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Let us consider the mixed boundary value problem of the theory of analytical func-
tions. The circular ring cut along the arc of circle. The considered problem leads
to various problems of plane theory of elasticity and bending of a plate for double-
connected domain with a partly unknown boundary. (see [1],[2]) Analogous problem
for infinite plane cut along arc of circle is studied in [3], [4] etc., and problem of circular
ring cut along of arc is studied in [5].

According to the analytic functions method the solution of considered problem is
constructed effectivly.

Let D be a circular ring { < |z| < R} cut by separetely lying arc oy, (b =
=1,...,7)of thecircle [y (]z] = 1). The points 1,71, ... lie one after another in positive
direction, i.e. the directions that leave on the left area {1 < || < R}.The totality
of arcs {0,k } we shall arbitrarily divide into two parts and introduce symbols I =

r 7,,//

= kU O U = I<:Ul v =1 — (1L U1Y) . Analogously consider axby the are (k =
=1 =
=1,...,p) separetely lying on the circle I (|z| = R), their divide into two totality and

P P
introduce symbols [[; = k:U1 apby; I = k:U1 apbl; 1y =1lo — (15U 1y) . We shall denote by
Ig,..., 13" accordingly the map of ly,...,IlJ in mapping z; = z/R>.

Let us consider the problem:

Find holomorpic function ®(z) = u + v with boundary condition in D.

u(t) = fio(r), TEL; v(T)=gi(r), TEIL; (1)
(1) — O(7/R*) = hao(7), 7 €1j.

u(t) = fu(r), Tely; vir)=gul(r), Tl (2)

ut(0) = fF(0), o€l vi(o) =g%(0), o€l 3)
Ot (o) — D (0) = fi(o) +if2(0), o€lf.

where f19(7), ..., fi(o) are H, class functions, which are given respectively on [, ..., 7"
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We require that sought-for function ®(z) be continously on the bound of domain

D with the exception of points 43, ..., by, near that it has integable singularity.

The desigration is mentioned in monograph [3].
Let us consider piecewise-holomorphic functions Q(z) and ¥(z), defined following
form:

[B(2) + Pul2)]; V(2) = 5 [B(2) = Pu(2)], (4)

where ®,(z) = ®(1/%). It is evident these functions satisfies following condition:
.(2) = Q(z2); V() = ¥(2), (5)

And the function ®(z) is defined by these functions

O(2) = Q(2) —i¥(2), (6)

On the basis of these formulas, from boundary condition (1)-(3) with respect to func-
tions (z) and W(z) we have boundary value problem.

Q1) + Q1) = fro(r) + fu(r/R?), 7€l
A7) — Q1) = i[g10(7) — guu(7/R?)], 7€l (7)
Q(T) — Q(T) =1Im h10<7'), T E lg,

)+ Qo) = fio(R?0) + fii(o), oely;
Qo) — Qo) = —i[g(R?0) —gu(o)], o€l (8)
) = —iImhyo(R*s), oeli”.

)
Q)=+ f (), tely;

Q7 () =1ilg"(t) —g(1)], Ll (9)
QO (t) = ifot), tel’”

—fu(r/R)], 7€l

U(r) + ¥(r) = [910( )+ gu(r/R?)], 7 €lg; (10)
U(7) — V(1) =1 Rehyo(1), T€I.

S
—~
\]
~—
|
S
—~
ﬂ
~—
| |
F

o
A
\-/ —~

V(o) = W(o) = —i[fio(R?0) — fu(o)], o€l
\IJ(O') + ‘I/(O') = — [910(T2U> + 911(0')] , 0 € l*” (11)
V(o) — V(o) = —i Rehyo(R%*0), oeli"”.

() =V (@) =il /@) - f7 ()], tel;

Ut (t) + Wt (t) = —[g"(t) +g ()], telf; (12)

UH(t) = U (t) =if1(t), te l”’

Let’s define the following problem (9).

For simple expression the general solution of this problem we should take is partial
solution corresponded zero index. The following class will be for example h(vy,...,7.)
( see [3]),moreover solution of this class imply solution, almost-bounded near terminal
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of 41, ...,7.. According to this the canonical functions R;(z) of the problem (9), that
is satisfies condition R;(z) = Ri.(z) has the form

/ 1 1
(0N 2=\ ?
Ri(z) — _J) (_J) | 13
the general solution of this problem has the following form:

z) = L1(2) + Ra(2)wi (2), (14)

where

I I
(15)
fr) + @), tel,
ha(t) = 4 ilg™(t) —g~(1)], telf,
ifa(t), tely,

1
wi(z) is any holomorphic function in the ring D {}—% <|z| < R} satistyng following

condition
wix(2) = wi(2). (16)

Analogously, h(v{,...,7/) class general solution of problem (12) has the following
form:

U(z) = Ir(2) + Ro(2)wa(2), (17)
where
2 i R(t)(t—2) 2) Ro(t)t |’
l1 ll
(18)
r! 5" i P ')/-, % Z[er(t) — ff(t), t e lll,
e =T1(%) (%) mo =3 @ -s . et
=1 N J ifit), tely,
wa(z) is holomorphic function in ring D satisfying the following condition:
wox(2) = wa(2). (19)
Thus sougft-for function ®(z) is represented according to the following form:
D(2) = I(2) + By (2)wi(2) —i[l2(2) + Ra(2)wa(2)]. (20)

