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The theory of mixtures of elastic materials was originated in 1960. Main mechanical
properties of a new model of elastic medium with complicated internal structure were
first formulated in the works of C. Truesdell and R. Toupin (see [1]). Later this theory
was generalized and developed in many directions. Binary and multicomponent models
of different type mixtures were created and studied by means of various mathematical
methods. Intensively is being developed also plane theories corresponding to above
noted three-dimensional models.

In this paper we consider a version of linear theory for a body composed of two
isotropic homogeneous elastic materials suggested by A.E. Green (see [2],[3],[4]). We
obtain two-dimensional equations for given plate by means of I. Vekua’s method. For
N =1 approximation we get the general solutions of stretch-press and bending equa-
tions system using the complex variable analytic functions.

1. Let (e, ey, e3) be a unit vector of Euclidean space. Denote by (x1,xs,z3) the
point of Cartesian coordinates system.

Let w be a finite or infinite domains with smooth boundary in the plane. We define
following sets

Q" = wx] —h,h[, Ty :=wx{h}, T_:=wx{-h},

h = const > 0.

Assume the domain Q" involves mixture of two isotropic homogeneous material.
The statical balance equations have the following form

/
81'0'

ij

— 0ij +,01F; =0,

(1.1)

and the generalized Hook’s low is written as follows

= (—Ozg + )\1€;€k + )‘3€;<,;k)5ij + 2M15;j + 2#38;;» — 2)\5hij, (1 2)
_h .

= (CYQ + )\46;]C + Agggk)5ij + 2#35;- + 2#26;;- + 2/\5hij7 in ,

/
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where 0”, UZ] -are components of strees tensor, J;; is Kroneker delta, ; = 0;

Qo P2 Qo P1 n
= P 5kk+75kka p = p1+ p2, (1.3)

p1 > 0, py > 0 are density of mixture, F; ' , F; " are components of volume forces,
Qs )\1,)\2,)\3,)\4,)\5,ul o, 43 are the modulus of elasticity, besides of as = A3 — A4,

51] = 5]1, gi = 5 - are components of strain tensor
/ ]_ !’ / " 1 " "
hi; = —hj; are components of turn tensor,
]_ / ’ " "
hij = 5 (duj — @-ui + 8jui — 3zu]> y (].5)

! " " " 8

’ ! I 17
u = (uy, Uy, uy), u = (uy,uy,uy) are displacement vector, 0; := = 30
T

Under repeating indexes we mean summation, the Latin letters are takmg the values
1,2,3 and Greek letters are taking the value 1,2.
We introduce the following symbols

P .= O'~—(5ij(—CE2), P .= a;/j—{—(Sij(—ag), (16)

i %) )
Py = (P, P)", Uj=(u;, u;)", €= ey, €))7, hij:=(hyy, hs)",  (L.7)
Using (1.6) and (1.7), relations (1.1) and (1.2) can be rewritten as follows
Py +®;=0 in Q" (1.8)

Pij =A Erk 6@']’ +2M Cij —2/\5hz‘j mn ﬁh, (19)

where
®; = (01 Fj, paFy )7,

Q202 Qo 01
A P As = P M1 p3
A = ) M = )
A+ 2202 2 (MS Mz)
p
1
GUZ §(QU] +8JUZ), (110)
1 _
hy = 55005 — 1), S = < T > . (1.11)

After substituting (1.10) and (1.11) into (1.9), we obtain
Py = AoyUkdi; + (M — X55)0,U; + (M + X55)0,U.. (1.12)

By substituting (1.2) into (1.8) we obtain equilibrium equations in components of
displacement vector

AAU; + BO;(0kUy) + ®; =0, in Q" (1.13)
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where A = 0;0; is a three-demensional Laplacian,
A:=M—-XS, B:=M+AN+ XS (%)

We reduce three dimensional systems (1.8), (1.9) to the two dimensional problems
of the plates with middle surface w, by means of I. Vekua’s method (see [5],[6],[7],[11]).

Let P;;,U;, ®; smooth enough and they can be represented by the uniform conver-
gent series with respect to x3 on the segment [—1,1] for all point (z1,x2) in domain
w

L /(m)  (m) (m) x
(Piijja(I)j>($l>x27x3) - Z (Pij’ Ujs (Dj) (xl’xQ)Pm (f) ’ <1.14)
m=0
where
(m) (m) (m) om—+1 [h T
—h

P, (“”—]j) is the Legendre polinomial of order m.

