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Last years the direct and inverse problems connected with the interaction between
difference vector fields have received much attention in the mathematical and engineer-
ing scientific literature and have been intensively investigated. A lot of authors have
considered and studied in deteil the interaction problems of interaction between an
elastic isotropic body, which occupies a bounded region and where a three-dimensional
elastic vector field is to be defined, and some isotropic medium (e.g, fluid), which oc-
cupies the unbounded exterior region. But interaction problems when the profile of an
elastic part is cusped one on some part or on the whole boundary was not considered.
The present work is devoted to such problems.

Let us consider the interface problem of the interaction of a plate whose projection
on x3 = 0 occupies the domain )

Q={(r1,29,23) : —00<x1 <00, 0<mg <, w3=0},
thickness is given by the following equation
2h(xs) = hoxg‘/?’(l — Ig)ﬁ/g,ho, l a, 3 =const, hg, [ >0, a, >0, (1)

and of a flow of the fluid. Let the flow of the fluid be independent of 1, parallel to
the plane Oxyx3, i.e. v = 0, and generating bending of the plate. Let at infinity, for
pressure we have

p(22,x3,1) = Poo(t), when |z| — oo, (2)

and let for the velocity components conditions at infinity
va(T9, 73,t) = O(1), v3(T2,73,1) — V300(1), (3)

where v := (v, v3) is a velocity vector of the fluid, p(xs, x3,1) is a pressure, and vz (t),
Poo(t) are given functions.

In what fellows we suppose that the plate is so thin that, we can assume: the fluid
occupies the whole space R? but the middle plane € of the plate.
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Let,
I = {[0,[] X O},
O = {@y, 09,03 : 11 = 0, 1= (02, 23) € R®\I},
vy, w3 € CHQNHYNCH(E > 0).

Transmission conditions for vs(xq, x3,t) we can write in the following form (compear

with [1], 2], [3]) Ow (s, 1)

U3(Q?2,0,t> = at

, X9 E]O,l[, t>0.
Because of incompressibility we have
divo(zy, x5,t) =0, (22,23) € Q. >0,
In case of ideal fluid in virtue of afk = —pojr we get

J; () +
0'33<$2, h (xQ)at) = —p(l'g, h,(ilj‘g),t),

where ajfk is a stress tensor, 7,k = 2,3

Therefore, the transmission condition for p has the following form

— plas, E;}j@;z), t) cos( (z, E;}j@:g)), 3)
- p(x% h <x2)at) COS(W@:?? h (x2>)7$3) = Q(x%t)7 T2 6]07”7

where ¢(x9,t) is a lateral load of the plate.

(4)

(6)

In case of the potential motion of the flow there exists a complex function ® = +1i¢

such that Do n 0w .
P\T2, T3, o T2, T3, o
97y = B3 = vy(12, 73, 1),
5’90(372,373775) o aw(x%x?nt) o
axg = — (9.1'2 = ’Ug(ZEQ,Qfg,t).

The pressure is given by the formula
v 1
s t) = of |+ 2 0 B2 ity

In case under consideration w(zs,t) is given by the equation [4]

*w(xs, t
(h®(w2)w, 22 (22, 1)), 20 = q(w2, t) — 2psh(x2)%, 0< s <,
where p® is a density of the plate.
Taking into account transmission condition (6), we have
2h(xz2)p®
(50— 22) w00 (2,6)) 22 =~ Dy (1)

hg

(7)

(9)
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s, W (22), 1) cos(T (2, 1 (22)). 25) + pls, 1 (2), 6 cos( 2, (), 20)

hg
For @ (zg,x3,t) = —v3 + 1vg, in view of (7), (4) and (3), we get the following
expression (see [5])

+

l\/§2+19€3 )(& +iw3 — 1)

m\/ (9 + ix3) xg—i-m:g—l J (& — x2) —ixs

D= w,y (&2,1)dEs

I’Q—f—lll'g — l/Q
\/(ZEQ + ’ing)(fL’g +1I3 — l)

