |727° wldr < c/y (g—Z) dr for m=1, (5)

w w

where k > 0 is some positive constant such that ky < 1, for all (xz,y) € @, and ¢ > 0
1s a constant independent of u.
Proof. Since w is a bounded domain, there exists d = const > 0 such that
C [a;b] x [0,d] = E. Let u € D(w). Clearly, by extension (and preserving the
notation) we can assume that v € D(E). First we consider the case m # 1:

d

/ 2 dy = /m mlzﬁym—IUQS
0 0
d d
d
— _% / %ywu?)y?g—q;dy < (2ab < a® + %)
0
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17 9 ’ ou\?
< Z m—2 2d /m _U d
<5 [yt g [ (ay !

0 0

d

d
9 ou\?

m=2,2 0, < /m d

/y u y_(m_1>20y 5y ) W

; 81 ; ou\ >
m—2 2d < / m U d )
/y = 8(m — 1)2 Y Jy Y
0 0

If we integrate the last inequality by = over the interval [a, b], we obtain

Hence,

©| o

[e=]

ie.,

b d

b d
81 ou\ >
m—2, 2 < m [ 77
//y u dydr < S(m — 1)2//y (83/) dydz.
0

a 0 a

Since u(z,y) = 0 for (z,y) € E\w we have

m—2_ 2 m [ Ou ?
y"utdr <c |y @_y dr. (6)

w w

0
Now, let u € Hy,(w) and {u,} -, with u, € D(w), be a sequence such that

lim ||u — ||, = 0.
n—oo

According to (6) the sequence {ymszun} C D(w) converges in Ly(w). Due

to the completness of Ly(w) there exists a function v € Ly(w) such that

m— 2 -m 2
lim <y72un — v) dr = lim [ y™2 (un — yQTv> dr = 0.

According to (3) it follows that

2—m
u=Yy 2z v on w,
ie.,
lim [ y™ %(u, —u)’dr =0.
n—oo

w

If we replace u by w, in (6) and pass to the limit as n — oo we obtain that the

0
inequality (6) is true for every function v € H,,(w), m # 1.
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Now we consider the case m = 1. Let u € D(w). We have

d 2 d 2

ou 10U

2 = o g T2t2 —

u(z,y) = / 5 (x,t)dt /t t2 T dt
y y
d d D ? d
g/tldt/t(a—qz> dt = (Ind — Iny) /t( >
y y 0

If we multiply the both sides of the last inequality by y=! | Inky |72¢ with k as
in the lemma and ¢ > 0, and integrate it first by y and afrerwards by x, we obtain

d d d

2
[t iy 1 aaan <o [ e ey [o(50) ar

0 0 0

d 5 9
u
o fo(2)
0
) )

Since
d
[t by |2 dy <,
0
b d
/dav/y1 | Inky |727° u?(z,y)dy = /yl | Inky |727¢ v*(z,y)dr
a 0 w

2
Sc/y(%) dr.

w

If we repeat the above reasonings we obtain that the inequality (5) is true for

0
every function u € Hi(w).

Lemma 1 represent two-dimensional version of Hardy’s inequality (see, e.g.,
[1,7]). |

0
Now we consider the question of a trace of functions from the space H,,(w).

0
Lemma 2. The trace of a function u € Hy,(w), 0 <m <1, on dw is zero.
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Proof. We introduce the distance function on w

plz,y) = dist{(z,y), Ow}.
By completing D(w) with the norm

el = / o (o, ) [VuVu + u?ldr (7)

w

0
we obtain the Hilbert space Wég (w) whose properties are well known (see [11,12,14,18]).

0
In particular, the trace of every function u € Wi m(w), —1 < m < 1, on dw is zero
2

(see [11], p.393).
It is easy to show that
[l =l pm

for every u € D(w). Therefore,

0

Honlw) € Wha (W),

E

0
and u |5,= 0 for all u € H,,(w). ]

Consider the case m > 1. The following assertion describes the behaviour of

functions from the space [(;T m(w) near the boundary T'y.

Lemma 3. Let ¢ be a continuous function with piecewise continuous first order
partial derivatives on w which are bounded for y > € Ye > 0. Moreover, let ¢ |r,= 0,
|e|lm < 00 and

| ¢ |< cy T for m > 1, | ¢ |< c|In(ky) |% for m =1, (8)

with k as in Lemma 1 and a positive constant c.