By P;,EC we implies the value of stresses on surfaces I't and I'™ accordingly
Pi = Pyp(z1, 72, £h). (1.16)

By substituting (1.14) into (1.8) and using condition (1.16) on surface of plate we
obtain

(m)
(m) 2m 41 (m=1)  (m=3) ~ ,
Oa P oj — - (P 3+ P3+..+F;=0 in w, m=0,1,.., (1.17)

where

(m)

Y m) omt 1 .
Fj= ®j+T(P;]‘-—(—1) Py),
@)

Pij =0, when 1<0.

After substituting (1.12) into (1.15) and taking into account of notation (x), we get

(m) (m) 1 (m) (m) (m)
Pasg=A(0 +ﬁ U 3)0ap + A0, U g+ (B —N)0s U o,

(m) m) 1 (m)

PaSZAaaU3+_<B_A) U a,
h o (1.18)

P3a:(B_A>aaU3+_AUom

h
(m) m) 1 (m')
Pss=A9 +—(A+B)U3 m=0,1,..,

>

(m) (m)  (m)) (m+1)  (m+3)
where § =0,U,, U ;=02m+1)|( U ;,+ U ;j+..).

Analogously, we reduce the boundary condition given on domain Q" to the boundary
condition on the boundary dw of two-dimensional domain w.
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If we substitute (1.18) into (1.17) we obtain
(m) m) (m
AAU o+ B0 § +Ma+ Fo=0,
(m)

(m)  (m)
AAU3+M3+F3:O, m W, m:(),l,...,

(1.19)

where A is a two-dimensional Laplacian A = 0,0,. M; = (MJ/, M ;/)T are linear homo-

geneous differential expression, which consist the functions (Z) ; and (’3) !

first order partial derivative whith respect to z1, x».
Let the displacement vectors u and u’ are the same N order polynomial with
respect to 3 (N is a fixed non-negative integer number), i.e.

and their

1

N
Uj(l’l,l’g,l’3> = Z (g)]Pm (%) 5 (120)

m=0

and ((]}) ; =0, when £ > N. Furthermore we retain from the system (1.19) the first
6N + 6 equations. Then we get second order system of 6N + 6 partial differential
equations with respect to two independent variable function.

Let 1 = (I3, 13,13) be a unit vector of the boundary dw.

e;=1xs.
The first and second basic boundary value problem sets following form:
m)  (m)
Problem I. U =

g on Ow;
(m) (m)
Problem II. P ;) = f on dw, m =0,1,..., N,

(m) (m) , (m), (m) (m), (m), . .
where 8 = (8 ', 8 ), £ =(f ', f )T, are given functions on dw,

(m) (m)
P o) = P rilre:.

Furthermore we get some mixed boundary conditions on dw (see [6]).
2. Approximation N = 0.

In this case from (1.20) we get

(0)

From (1.17) we have equilibrium equations
o O
0aPaj+Fj :0, m W, (21)

/

©)
and from U ; =0 and (1.18) we obtain

©) () (0) (0)

PozB:A 0 5a6+AaaUﬁ+(B_A)aﬂUom

) (0) (0) (0) ) (0)
PQBZAaaU?n P3a:<B_A)aaU37 P33:A9'

(2.2)



General solutions of stretch-press and bending equations of...

After introducing the complex plane z = x1 + x5,
1 . 1 :
8Z = 5(81 — 282>, 85 = 5(81 + 282), A = 48283,

the equilibrium equations can be written as follows
(0) 0) ) (0)
0. Pi1— Pao+i(P12+ Pa) | +

©)
© © O o 2
+0: <P11 + Po +i(Prz - P21>) +Fy =0, (2:3)

0) © W

8P++8P++F3—0 ZTL W,

where U, = U1 +1U», F+ = F, —i—ng, from (2.2) we have

(0) (0) (0) (0)
P11 — Pa+i(Pi2+ Pa) = 4MO: U+,

© () © )
Pu+ P +i(Pi2 — Pgl) =2B § —4X;50, U+,

(0) (0) (0)

P+ = Pig+iPa3 = 2A0; U3, (2.4)
0) (0 (0)

+ P =Py +iP3=2(B—A\)0: U37

(0) (0)

Psz=MA0.

By substituting (2.4) into (2.3) we obtain

(0)
(@
AAU+ +2B0. § +F, =0, (2.5)

o ©
AAU3+ F3=0, in w. (2.6)

System (2.5) and (2.6) independent each other. First equations are plane strain
equation system of binary mixture cylindrical body. The general solution using four
complex analytic functions and Kolosov-Muskhelishvili’s analogous formula is getting

by prof. M. Basheleishvili (see [8],[9],[10]).