From (10), we have expressions for vy and vz as follows

+U300 (t)

l
Ug(l‘g,xg,t) = _%/Rl(gvl‘%xii)wvt (5,t>d£+1}300(t)R3(l'2,x3>

0
l

v3(xg, T3,t) = %/Rz(f,fﬂz,ﬂ?:‘s)w;t (&,1)dE + V300 (t) Ra(a, x3),

where
r(§, x3)
Ry(§, 12, 13) = ———=
(€ ) = )
" (z2 — &) cos[(9(§, x3) — P(x9,73))/2] + w3 8In[(H(§, 23) — P(72, 73)) /2]
(€ — )% + 23 ’
Ro(€, w9, 13) = V& a)
T \/1(T2,x3)
(22 = &) sin[(P(E, 23) — P(22,23))/2] + 23 COS[(Cb(& r3) — ¢(22,23))/2]
(€& — x2)? + a3 ’
_ ¢(w2, 73) . (o, x3) 1
Ry(x9,x3) = {(LEQ —1/2) cos 5 + 23 sin ) } )
. P(x2, 73) ¢(w2, x3) 1
Rs(z9,x3) = {(:vg —1/2)sin 5 + x3 COS 5 } 7“(-%2,333)’

here ¢(z3, x3) is defined by either

cosp(xy, v3) = (23 — x3 lxg)/r(xe, x3)

or
sing(xq, x3) = (229 — ) xg/r(x2, 23)
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and

r(xe, x3) = \/(:1:5 — 23 —129)? + ((222 — 1)z3)2.

By means of the latter, in view of (7), we can calculate ¢ which we have to substitute
in (8)

T3 T3

!
f
p(wg, 23, t) = P /watt (fyt)/Rz(f,UUz,m:a)dﬂfsdf +Uzoo(t)Pf/R4($2>333)d$3

0 0 0
2
z 2
f
_ % (%/Rl(é-,.l}g,l'g)w,t (&,1)dE 4 v300(t) R3 (9, x3)
0
. 2
—+ l / RQ(&’, ZT9, xg)w,t (f, t)df + Ugoo(t)R4(I2, $3)
T
0
Let
w(xg,t) = e“lwo(wg), q(wa,t) = “'qo(y), (11)

p(w2, 23, 1) = “'po(z2, 23),
(12)
Uz (29, 23, 1) = €“'ud(x2, x3), uz(ve, x3,t) = €“'ul(z2, x3),

where w = const > 0, vy = ug; (vs = usy). Further,

(;O(x% €3, t) = ieithOO(l‘Q) .ZU3)7 ¢($2a T3, t) = ieiwt¢0(m27 .Tg),

Vo (g, w3, 1) = 1€ (29, T3), v3(Ta, w3,1) = i (2, 3),

_ jiwt, 0 _ w0 0 .0 _
Doo(t) = €', U3o0(t) = €™M, Doy, V5., = const.

Then substituting the obtained expression of p(xs,z3,t) in (6), by virtue of (11)
and (12) we get the following expression for go(z)

(=)

z h (z2)
2 f _
() = 2 fun©) [ Rulma) - co(T(ra,  az) )y
0 0

+)
h (z2)

l
+ /wo(f) / Rl(g, T, Ig) . COS(W(J]Q, (};)<J]2)), Ig)d.ﬁ(]gd&
0

e
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(= )
h (x2)

(=)
— ) wp! / Ro(xg,3) - cos(T (z2, h (x2)),x3)dxs
0

+ / Ry (g, x3) - cos(T (2, (};)(xg)),:cg)dxg (13)

Taking into account (11), (12), from (9) after four times integration with respect
to x5 we get the following relation

€2

wolzs) — 2% / B(E)K (03, € (€)dE = / (e16 + ) (s — ) D (€)de

0

+ 3T+t /K($27§)QO(§)dfa (14)
where .
5 €01, K(xp,€) = —/(m —n)(§ —n) D~ (n)dn.
3

Constants ¢; (¢ = 1,...,4) should be defined from the admissible boundary value con-
ditions [4]

Problem 1. Let a < 1, 8 < 1. Find w € C*(]0,1[) N C*([0,1]) satisfying (9) and
the following boundary conditions (BCs):

wO(O) = g11, Wo,2 (0) = 921, wo(l) = g12, Wo,2 (l) = g22;

Problem 2. Let a < 1, 3 < 1. Find w € C*(]0,1]) N C*([0,1]) satisfying (9) and
BCs:

wO(O) = 011, Wo,2 (O) = g21 Wo,2 (l> = g22 Q2(l) = hao;

Problem 3. Let 0 < a <1, 0< <2 Findw e C*]0,1]) NnC([0,1[) nC([0,1])
satisfying (9) and BCs:

wO(O) = g11, Wo,2 (0) = 021, wo(l) = 012; MQ(l> = hio;

Problem 4. Let 0 < a < 1, 3 > 0. Find w € C*(]0,1]) N C*([0,1]) satisfying (9)
and the following BCs:

wo(0) = g11, wo,2 (0) = go1 Ma(l) = hia, Q2(l) = hag;

