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Abstract

In the paper the basic two-dimensional boundary value problems (BVPs) of statics of elastic
transversally isotropic binary mixtures are investigated for an infinite plane with elliptic hole. Using
the potential method and the theory of singular integral equations, Fredholm type equations are
obtained for all the considered problems. By the aid of these equations, Poisson type formulas of
explicit solution are constructed for an infinite plane with elliptic hole.
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Introduction

Since the early sixties, the theory of elastic mixtures has become very popular in
mechanics and engineering sciences. A lot of important results heve been obtained
concerning mathematical problems of three-dimensional models (see Rushchitski [1]
and references cited therein). As to the corresponding two-dimensional problems, they
are not deeply investigated so far. The purpose of this paper is to consider the two-
dimensional version of statics of the theory of elastic transversally-isotropic binary
mixtures, which is the simplest anisotropic one and for which we can do explicit com-
putations (it is assumed that the second component of the three-dimensional partial
displacement vectors are equal to zero and the other components depend only on the
variables x; and z3). The fundamental and some other matrices of singular solutions
for the system of equations of statics of a transversally-isotropic elastic mixtures are
constructed in [1]. Using these matrices, the potentials are composed and the solution
of basic BVPs for half-plane are constructed in [2,3].

In this paper we will explicity construct solutions to the BVPs for an infinite plane
with elliptic hole. Applying a special integral representation formula for the displace-
ment vector the problems are reduced to a simple system of integral equations.By the
aid of these equations, Poisson type formula of explicit solutions are constructed for
an infinite plane with elliptic hole.
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Some previous results

Let D denote an infinite plane with elliptic hole. The boundary S of D is an ellipse
with the semi-axis a and b.

We say that a body is subject to a plane deformation if the second components
ub, and u} of the partial displacements vectors ' (u}, uy, us) and u”(uf, uy, u}) vanish
and the other components are functions of the variables only x1,z3. Then the basic
equations of statics of a transversally isotropic elastic mixtures in the case of plane
deformation read as [1]

_( CY(0x) O®(0x) B
C(0x)U = < C®(0x) CP(dx) > v=0 (1)
where

DA A )

_ 1152 TC175 (ci3 +cif)
C(])(ax) = awl 253 a axlaa'gg 7j = 17273'
(C(J) —i—c( )) J) e (4)
13 44 a$18$3 44 a a2 33 a

U(z) = U(v, u") -is four-dimensional displacement vector, u'(u, u3) and u”(uf, uy) are

partial displacement vectors, depending on the variables 1, x3. cz(,jq) are constants.

The stress vector is defined as follows [2]

[ Tz, n) T® (9, n)
T(0p,n)U = ( T®) (92, n) T® (dz,n) ) ;

TG, n) = c11 nﬁxl +c n38x3, 013 nl&lsg +c ngaxl, i=1.2.3
v Dndxs + nsdry, oz, + P nsdzs, )’ Y

0
0, = (0xy,0x3), 0x), = 8_xk’k =1,3.

where nq,ng are components of outside normal vector.

Definition. A vector function U defined in the region D is called regular , if uj, uj €
€ C%*(D)NC*(D), and the following conditions at infinity u}, = O(1),u} = O(1), 00xu’ =
0

= O(1), 00" = O(1),k = 1,3 to be fulfilled with ¢* = 2% + 22,0}, = .
),

For the equation (1), we pose the following basic (BVPs). Find a regular vector U
satisfying the system of equations (1) in D, if on the boundary S one of the following
boundary conditions is given:

Problem I. The displacement vector U is given on S

limU(z) = [U(t)]” = f(t),x € D,t € S,

r—t

Problem II. The stress vector TU is given on S
T(9m)U ()] = F(t),t € S,
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where f and F' are given vectors on S.

Solution of the first BVP

A solution of the first boundary value problem for an infinite plane with an elliptic
hole will be sought in the form

4
1 0
u(z) = Ao + %/Im E N(k)aln or(z,y)g9(y)ds, (3)
s k=1
where ¢ is unknown real vector function, Ag is an arbitrary real constant vector which
0 0
will be defined below, o, = 2z, — &, 21 = 1 + tagxs, & = Y1 + itagys, — — =
ds 0y3
—ng N® is the following matrix.