(0)
25 = Ap(2) - 29 (2) — (o) .
0

—A'2A+ B)(A+ B)™! ;ﬂ / F o (&,&) ¢ — z|d& d&+ (2.7)

L O .
a7 B+ B L [ Futeng)t—dade,

where p(2) = (¢1(2), p2(2))", ¥(2) = (Y1(2),¥a(2))" are any row matrix of analytic
functions in domain w,

A* =1+ 2B7A,
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¢ =& + i&s, in case of infinity domain implies that

(0)

~ 1

F+:O(’T), when z — 0o, a = const > 0.
z (6%

Remark: The elastic constants must to satisfy following condition (see [4])

2 2
N <0, jy >0, A\ — 22 Shn >0, detM >0, det (A + §M> >0, (28)
p

using (2.8) we get detA > 0, det(A+ B) > 0.
From (2.6) we obtain

(0) 1 Y
2403 = 1)+ T + [ Fal€o )¢ — sldudsa 2.9

where f(2) = (fi(2), fa(2))" are row-matrix of arbitrary analytic functions.

2
© ©
Let us F'y =0, Fj3=0.By substituting (2.7) and (2.9) into (2.4) we obtain

(0) (0) (0 (0) o
Py — P11+ i(P12+ Poa) =2M [z (2) + V(z2)],

(0) (0) 0 (0) .
P11+ Pao+ (P12 — Pa1) = 2[(A = A\ SA™)®(2) + MP(2)

©  © ,
Pis+iPass = f'(2),

—

Y

© O Jpp—
P31 +1P32 = (B —A)A f (Z),

where ®(2) = (91(2), 2(2))", ¥(2) = (¥(2), ¥5(2))"
3. Approximation N = 1.
In this case by mean of (1.20) we have

) x3)

From (1.17) we get the following equolibrium equations

o O
aaPa5+F5:0,
o 9
aaPa3+F3:07

(1) 30 W (3.1)
aapaﬂ_ﬁp?),@_’_Fﬁzoa
W 30 @

OaPo3 — ﬁPss + F3=0.
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' o) 10 :
In this case U ; = EUj’ U j = 0 and by mean of (1.18) we obtain

) © 1)
Pog=A(0 +hU3)5aﬁ + Ad, Uﬁ + (B - A)Q@Um

(0) (0) 1 @
P3o = (B - A>aaU3 + EAUOH

0) (0) 1 (1)

Paoz = A0, U3+E(B_A>Ua’

(0) 1 (1)

P33 =A i +h(A + B)Ug, (3.2)
(1)

Paﬁ_Aeéaﬁ‘l'Aa Uﬁ+(B A)aﬂUom
(1) (1)

Puas = AaaU?n

(1) (1)

P3a — (B - A)aaU3’

(1) 1)

P33z =A0,

(0) (0) (1) (1)
where 9 =0,U~, 0 =0,U~,

© 1 SO

_ 3
o (P = Py, Fy= @5+ (P + Pyy), (3.3)

2h
By substituting (3.2) into (3.1) we get following system of equation for components
of the displacement vector
a) Stretch-press equation system

(0) © 1 .0 ©
AAUs+ Bos 6 +5A8gU3 + F3 =0,
M 3 0 o @ (3:4)
AAU5 — A8 —ﬁ(AﬂLB)Ug + Fy=0,
b) Bending equation system
(1) 3 o @
AAU s — hQAUB Bog 9 _E(B NdsUs + Fy=0, 35)
(0) )
(0) 1 1) =
AA U 3+7L(B—A) 0 +Fs5=0.

Hence, In case of N = 1 approximation system of equations split into two indepen-
0) (0 () L @ (0
dent system (3.4) and (3.5) with unknown /1, U, U3z and U1, Us, U3 respectively.
4. The general solution of stretch-press equation system.

Let the volume forces are zero, besides P;% = P;; =0, and

Phi=Pp=p= (p/,p”)T, p.p  areharmonicfunctions
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Ap = 0.
Then, from (3.3) we get
(0) W O
FJZO, Ff;:(), F3:—p

h

In this case the sytem (3.4) in the complex form will be written as follows

(0) 0 2 (1)
AAU L +2B0; 0 +EA82U3 =0,

4.1)
(1) 3,0 3 (1) 3 . (
AAU 3 — EA 0 —ﬁ(A—FB)Ug—i-Ep— 0, in w,
(0) (0) (0) 1 , 1 .
where U, = U1+ 1U2, 0s= 5(81 +1i0s), 0, = 5(01 —1i09), A =40,0:.
From the first equation of (4.1) we get
(0) 0 10
0:(2A0.U 1+ B¢ +EU3) =0, =
(0) © 1 O /
240,U++ B 0 +EAU3 = Dy (z), (4.2)

where p(2) = (¢1(2), p2(2))" are any row-matrix of analytic functions in domain w, D
is any non-degenerate 2 X 2 matrix.
If we add (4.2) relations to the their conjugation relations and taking into account