0
Then ¢ belongs to the space Hp(w).
Proof. The proof follows the approach of Vishik [8]. Let m > 1. We introduce
the function

0, 0 <y <y,
vs(y) =q (In|Ind[)*—(In|lny )%, 6§ <y <d, (9)
17 y2517

where 9; is a constant such that

1
(In|Ind |)*—(In|lnd; [)° =1, O<5<§. (10)
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Clearly, 6, by ¢

=

0 = exp [—exp((ln | Ind [)°—1)

|

From (11) it follows that

6—0

Consider the following function

905(33’9) = gp(x,y) ’ ¢6(y)-

(11)

(12)

0 0
Evidently ¢s5 € Wi(w) (Wi(w) is the usual Sobolev space), since ¢s has square

0
integrable generelized partial derivatives of first order. On the other hand Wi(w) C

0 0
Hm(w) and therefore s € H,p,(w).
To complete the proof it is sufficient to show that

To this end we calculate 15(y) on 6, 6:

W5 _
dy

Hence
0 for 0<y <4,

dis

a0 = ey Iy | (In|Iny )*! for § <y <y,

0 for y > d.

Further we derive

/ym [(%(s&— 905))2+ <a%(90—905)>2] dr

w

= [ [(%«1 ~we)) + (20~ wm)Q] ar

w

2 2
) (0-w- )

= /y’” [(1 — 1)5)° (

w

QJ|Q>
86

—e(ln|Iny ) [Iny 7' (~y) ' =ey ' [Iny |7 (In | Iny |)*"

(13)
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op\* op\* s \*
< [ym (1 =as)? | =2 2(1 —5)* | == 20° [ ==
< [ |a-ur (5) +20-ur(50) +20 (52) | ar
<20+ 1),
where , )
Iy Iy
6 . m . 2 r i
it - w [(ax) “(3) ] "
s\
[5 — m, 2 [ Y¥0 d
? /y 7 (3y>
Let
ws :={(z,y): (z,y) €w, y <4},
W= {(z,y): (v,y) €w, y >3},
Let us estimate I9:
op\” oo\ °
[5 — m 1 o 2 i il d
t=[vra-w [(ax> +(5) |+
oo \° oo \”
= =) | [ =2 — dr.
[ [(ax) +(a7) | o
wsy
Since (1 — 15)* < 1 we get
oo\ ? oo\ ?
< [y =2 ) |dr.
(<[ [(fn) " (ay) ’
wsy
From the condition of Lemma 3
[@llm < o0
and the equality
lim mesw;, =0
6—0
wich follows from (12), we have
lim I =0. (15)

Now we estimate I3. Let m > 1. If we use the condition of the Lemma 3

o |< ky ="
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with the help of (14) and (10), we get

b d J 9
e ] frw= (53
a 0
b 4

= [ [y iy [ Iy P2y

a ¢
o1

=82 -a) [y gl (n iy 2.
)

Since
d
/y‘1 lny| ™ dy < oo,
0
we get
lim 19 =0. (16)

Taking into account (8) and (14), for m = 1 we derive

2] [ ) () o

b51

e / / y oy |y 2 | Iny |2 (In | lny [)*2dyde

a ¢
01

=82 -a) [y gl (n iy 2.
)

Due to the inequality

o1
/y_l Iy~ (In|Iny)*2dy < oo
0

for every 0 < ¢ < 3. Hence (14) follows.
Thus, according to (15) and (16), we have (13). [

0
It is easy to see that Vu € H,,(w) the trace u |r,= 0.

0
Now, with the help of Lemma 3, we can construct functions, belonging to H,,(w)
for m > 1, which have not traces on I'y. To this end let us introduce the function

Y(x,y) € C®(w),
Y(x,y) =0 for (x,y) € {(z,y): (z,y) € w, dist[(z,y),[1] <},
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U(x,y) =1 for (z,y) € {(z,y): (x,y) € w, dist[(z,y),T1] > 20},
([16],p.89). Then the function

1—m+e

Y(z,y)y 2, m>1, 0<e<m-—1,
plz,y) = N
Y(r,y) [Iny 2, m=1, 0<e<]1,

0
belongs to H,,(w) and has not a trace on I'y.

In what follows we derive a Korn’s type weighted inequality in a special functional
space which will be employed later on. To this end let us define the vector space

Honn (@) = Hunl@) X Honlw)

with the norm:

112 _ H
[ =l + el for = () € ).
m,m

—

0
Clearly, Hymm (w) is a Hilbert space.

- 0
Lemma 4. (Korn’s weighted inequality).Let u= (uy,us) €Hpmm (W), m #
1. Then the inequality holds true

/m[VV+VV]d</m%2+%2+%+%Qd
Y U Vi U2 VU |AT = C1 | Y o y y o T,

w w

. L. . —
where ¢ 1S a positive constant independent of w.