Problem 5. Let 0 < «, 3 < 1. Find w € C4(]0,1[) N C*([0,1]) satisfying (9) and
the following BCs:

Wo,2 (0) = 021 Q2(0) = hay, wo(l) = J12, Wo,2 (l) = g22;
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Problem 6. Let 0 < a < 1,0 < 3 < 2. Find w € C4(]0,1[) n C*([0,1]) N C([0,1])
satisfying (9) and the following BCs:

wo,2 (0) = go1, Q2(0) = ha1, wo(l) = g12, Ma(l) = hya;

Problem 7. Let 0 < a <2, 0<j < 1. Findw € C*4(0,1[) nC*(0,1) N C([0,1])
satisfying (9) and the following BCs:

wo(0) = g11, M2(0) = hi1, wo(l) = g12, Wos2 (1) = Goa;

Problem 8. Let 0 < a < 2,0 <3< 1. Find w € C*]0,1[) n C([0,1]) N C'(]0,1])
satisfying (9) and the following BCs:

wo(0) = g11, M(0) = h11, wo,2 (1) = gaz, Q2(1) = hao; (15)

Problem 9. Let 0 < o, # < 2. Find w € C*(]0,1[) N C([0,1]) satisfying (9) and
the following BCs:

wo(O) = 011, Mz(o) = h1 wo(l) = J12, Mz(l) = hyo;

Problem 10. Let a >0, 0< < 1. Find w € C*(]0,1[) N C*(]0,]) satisfying (9)
and the following BCs:

M5(0) = hy1, Q2(0) = hag wo(l) = g12, wWo,2 (1) = gaa.

In all these problems g; ;, hi; (1,7 = 1,2) are given constants. By My(z2) and Q2(z2)
are denote bending moment and intersecting force

My () := —h?(za)wo,0e (22), Qo) := My s(xs).
Let consider, e.g., boundary conditions (15). Then for wg(z2) we get the following
equation [6]

!
wo(re) — w2/K1(932,§)w0(€)d5
0

l

~ o / B(E)K (23, € (€)dE + / B(E) K (s, €)wo(€)de

0 / (16)
4 /h(g)Ko(xQ,g)wo(é)dé
= f(x2)7

where
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Ko(xs,8) = f{/%DIW)dU - /TIDI(U)dTI} - K(0,9),

l

T2 T2 l
Ki(22,€) = xz/nD1(77)6177—/7721?1(77)d77+x2/(77—€)01(77)d77,
l 0 13
! i?(C)
1(z9,8) = % /Kl T, C Ryi(&, ¢, x3) - cos( (C, (C)),xg)dxgd(
l Pl?(()

(+)
+/Kl(x2, Ry(&,¢, x3) - cos(T (¢, h (€)), x3)dx3d(

—~
=
—
—~
2
—

Ru(€,C,ws) - cos(T (G, 1 (), as)desd

\
=
i?

\

=¥ o
D

Ru(€, ¢, 25) - cos(T(C, B (C)), as)dsdC

\
=
i?

\

f\
L S
—~
o~
<

Ru(€,¢,z3) - cos(T(C, B (Q)), 2a)dadC

_|_
—
=
&
o
—

=% ©
b
)
z

O [ Ruf€.¢.z) - cos((C, Q). ea)dsdC |

+
oS~

=

&
o\

! I zJ
f(s) = 2 (922 . / DN (E)dE + hay / Dl(f)df) g+ has / €2D71(€)de
29 0

0
T2

—hll/fDl(f)df - /(h22f + ha1)(za — £)DH(&)dE
0 0
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T2 h (&)
- / K (12,) / Ry(€, 23) - cos(T (€, 1 (€)) x3)dirs
2 0
e

It is casy to show that 2ph(€) K (2, €), 20 h(€) Ko(22, €), 20°h(€) Ki(, €), Ky (22, €) €
€ C([0,1]) (inour case 0 < < 2,0< G < 1).

The integral equation (16) can be solved by method of successive approximations.

Remark. In case of the other above boundary conditions (see problems 1-7, 9, 10),
the problem under consideration is solved analogously and in all cases we get (16) type
integral equations.

Thus, the following Preposition is valid.

Proposition Problem of the harmonic vibration of the plate with two cusped edges
under action of the incompressible ideal fluid (i.e., equations (7), (8), (9), under trans-
mission conditions (4), (6) and under conditions at infinity (2), (3) and BCs have)
has a unique solution when .

2
w” < M,

where

M= max {120 (K (3,1, 1207 (E) Kol €)1

20°h(&) K2, €], [Ki(x2, €[}
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