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ON THE SET OF INTEGER PARTITION AND CLOSED FORM FOR
ITS LENGTH IN SPECIAL CASES
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Abstract. In this article we study a set of integer partitions and its length. The
purpose of this study is better understand how partition set is constructed and
develop an algorithm, which will make computations in acceptable time. Here we
introduce an algorithm to construct the set and give explicit forms for a number
of n partitions into k parts for some values of k.
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1. Introdaction

A partition of a non-negative integer n into k parts is a set of vectors
with the k length and non-negative integer coordinates whose sum is n.
Let’s denote this set as Pi(n) and write it as follows

Pk(n):{(nl,ng,...,nk):
nl-l—ng-l——f—nk:n&anngzanZO},

here we add restriction n; > n;yq, since other cases are permutations of
elements in the set.
For example, if we partition 5 into 3 parts, we get,

5+04+0=44+14+0=34+24+0=3+14+1=24+2+1,
so our set looks like
P3(5) ={(5,0,0),(4,1,0),(3,2,0),(3,1,1),(2,2,1)}.

Efficiently constracting the set Pi(n) is important for many problems
of mathematics and physics. For example in Series Reversion [1] and In-
vert power series [2], which is computation of the coefficients of the inverse
function. There have been made many works on the unrestricted partition
function p(n), which is length of n partition into n parts

p(n) = |[Pu(n)] -

One of the most famous results were given by Euler [3] by showing a
generator function for p(n)
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and by pentagonal number theorem [4] we have recursion for this function
= k(3k+1) k(3k —1)
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An asymptotic expression for p(n) function
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was first obtained by G. H. Hardy and Ramanujan in 1918. Later, in 1937,
Hans Rademacher [3] was able to write exact formula for p(n).

Bell [5] in his work proved that the length of restricted partitions of non-
negative n into k parts is a quasi polynomial of degree £ — 1. In this work
we will prove the similar result, which will allow us to better understand
how partition lengths are related to each other and find closed form specific

k.
2. Constracting set of integer partition

In this section we will define Dy(n) restricted partitions of n into k
parts. This will allow us to algorithmically construct the set of unrestricted
partitions and find its length.

Definition 1. Dy(n) restricted partitions of non-negative integer n into
k parts is

Di(n) ={(n1,n9,...,nk) : ny+2no+---+knp =n & n; > 0}.

Lemma 1. There exists a bijection between Py(n) and Di(n).
Proof. Let us define f and g mappings as

fni,ng, ... ng) = (N1 — no,No — Ng, oo, N1 — Mgy M)
gy, ma, o yng) = (N A+ g, g+ Ny M+ g, M)
then we can see that g is inverse of f
(fog)(ni,ng,...,nk) = (go f)ny,na,...,nk) = (n1,ng, ... ,ng).
This asserts that we have a bijection between two finite sets
f:Pe(n) — Dy(n) and g :Dy(n) — Pi(n).

This completes the proof.
Theorem 1. Set of restricted Dy(n) for k > 1 can be written constructed
by the following algorithm

Dy(n) = { (n — Z_:(kz — s+ D)ug, up_1, U2, - . . ,u2,u1) : )

s=1

0 <w <di(n),0 <wujy <dp(n;ug,...,uj)},
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where
dm = 2], detmn i = | S e
W) =17] dmu,...u) = - k_jszl s Ug |

Proof. Let’s start by cheking first few cases to see the pattern. For
k = 2 it is trivial

Da(n) = {(n1,m2) : i +2m =n} = {(n—20,u): 0<u< |2},
since if u is bigger than [n/2], then n —2u < 0.
For k = 3 by the theorem, we have
3
Ds(n) = {(n—3u1 — 2ug, ug,up) 1 0 <y < {gJ ,0<up < {g — %J } ;

we can see that for any u; and wus it satisfies the main condition
(n — 3uy — 2ug) + 2us + 3u; = n.

Therefore we need to find boundaries for u; and us. Suppose u; > n/3, then
3u; > n and we get contradiction, so u; < n/3 and sine u; is a non-negative
integer, its maximum value is [n/3]. To find the boundary for us we need
to study the following inequality

3 3
n—3U1—2U220:>U2§g—%:>0§u2§ {g—%J,

so we showed that the theorem is true when k € {2, 3}.
Now we will prove the general result when £ > 1. Without loss of
generality we can parametries elements of Dy (n) as

k-1
Po = <n - Z(k? — 5+ Dug, Up_1, Up—2, . . ., Uz, Ul) :

s=1

since it has the length of k£ and the identity

k—1
(n—Z(k—erl)uS) +2up—1 +3up—o+ -+ (k—Dus + ku; =n

s=1
is satisfied. Now we estimate boundaries of parameters. If u; > |n/k] then

ku; > n and py & Di(n), so

ocu <]l

We take u; to right side of the equation

k-1
(n—Z(k—s—i—l)us) + 2up_1 4+ 3up_o+ -+ (k= Dug = n — kuy,

s=1
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and similarly if up > |(n — kuy)/(k — 1)/, then
(k_l)U/Q >n— ku; = (k—l)U2+l€U1 >n

and po & Dy(n), so

0<uy < Ln—k’ulJ.