8y1’
k k k
N® = AW A, A® = || AL |44, AS) = AG), A = 2| Apglaa,

A% is the constant matrix whose elements are given in [3] and the elements of matrix
A are following

A = 0521)%01 +tnBy +tp A + Cz(li)q?)Dlv

Az =tpB) + 134, — Cﬁ)%Dl - cﬁ)q401a

Aggy = Cﬁ)(hcl +ty By +typ A + C;(;?%Dla

Agy = —Qﬁ)%cl +tee B1 + tea A — Cg,)%Dl,

Aszg = cgll)q401 +t33 81 + tag Ay + CE;?QSDD

Ay = 021)9101 +t55 81 + tsp Ay + C:%)Q4D17
Ajp = A14 = Ay = A23 = A3y = A43 = Ay = A32 =0,

Z dk, Bl Z dkOék, Al Z dkOék, D1 Z dkOék

11, t12, t13;t447t33,t667t627 t55; tso - are given in [3], and

B
Al = m[mgngdéu + \/a1a2a3a4522) + Q4(511522 - kQ)—'—

m3m1qsqa(qa + q31/01020301) + ¢3+/A1020304(611022 — k1),
2) (1 3) (3 1 1 3) (3
(511 = 051)04(14) + 51) 24) - 204(14)C§1)» 022 = 05(53)0514) + 1(33) 4(14) - 20:(53) 514)7

1 _ _kl;lg(\/a_l+ Var) (/a2 + V/as)(yaz + /as)(/as + \/az),

4
= > Vag, mg = (y/a1a2a3 + \/ar1a2a4 + \/arazas + \/aza3a1) > 0,
k=1
meo = \/(llag + \/CL1€L3 + \/a1a4 + \/CL4(12 + \/Clgag + \/CL3G4,

2)2 3) (2
ki = 22 [04(14) Cg3) - 2053)04(14)@(14) + 0514) ng) + 04(14)61 2+
44
2q4 ¢ (2) (3 3) (2 qi 2 1) (2 3)2 1) (2 3)2
“ppleiiely — el + T (3 + i)’ g = el — 6 au = el — i,
44 44
2)2 2) (2 3 1 2) (1
ko = a&:ﬂ) Cgl) :(), ) +a ( ) 51)‘3&3) + ()4&3) ( :(;3) §1) + 20%1)0:(33) + Cgl)cz(a:a))

3), (2 3) (1 2) (3
—20Ba@(@ + ) 20Ba@ D) + ) 1 200a@dDD)
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0
We will need to give the function — In opds in the form of series in the exterior elliptic
s
domain. Since y belongs to the boundary of the domain, we have y; = acost and
ys3 = bsint.
Simple calculations lead to the relation [4]

a = n _—int int)] _n
35 Inopds =i nz_:l[)\ke — ™7 dt,
where
a+aoxib | ozt \/zk —a?+ ank
)\k? _= —— Tkl =
a — aib a — tbay,

It can be shown that when z belongs to the exterior of the ellips then |71| < 1.
Therefore

u(z) = /ImZZzN [Nre™ ™ — ™)l g(y)dt =

n=1 k=1 (4)
= A+ 2Re Z Z NWO[Qng—n — EgyTiy,

n=1k=1

where

1
:—/ge mtit, Gn=15_ /gemtdtn—IQS

Qn:ZNk)AZ, N®EXe = N®Q,. .
=1

Taking into account the boundary condition, (4) can be rewritten as

o0

4
A+2Rey > NW[Qug . — Egale™™ = f(9).

n=1 k=1

From there we define the unknown coefficients

A:f07 Qng—n_gn :fn7 (5)

where
2
1 .
= — t)e™dt =1.2.3,...
5 [ femde n=1.2.3
0

putting (5) into (4) ,it takes the form

2
4 o 1 4 'S .
u(z) = fo+2Im > N®); Z ™ fn = o /[1 + QImZiN(k) ngle_mt]f(t)dt =
k=1 n=1 k=1 n=1
0

27

&
Nt e —TME f(t)dt, x € D.

1 — Tt

=
Q)
HM%
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Thus we have obtained the Poisson formula for the solution of the first BVP for the
infinite plane with an elliptic hole.For the regularity of the displacement vector in the

1
domain D~ it is sufficient that f € C1%(s), ;<@ <1.

Solution of the second BVP

A solution of the second BVP is sought in the domain D in term of the simple layer
potential

= —1im k)T no
1 Z/ Llnoyh(y)ds, ©)

k= 15
(r1,23) € D, 2, = 21 + g3,

where h is an unknown real vector-function, R*” denote transposition of matrix R®*)

RO = IRy s

Rl = cllablo -+ Dl + A0, = urt)

RD — (4B 1 9400, 4 o a >A;;>,R(§; R,

R(k) :ci( )ozk—l—A(k)—l—cM( }7 ak—l—A4),

Ryy = (c )A )+c§,§>AJ4>)ak +eiy AY + 13>A§’;},j =1,2,3,4.
Ly 0 Lz O

L _ AQ4 0 LQQ 0 L24
Aoy/arazazay | Liz 0 Lz 0 |’
0 Loy 0 Ly
where
L1y = age By + (bys + 2a12) Ay + a11 Dy,