(0) (0) 0)
6 =0.U+ +0:U+, we get

© 1 O 1 ,
(A+B) 0 +5AUs = 5D(p (2) +¢'(2)). (4.3)
From the second equation of (4.1) we get

© A (1) 1 (1)

From (4.3) and (4.4) we obtain the following equations (det(A+ B) > 0 and detA >
1
0) with respect to U 3

m 3 NC
AUs = 5 A A+ B = AA+B)|Us =

S ATNA S B)DG () + P — S AN - A4+ B) .

(4.5)

Introduce by A the following matrix

A=A A+B—-AA+B)™Y
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and imply that they are non-degenerate and have simple proper number. Then from
(4.5) we get

(1) h ~ ' TN
Us = —5ATATIANA+ B) ' D(¢ (2) + ¢ (2) + Lx(2,2) + hAop,  (46)

where x(z,2) = (x1(2, 2), x2(2, 2))", x1 and o are the general solution of following
Helmholtz equation

3
Ax1 — eix1 =0, Axe— ﬁaerz =0, (4-7)

where &, and @5 are the proper number of matrix ,Zf, and L is a 2 X 2 matrix which
columns values are proper value of the coresponding proper vectors,

Ay = ATTA W = A(A+ B)™).

(0)
By substituting (4.6) into (4.3) for § we get

0 1 - ,
0 =(A+B)"" {5[1 + AATTATA(A+ B)D(p (2) 4+ ¢'(2))—
X (4.8)
—EALx(z, Z)— AAOp} :

From the (4.2), (4.6) and (4.8) we will obtain
(0) 1 1 S1p 141 1 '

240.U 4 = I—éB(A—i—B) +§A(A—|—B) AATATANA+B) | Dy (2)—
—1p—Am+Brmﬁﬁrm(A+m4p¢@—Am+BrM%p-
_EA(A + B) 'ALx(z, ).

(4.9)

Assume the matrix B — A(A + B)_lAg_lA_lA be a non-degenerate then after
integration of (4.9) we have

20 | = A(z) — 27 () — 0(z) — (A + B) AT Loz 2)-

4.10
—(A+ B) 'AA /pdz, (410

where 1(z) = (¥1(2),12(2))" is a row-matrix of any two analytic functions, D be given
as follows

D=2(A+B)[B—A(A+ B) 'AATTATIA] 1A,

now A* matrix has the form

A*=A"'D -1
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Taking into account (3.2) we obtain the following formulas

© © © () )

Pos — P11 +i(P12+ Pa) = —4MO.U 4,

(0) 0) ~(0) (0) 0 1 @ (0)
P11+ Pa+i(Pi2 — le) =2[B ¢ +EAU3 —2X:80.U 4],
(1) (1) 1)

P, = P13+ 1Pao3 =2A0; U3,

@ @ (1)
+ P =Psi+iP3=2(B—A\)0: U3

(4.11)

By substituting (4.10) and (4.6) into (4.11) we get

(0) 0) 0) (0) o /

Pos— P11+ i(Pi2+ Po1) =2M {290 (2) + v (2)+
4h ~

—l—?(A + B)*lAAflLﬁgzx(z, Z)+ (A+ B)lAAO/ﬁzpdE} ,

©  © © @ © N —

P11+ P +i(P12— Pa1) =2 {(A — A SAY)p (2) + My (2)+
1

+EM<A + B) 'ALx(z,2) + M(A+ B)lAAop} :

(1)
P,=A {—hAgp”( ) +2L0:x(2, %) + 2hA08Zp}

1)
P = (B - N) {~hAF () +2L0:x(2, 2) + 2hAgdep}

where A := A"TA7'A(A + B)"A(I + A*).

Thus the general solution of stretch-press equations systems may be written by
four analytic functions and two general solution of Helmholtz equation for N = 1
approximation. By these functions can be set six independent boundary conditions on
boundary of domain w.

5. The general solution of bending equations.

1) 0) )
Assume that F =0, Fﬁ =0, Fy= hq = (q/, q)", where ¢',¢" are constsnts.
In this case system (3.5) in the complex form can be written as follows

(1 (1) (1) (0)
(0) 1}12 M 1 h (5.1)
AAU3+E(B—A) 0 —I—Eq:(), n o w,

e (1) n @ (1) [O8
here Uy = U1 +1iU2, 0 =0.U+ + 0:U +.