Proof. First we prove the lemma for a function u= (uy, us) € [D(w)]*.

We have
8u1 GUQ 2 [ 8u1 2 8u2 2 8u1 GUQ
M — + —= = | —=— — 2——= )
/y (8y+8x) ar /y (83;) * ox * Jy Ox dr

Let us estimate the last summand. With the help of Green’s formula we have

2
Q/ym%%ch = 2/3/’”8 il UodT
Oy Ox Yy

w w

(9u1 8”2 -1 aul
/y o 8yd7’+ m/y (9a:u2dT

w w

8u1 3uQ / 718u1
<2 m——=d 2 M= ——ugdT| .
< /y 9z Oy T|+2m Y o7 UodT

w w
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We proceed as follows

/7;8“]_ T;@UQd
Y oY y

0u1 2 3u2 2
— [y | (E2 i’ . 1
/0 [(aw) (Ge) | )
Using the inequality (4) we have

<

0 mOUL m
Qm/ me 1ﬂ’lL2d7’ 2m/y2 8u1y 22uzd7

T
w

<m/ (%> dT+m/ m2y2dr
2
<m/ (%) d7‘+mc/ym <86_u;) dr, (18)

w

where c is the constant involved in (4).

From (17) and (18) we get

where o =max(1 +m, 1+ mc).
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Further for 0 < 6 < 1

m 8U1 2 8uQ 2 8U1 8U2 2
[ [(a?) *(a—y) oyt ) |7

w

_ m i Our \? duz\” ouy  Ous\’ Oup  Ous\ >
- [ (a—) *(a—y) “1—5)(@—@,*% ooy Ta ) |

oy 2 Ouy 2 Oou;  Ousg 2
> m - —_ - it
_/y <8x)+<8y) +6 8y+8x dr

aul 2 8u2 2 (9u1 2 8u2 2 (9u1 811,2
= [y |2 = R Z2) p2s2 L2 4r.
[ |(52) +(52) +o(52) +o(52) +25252 | ar

w L

With the help of the estimate (19) we derive

m 8u1 2 8uQ 2 8u1 8u2 2
[ [(a—) (5) + (G a) |

ouy 2 Ous 2 ouy 2 Ous 2 ouy 2 Ous 2
> m | (221 et} et 792 _ et et}
_/y <8x) +<8y) +9 3y +9 pe da pe + dy dr

w L

[l () (5 (R ()]

We choose § as follows § = (1 + a)~!. From the previous relation we have
3U1 2 8uQ 2 8u1 8uz 2
e — —— — + = d
/y [(8x> +(5’y * 6’y+3x ’

ol () () e () ()
) () ) ()

—

0
If we ”close” this inequality in the space H, m(w) we obtain that Korn’s weighted
= 0
inequality is true for every function u = (uy, uz) € Hypm(w). ]
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Our aim is to detect existence end uniqueness conditions of generalized solution
of the system (1). denout first equation of system (1) by (1,1) and seqond and third
equations of system (1), by(1,2).

0

Definition. We say that u € H ,,(w) is a generalised solution of the equation

(1.1) if

a(u,v) ::/uhVqu:/fvdT

w

0
for any v € H,(w).

Let L% (w) be a Hilbert space of measurable functions 1 such that the
norm

1
2

1ol = / o) (@ y)dr | < oo,

2—m7 m 1’
Um(y) = { yl—e %

y ¢ €e>0 m=1.

were

Theorem 1. If f e L2 | then equation  (1.1) has an unique generalised

solution wu € [ifm(w) and there holds the estimation
lullo <l fllzz,
where | is a positiv constant independent of u and f.
0
Proof: Let us show that the form a(u,v) is coercive on H ,(w).

0
First we estimate a(v,v) for v € H ,(w).
For case m # 1, according to the Lemmal, we have

2
/ymv2d7 < cl/ym_2v2d7 < CQ/ym (g—;) dr,

w w w

from which fallows that

ov\ 2 ov\ 2
m, .2 m _
/y “”302/3’ [<0y) +<8x) ]dT‘

w w

frvsn o (6 + ()]
< plez + 1)/?/” [(g—;’)? + (g—Zﬂ dr

= (e +1) /hv2’l}d7',

w

Hence we get
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plloll* < (e2 + Da(v, v),
W

lvll®,
Cy +1

a(v,v) >
that is
a(v,0) = esllol2, m AL (20)

Next we have to consider the case m = 1. According to Lemma 1

2
/yv2d7' < c4/y_1 | Inky |72 vdr < 05/y (%) dr.