k—1

So we can make assertion that for j > 1

nggLn—@mﬁﬂk—nw+~~+%—j+m%1w‘

k—j+1

We will prove this statement using a proof by contradiction. Suppose

Ln—(k;u1+(k—1)u2+---+(k—j+2)uj_1)J
Uj> .
k—j+1

and py € Dg(n), then

(k—3j+Du; >n— (kuy + (b — Dug + -+ (b — j + 2)u;_1)
= k—J7+Duj+(k—j+2ui1 4+ (k—Dug + kuy >n

which is a contradiction. This completes the proof.
Corollary 1. For any non-negative integer n length of Dy(n) is

n
IDa(m)] = |1+ 3. )
Proof. From Theorem 1 it follows that

Dsy(n) = {(n—?u,u): 0<u< {gJ}

and
= {2 o us 2]} <1+ 2] =[+3)

This completes the proof.
Corollary 2. For any non-negative integer n the length of D3(n) is

Dawl = 1+ 3+ )

Proof. Let’s write D3(n)

n n  3u;

Dy(n) = {(n—?)ul—?uQ,ug,ul): 0<u < bJ 0<uy < b_TJ}
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and so its length is

d3(n) dz(nju1) ds(n)
IDs ()] = L= (It ds(niwn))
u1=0 wup=0 u1=0
dsz(n)
=1+dz(n)+ Z ds(n;uy)
u1=0
SITRLES o LR L
- 31 &~ 2 2] 3
A o RO B TR
9 2 2 2
u=0 u=0
" [n/6] n [(n—3)/6] n—3
=1+ 5]+ 2[5 -3 -
+ 3 +uz; 5~ 3u| + uz% 5— —3u
=+ 5]+ (5] -5 5) |5
o 3 2 216 6
3

+

("2 =2 ) )

To prove equation (3) we need to check it for the following six cases:

n==6k+j, k=01,2...,7€{0,1,...,5}.

These cases are

| Ds(6k + 0)| = 3k* + 3k + 1,

| Ds(6k + 1) = 3k* + 4k + 1,

| D5 (6k + 2)| = 3k* + 5k + 2,

| Ds(6k + 3)|| = 3k + 6k + 3,

| Ds(6k + 4)| = 3k* + Tk + 4,
|D3(6k + 5)|| = 3k* + 8k + 5

and we compare each with (3). This completes the proof.
Example 1. For example, when n = 6k + 3, then

D) = [1 L6k +3, (6k+3) J Fg

2| _ 2
5 B 4+6k+3kJ—3+6k+3k:.

Theorem 2. For any non-negative integer n and k > 1 we have the
following recursion

Ln/k]
IDr()ll = Y 1Dra(n = k)],
§=0

where ||D1(n)|| = 1.
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Proof. From Theorem 1 it follows that the length of Dy(n) is

dk(n) dk n; u1 dk(nﬂil ,,,,, uk72)
IDx(m)Il = ) =2 2 2 10O
kuj+(k—1)ug+-+up_1<n u1=0 wu2=0 ug—1=0
and from this we have
dig—1(n—kuy) di_1(n—kui;u2) di—1(n—kui;u2,us,...,ux_2)
Dokl = 3 % Y1
uz=0 u3=0 Up—1=0

By definition of the function d; we have the following equality

n 1 <
dp(nyug, ..., uj) = - —rZ(k:—s—i—l)usJ

L —J s=1
n — kuy 1 J
= — — -y (k— s+ 1u,
i k—j k— sz:;
1
n — kuy 1 3
= — — - ((k—1)— s+ 1Dusyy
K '
=di_1(n — kug;ug, ..., uy),
SO
d (nyu1) di (nyu1,ug) di (nsu1,u2,u3,...,up—2)
D —ku)ll = >, > >, L
u2=0 uU3=! =0 Uk 1=

which is a sub summation in (*)

dy.(n)

IDe()]| = > I1Deci(n — kuy)]|.

u1=0

This completes the proof.
Corollary 3. For any non-negative integer n the length of Dy(n) is

2 3

Hmmmzb+g+ng+%+%ﬂ (4)

Proof. From Theorem 2 we have

D412k + 0)|| = 12K 4 15> + 6k + 1,
D412k + 1)|| = 12k + 18k* + 8k + 1,
1D4(12k + 2)|| = 12K® + 21k* + 12k + 2,

|D4(12k + 6) | = 12k3 + 33k2 + 30k + 9,
|D4(12k + 7)|| = 12k + 36Kk* + 35k + 11,
|D4(12k + 8)|| = 12k + 39k* + 42k + 15,
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D412k + 3)|| = 12K + 24Kk* + 15k + 3,
D412k + 4)|| = 12> + 27k* + 20k + 5,
|D4(12k + 5)|| = 12k + 30k? + 24k + 6,

D412k + 9)|| = 12k + 42k* + 48k + 18,
|D4(12k + 10)|| = 12K + 45k* 4 56k + 23,
D412k + 11)|| = 12k + 48k* + 63k + 27
and by checking each case n = 12k + j, with (4) we can justify the equation.