From the second equation of the system (5.1) we get (detA > 0)

© 1 o 1
AU3 + EA*(B —A) g +EA*1q = 0. (5.2)
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By (5.2) we obtain (det(B — A) # 0)

(1) (0) 1
Uy =—2h(B—A)""A0:U3 — 5(B — N lgz 40w, (5.3)
where w = (wy, wg)T is the row-matrix consist with unknown real valued functions w;

and ws.

(1)
Substitute (5.3) into first equations of system (5.1) and change ¢ with the following
formula

(1) (1)
0 = —h(B—AN"T1AAU3 — (B—A)"Y¢ (5.4)

we get

(0) (0)
0 {—Qh(A + B)(B — A)*lAAUg + %[A(B — A)*lA — B+ AUs+

+Ai(Aw — %w) —2(A+B)(B-AN"'qg+ Qith(B — A)_lqzz} =0,

it follows from this formula
6

) ©)
—2h(A+ B)(B — A)'AAU 5 + E[A(B —N'A- B+ AU+ (5.5)

+Ai(Aw — %w) —2(A+B)(B-AN"'q+ Qih?A(B —AN)7tqzz = Gf(2),
where f(2) = (fi(2), f2(2))7, fi(2), fa(2) -are any analytic functions in domain w, G is
2 X 2 any matrix.
After adding to the both side of (5.5) their conjugations relations and them consider
the difference bitween the obtining relations and conjugations relations of both side of
(5.5) we obtain

A((})g — %A‘l(B ~MN(A+B)AB-A)"—(B- A)A—l]A(z?3 =
=~ ATNB - N+ BG(f() + TE) - A7 g (5.
+55 A7 (B—A)(A+ B)"'A(B — A) g2z,
2 Ai( Aw — %w) — G(f(2) - T, (5.7)
now introduce by A followin matrix
A=A (B-MAN(A+B) AB-A)"—(B-ANAA. (5.8)

Imply that are non-degenerate and have simple proper number, then general solution
of (5.6) may be written us follows

Us = T TABB= )"~ (B~ M)A~ JAG((2)+ F2)+ Lx(z,2) +hBog 1 Avgz%, (5.9)
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where x = (x1,X2)", X1, X2 are general solution of (4.7), where z; and ae, are proper
number matrix A, which define by (5.8),

Ay = —}lA‘l(B —A)(A+ B)'A(B— A),

and we have B
3By = A1 (440 + A7h).

From (5.7) we get

.h2 -
W= ATC() ~ TE) +7(,2), (5.10)
where 7 = (71, TQ)T, 71 and 75 are general solution of Helmholtz equation
AT — %T =0.

From (5.4) and (5.9) we obtain
M (3~ »
By substituting (5.9) and (5.10) into (5.3) we get

Uy = iver(z.2) + LA = (B = N AA(B - A) = (B - ) A AIGT ) -

—2h(B — A)"'ALO:x(z,2) — (B — A) 1 (244 + %])qz.
(5.11)

Taking into account of (3.2) following formulas are hold

o W e
Pos— P11+ i(Pia+ Pa) = —4MO,U 4,
(1) (1) (@) (1) 1) (1)

P11+ Pos+ Z(P12 — P21) = Q[B 6 —2/\5582U+],
0) 0) (0) 1

(0) (1) 1
Py = Pig+iPy =2A0;U3+ E(B -NU4 = E(B — A)idsw,
0 () (0) (0) 1 @
+ P =Py +iP3p=2B-MN)0:Us+ AU

h
If substitute (5.9) and (5.11) into last relation (¢ = 0) we obtain

1) (1) (1) 1) h?
Pos — P11+ (P12 + Pa1) = —4M {—i@sz(z, Z) + g[A_l_
~(B = N)TAAB = 8)7 = (B~ NATHYAIGS"(2) = 20(B — A) T ALOx(2,2) |

(1) (€] () Y] 3i
P11+ Po+i(P12— P21) =2 o2
3

—5(B = X:5)(B - A)TTAALY(z, z)} :
Pl = 3(B = Nidur(z,7) + 5(B - )AGT (),

h
O 1 h
+ P = %Ai@gT(Z, Z) + ng/(Z)

A ST(2,2)—
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Thus the general solution of bending equations system is written by means of two
analytic functions and general solution of four Helmholtz equations. By these functions
can be satisfy six independent boundary condition.
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