On the basis of (14) and (17) from boundary conditions (9) and (12) with respect
to functions wy(2) and we(2) we obtain Riemann-Hilbert boundary value problem for
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circular ring D.
(1) + Ra(7) [Ri(T)] () = Bi(r), T el
(1) = Ri(m) [Ri(N)] () = Bo(r), 7 e lg|JB", (21)
wi(r) = Ri(7) [Ro(7)] i (7) = Fy(7), mely [ Ji"
wa(7) = Ra(7) [Ro(r)] " wn(r) = Gi(r), 7€ |1,
wa(7) + Ra(7) [Ra(7)] " wn(7) = Ga(r), e lg|JI", (22)

wy(r) = Ro(r) [Ra(7)] " wn(r) = Ga(r), e iy’ | JB".

where F;(7), G;(t (j = 1,2,3) defined functions, has simple expression and satisfy
following conditions:

F}(U):m; Gj(g):m (j:172’3)7 U€l8> 7-GZO' (23)

The problems (21) (22) are one and the same type. Let’s consider the problem (21).

If we passage the value of complex conjugate, taking account of (23) it will be to
prove, that if w%(2) satisfies the codition (21),then w!(2) also satisfies same condition
imply, that the function w;(z) = 1[w’(2z) + w?(z)] will be a solution of the problem
(21), satisfing the condition (16).

With imediate verification have:

Ind Ry (1) [Ry(7)]""| = IndRy(c) [Ri(0)] "

0

lg

This gives possibility of presenting the functions {Rl(T) [Ry(7)]”" }n (n is defined num-

ber) of the following form:

EDRE} =@ RG] reulJs

where M;(7) is holomorphic function in the ring D that satisfies the following form:

n My (r) — I My(7) = bn { R (1) [Ba(n)] '} m el
(24)
In My(0) — In M,(0) :zn{Rl(U) [Rl(a)]_l} L oel.
The problem (24) presents Dirichlet boundary problem for the circular ring. For

solving given problem we should use the method given in [6]. The necessary and
sufficient condition for problem solving (24) has such a form:

(%) - .

/
=1 i
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5/
If we choose number n this way n = % where 0’ = arg H ( ‘i), the condition (25)
j=1 ™1
will be satisfied, and the solution of the problem (24), will have such a form:
o 1] H (z = RYR*)})(= = R} | 2 (26)
(z — RYR26;) (2 — R¥6)) ’

j=—o0 k=1

where kY is any real function.
The function M;(z) satisfies the condition My, (z) = M;(2).
Let us consider functions:

xX1(2) = x10(2) + [x10(2)] ", (27)

where

P , l 45 / 47 12 5
fp( — RYz)(a, — BRI\
X10(2) = (b_’> H H{ — RYR?2)(a), — RYz2)

k=1 N K j=—o00 k=1 F

The function x;(z) satisfies the following conditions:

xi(2) = (@) xa(m) = —xa(r), TellJ', x(r)=x(), e Ju" U Ji"

On the basis of this result, the boundary condition (21) has the following form:

W(r) = () =F(r), 7elhlJh (28)

Fi(r) a(r) - Ml(T)]_1 el U,
() = wi(2) [ (2) - Mi(2)] 75 F(r) = B ha(n) - M) ™ w e g i,
Fy(r) ba(r) - Mu(n)) ™ me iy | Ji"
(29)
Taking into account that function F'(7) satisfies condition F'(7) = F(7/R?), 7 € lo,
than necessary and sufficient condition of posible solving will be written in the follow-

ings form (see [6]).
]{F(T)dr _o, (30)

lo

The solution of this problem has the following form:

I=70 i

where k; is any real constants. According to that on the basis of (31) the function w(z)
has the form of:

wi(2) = Qi(2) - x1(2) - My(2). (32)
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As the problems (21) and (22) are one and the same type let’s present terminal
results with respect to function ws(z).
Necessary and sufficient condition of problem solving (22) has such a form:

% Gr)dr _, (33)

where

G1(7) [x2(7) - Ma(T)]h, T el Ul*/
[X2(T) - My(T)] ", T € l"Ul*"
Ga(7) [xa(7) - Ma(7)] ™, 7€ 05| 5"

X2(2) = x20(2)+[x20(2)] 75 Xxa0(2 H H{ Z:: 24222(:;14(;];??;; }2 , My(2) =

j=—o0 k=1

© T — RY R2~" _RY = S
= /{:S- H H { (2 A i) (2 %)} ; k:g is any real constants m = —, 0" =

Pairaler (z — RYR20})(z — RY6Y) 0"’
(%)

i=1 N3

In case of condition (33) the function wy(z) taken according the formula:
wa(2) = xa(2) - Ma(2) - Qa(2), (34)
where
- D(r)dr D(o)do
Oo(2) = — _
2(2) 271 jz T—RYz o—RYz ke,
= o 1§

ko — is any real constants

Obtained results may be formulated as the following theorems:

Theorem. The necessary and sufficient condition of solvability of the problem (1)-
(3) has the form (30), (33) and its very solution is attained according to the formula
(20), where I1(z), Ri(2), wi(z), I2(2), Ra(z) and wy(z) are defined accordingly (15),
(13), (32), (18) and (34).
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