This completes the proof.
Example 2. For example when n = 12k, then

12k 12k |12k |  (12k)2  (12k)°
Dy(n)| = |1
D4l { TR { 2 J 24 144

= |14 6k + 9K + 6k* + 12k |
=1+ 6k + 15k + 12k°.
Corollary 4. For any non-negative integer n the length of D5(n) is
3 4

11n  n |n 11n?> n n
D = |14+ —+— M—J oF '
IDs(n)| {_+g4+162 +1M_+%+2%J ©)

Proof. To prove equation (5) we need to check 60 cases. To derive the
formula we need to analise the first few cases

775 55
HI%(60k4—OM\::4500k4+—2250k3+——§—k2+—E;k—%l,
1015 81
Hpgmk+rm:4&m#+&&m#+a——ﬁ4~5k+L
1285 123
HI%(60k+—2M|::4500k4+—2850k3%—————k2+——§—k—%2,
1585 167
HI%(GOk%—Bﬂ\::4500k44—3150k3+——7?—k2+——§—k—%3,
1915 229

HI%(6Ok+—4M|::4500k4+—3450k3+-—??—kQ%——E—k—k5.

We obtained this expressions by Theorem 2. Now we can do this in revese.
If n = 60k, then

n* n®  31n? 1ln

D = —+1
1Pl = 5550 Y o6 + s T 2x T

and if n = 60k + 1, then

n* n n_3 n 31n? . 41n n 1309
2880 96 288 96 2880

IDs ()] =
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If we continue, we will see that the first three coefficients stay same, while
the coefficient of n is 11/24 if n is even and 41/96 if n is odd. To merge
these two expressions, we use simple obsession

41 44-3 11 3

96 96 24 96
and so we get
nt  nd 3In?* (44-3(n—2[n/2]))n

— 1
2880 N 96 - 288 * 96 *

and we take the floor part of it. After writing our candidate we manually
check it for all n = 60k + j, where 7 € {0,...,59}. This completes the
proof.

Theorem 3. The set of restricted partitions Dy (n) satisfy the following
TeCUTSION

Ln/k]
Di(n) = |J Dioa(n = kj) x {()}, (6)
j=0
where Dy(n) = {(n)}.
Proof. By Theorem 1, we have a closed form of Dy(n), which is a union
of disjoint sets. Let’s take p € Di(n) and rewrite it as

k—1
p=|n-— Z(k — 5+ g, up—1, Up—2, . . . 7U27U1)

s=1

e

—1
= (n—ku)— (k:—s—i—1)us,uk_1,uk_2,...,uz,u1>

T »
NN

= | (n—ku) - (k — 8)usi1, Up—1, Up—2, . - - ,U3,U2) x {(u1)},

1

s

sop € Dy_1(n—kuy) x {(u1)}. Therefore, we broke the original set into the
following subsets

D-1(n) x {(0)}, Dr-a(n—k) x{(V)},..., Dea(n—Fk[n/k]) x{([n/k])}.

Because of the Cartesian product, it is clear that subsets are disjoint the
Theorem is proved.

Theorem 4. For any non-negative integer n and k > 1 the length of
Dr(n) is a polynomial of degree k — 1 and is same for each remainder class

k—1

1Dl + )| = ansd®, 0<r <y, (7)

s=0
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where I, which is a least common multiple of 1,2,3, ...k,
lp =1em(1,2,3,...,k)

andn =1Ub+r.
Proof. We use induction to prove this result. From equation (2) it
follows that for £ = 2

ID2(20)]| =140, |D2(26+1)|=1+0

the statement holds. Suppose that this is true for some £, then from Theo-
rem 2 we have
ln/(k+1)]
IDei(m) = D IDs(n— (k+1)5)],

J=0

which is a sum of polynomials with degree k. Consider the representation
n as lp11b+ r, where 0 < r < l;11, so the summation number becomes

n . lk+1b—|—7“ . lk+1b+ r
E+1] | k+1 | k41 E+1]|’

where b is outside the floor function and since the finite sum of type

c1b+co

k-1
]Z:; 5,

where this is k& degree polynomial with respect to b, so |[|Dxi1(n)| is a
polynomial of degree k. This completes the proof.
3. Conclusion

By Theorem 2 we developed an efficient algorithm to construct the set
of restricted partition. Since we have bijection between Dy(n) and Pk(n)
and they are finite, we get that their lengths are also same. Therefore, all
corollaries and theorems we proved for the length of Dy(n) also apply for
Pr(n). In the article we showed an explicit form for some values of & :

[Pyl = 1.
IPa)l = |1+ 5]

H%mm:1+ﬁ+”]
{

IPan)]| = 142 +

=1+ —+—=
IPs(n) tor T 144 96 T 2880

11n  n |n 11n?2 nd nt
L J+ .
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