(
L3 = agy By + (—bss + ayq + as3) Ay + a3 Dy,
Loy = \Jara2a3a4[anC + (baa + 2a12) By + a1 A4],
Lss = a1 By + (b1 + 2a34) A1 + agzD4],
Loy = \Jaraza3a4]a21C1 + (—bss + a1q + a23) B1 + ai3A4],
Ly = Jara2a3a4]as4C1 + (b11 + 2a34) By + aszA4],
Ay = gz(mimsz — 2\/arasa3ay) + A(ar1aas + a3z — 2a13a24) > 0,

From (6) we obtain

4
1
T(Ox,n)U = ——Im E /L(k)Laglnakh(y)ds,,
7r s
k=11

(.111, :1:3) € D,
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where

L® = || L5 |44,
Lg’i) = 2L2,;)7 L12 = kL22a Lllzg = 2L247 Lgi) = _Okaz(lg)a
Ly) = —aLiy, L) = —ap L), L) = o} Ll
Lé’? = —Aqudg[ass + ai (b1 + 2as4) + aszog],
24 = Aqudy[ass + i (—bss + ais + ass) + arzag],

L4(14 = —Aqudy[agn + ai (b + 2@12) + arog],

A = (05:13)0%) — 652)2) — 143 + A(CH ap + Cgl)a33 + 205?@13) > 0,

aii, ..., a4 are the real constant values which characterise mechanical properties of the
elastic mixture in queastion and satisfy following conditions.

! anassqr + ai
[(a11a14 — ay3ans)? + — 33q1 14€I3]

a1a A
mimg — 2y/a1azazays > 0, aHlAl f cgi)qg - cég) @2 4 2cé )cg?cg? - C%)cg:,; > 0,
EYANES —c( l)q + cé )0(3)0(3) + cég)C(Q)Cg) - cé?(c(g)cgg) + §3) )
and = cyqr — ey + 247 eely) — ey > 0,
alh = ciya — cggcly” 2y gy — i) > 0
auA = C33 0 — 051)(3&3) + 20&1)0(1)05? N Cﬁ)cg ? > 0,

algA = 013 (C(I)Cg? (3)2) (2) (1) (2) (3) .(2) .(3)

11044 + Q22033 — 2013024 =

> 0,

3), (3) (2 3
C11C13C33 — C33C3Cyy + cg;(c( )0(11) + 051)C§3 ))

2 3)2 2) (1) (3
a(14)A (1_) (_2)053)@(5:))’)6(&3) 653) )+ cgl()i’)c)(g)(clé)g)(;)_ ng)(C?:g)%)cgl) _(3) .2
C%S)((Cg))3 (11)1 i (i’})1 C:())g))(l;l2 A( )— (;)C13 (13 i3 ?1)013(1)) E;) N C(li’)3)2633 "
C33 C13 C11 5 (C3gcry + 73 ), asaA = cy3(cizcys — ey )—

2) (1 3 1 3) (1
cgl)c§3)c§3) C:(33)C§3)Cgl) + c§3)(cg3)cgl) + Cgl)cz(sz),))

For determining h, taking into account the following relation [4]

0 ns — QN -
a—ln O = > = > 1+ E Tkl —int eznt]’
S Vi —a2—b ak

from (7) we obtain the following equation

4 27

1 3 L9 L) /1_e¢m+2” SHODu(e)do = f(1),  (8)

—u(t) + —
k=1

where pu(t) = Vb2 cos2t + a2sin®th(t), f(t) = Vb2 cos?t + a?sintF(t)
Let’s introduce the notations

27 ™
1 1 , 1 .
Xo=— [ pdt, X_,, = — [ pe~™dt, F, = — [ Fe™dt, n=1,2,3, ...
47 2T 27
0 0 0

Then (8) can be rewritten in the form

)~ Xo — 2Re S Que X, = F). )
n=1
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where
4

Qn=> LWL
k=1
Direct calculations give
LB\ = LW LQ,,.

From (9) it follows that
Xo+ OnX_p = —F,. (10)

It is obvious that for the compatibility of the equation (9) it is necesary that the
21

condition [ Fdt =0 be satisfied.
0

Thus, if the principal vector of external stresses is equal to zero, then the displase-
ment vectoris defined to within the rigid displacement, while the stress vector is defined
uniquely. Substituting (10) in (7) we obtain

4 o]
Tu=—2ImS LW 13~ 2 ™, (11)
2

Summating the last series, for the second BVP we have the Poisson type formula

2

4
1 .
u = ——]mZR(k)TL/ln(l — Te ) F(t)dt,z € D,
T = 9
4 2r 9 )
Tu=—1Im > LWL [ —1In(1 — 7ue” ") F(t)dt.
k=1 o Os

For the regularity of the solution of the second BVP it is sufficient that

2w
F e C"(8S), /F(t)dt =0, a >0,

0
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