Reasoning analogously, using the last inequality, we will obtain

a(v,v) > 06||v||2, m = 1.

0
Now we can show that the form a(u,v) is bounded in H m(w). Let u,v €

0
H -m(w), then

la(u,v)| = /uh(Vqu)dT g,u/h | Vu |Vo|dr

w w

1
2

= M/h%h% IVu| |[Voldr < p /h(VU)ZdT /h(vv)%h

w w w

N

1
2

<u /h(V2u+u2)dT /h(V% + v?)dr
< pllullmllvllm = pllwllmllofn.

0
So a(u,v) is bounded on H ,,(w).
0
Let v € H p(w), fe€ L2 (w), then

/fUdT = /aéfaévdT < {By the Holder inequality }

w

2 2
<\ fourar) | [ovar] <t ol =5l
where B =1t|f[lrz . Now, the Lax-Milgram theorem(see e.g.[6.10]) completes

the proof.
Next we consider the system (1.2).
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= 0
Definition. We say that © = (uy,u2) € H pm is a generalized solution of the

system (1,2) if

— 8u1 0@1 8u2 8’1)1 a'LLQ 8112 8u1 @vg
/h{A(az oc oy oy T oy oy T axa—y)
8u1 01}1 aul (%1 3u2 8u1 3u2 602 3u2 802 8U1 81}2
+“(ana T oror "oz oy Toror “oyoy oy ax)}‘“
= [(fiv1 + fovo)dr

- 0
for any v = (v1,v2) € H (m,m)(w).

Let L%Um oy (@)  be a Hilbert spase of measurable functions f with the norm
P T T

where f = (fi, f2): fi. f2 € L%,
Theorem 2.If f = (fl,fg) €2

om.oms then the system (1.2) has a unique gener-

alized solution u = (uy, us) € Hmvm(w) and there holds the estimation

% o < F 2

om,om

— — 0
Proof. Let us show that the form B(u, v) is coercive on H ,,;m(w). First we

— — — 0
estimate B(v, v) for v = (v1,v2) € H mm(w

- — 81)1 2 87)2 2 81}1 8112 2
B > [ h|l = — — 4+ — dr >
(U,U)_/ [(8:6) +(8y + 3y+8x T2
{according to the Lema 4} > ¢; / h[V?v, 4+ Vvy]dr >
{according L.1} > A / WV 4+ V20, + 02 4+ 02dr = x|| v [

w

— — — 0
Furter we estimate B(u, v) for u = (uy,usg); v = = (v1,v2) € H mm(w). We heve

- — 8u1 81}1 8u2 (%1 (9u2 (92}2 8u1 31}2
B
‘ (u,0)] < /h)\{ or Ox 33/ Ox 8y (9;(/ or (91/ 1d7
8u1 3@1 8u1 87}1 81@ 81}1 8u2 81}1 8u2 81}2 8u1 81)2
2
* / hu{ Or Oz 0@/ 8y or 8y Or Oz * (9y (9y (91/ Or }dT
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By the Holder inequality we can estimate each term of the last sum separately.

Indeed,

o=

6’u18v1 8U1 2 81}1 2 ’
177 < - -1 < < .
JurGelmis ([ [o(5e) ar| | [a(5e) | <ol < Tl

w w w

Analogously will be estimated other terms and finally we will obtain

— —
}]B%(u, U)’ < 4)‘||u||m,m||v||m,m + S“HUHW,WHUHTn,m = CQHUHmmHUHmM'

— 0
Let f = (f1, f2) € L? (W), v € H y,m, then there holds the following inequal-

ity mssYm
/f?dr < /(f1v1+f2v2)d7 < /flvldT + /f2v2dr
< /(Um);fl(am)%vldT + /(O'm)éfg(dm)_évng
: } ; :
< /amfde /a;lvde + /amfgdr /aglvgdf
< Ifillzz, Fillorllm + 12l 22, K2llvallm
< (Kullfillsz,, + kel f2llzz,, ) 19 o = KIS
i.e.

‘FU

_ /ﬁdT < | T .

Thus we heve shown that B(u, v) is coercive, bounded and the functional F' is
bounded on L2 .

Now, the Lax-Milgram theorem (see[6.10]) complites the proof.

P.S. From the Theorems:1,2; Lemmas:1,2,3 we can conclude:

1) If m < 1, then the Dirichlet type boundary value problem is correct for the
system(1);

2) If m > 1, then the Dirichlet type boundery value problem for the system (1)
is not correct in general.For it’s correctness it’s necessery to make free I'y from the

boundary condition.
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