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Abstract. We discuss equilibrium configurations of point charges with Coulomb
interaction confined to a circle or linear segment. Specifically, we aim at charac-
terization of finite configurations of points which can serve as equilibrium con-
figurations of repulsive point charges. We also investigate the stability of arising
equilibrium configurations. For concyclic configurations, we present a few general
results concerned with these two problems. For aligned configurations, the main
results refer to three points in a linear segment with prescribed point charges at
its ends. We also discuss the case of several concentric circles and connections
with the mathematical theory of electrostatic ion traps.
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Introduction

We discuss equilibrium configurations of point charges with Coulomb
interaction confined to a circle or linear segment. Our approach uses the
same paradigm as in [1] and [2] we begin by recalling several definitions
necessary for rigorous formulation of the main problems.

Assume that we are given a collection of non-zero real numbers ) =
(¢1,---,qn) and a collection of points P = (py,...,p,) in the plane or three-
dimensional (3d) Euclidean space. We consider the pair S = (@, P) as a
system of point charges ¢; placed at points p;. For such a system S, one
can define its Coulomb (electrostatic) potential ® = Pg using well known
formulas of electrostatics [3]. Up to a constant, which we omit as irrelevant
for our considerations, potential ®g can be defined as a real-valued function
on the ambient space by the formula

By(z) =Y (1)

i<j d(pla Z)

where z is a point of the ambient space and d(p;, z) = |p;—z| is the Euclidean
distance between the points p; and z. Given such a system S = (Q, P), its
electrostatic field (or resultant force) at point z is defined as the gradient
®¢ of Coulomb potential evaluated at point z:

Fs(2) = (VO(Q, P))(2). (2)
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Thus a pair (@, P) generates a vector field on the ambient space which
will be denoted by Fg. The points of ambient space where the resultant force
vanishes are called lacunas (or zeros) of (the electrostatic field generated by)
the pair (Q, P).

The electrostatic (Coulomb) energy Eq(P) of the pair (@, P) is defined
as a real number

Eo(py =Y %4, (3)

i<j Y

where d;; is the distance between points p; and p;. Notice that, for a given
n-tuple ), one can consider Eg as a function on n-th configuration space
of the ambient space. The resultant force acting on ¢; in position p; is equal
to

. 4:d;
F=) Fji= o (P F). (4)

where P; denotes the radius-vector of point p; and Fj; = W is the
electrostatic force acting on ¢; at p; due to its interaction with Zj at p;. In
accordance with Newton’s third law one has: Fj; = —Fj;. If all charges are
of the same sign then forces Fj; are repelling and we speak of a system of
repelling charges.

We are going to deal with situations, where the positions of all charges
are confined to a fixed compact differentiable submanifold (maybe with
boundary) X, called conductor, of the ambient space. In such a situation
we work with the restriction Ep, of function Eg to the n-th configuration
space X". We say that charges @ = (q1,...,qn) placed at (p1,...,p,) € X"
stay in rest in X if the resultant force F; acting on each charge ¢; in position
p; is orthogonal to the tangent space of conductor X at point p;. In such
a case we say that configuration P = (py,...,p,) is a Coulomb equilibrium
in X for the collection of charges () and that collection of charges @) is sta-
tionary for P in X. As is well known this is equivalent to requiring that
P is a constrained critical point of Coulomb potential Eg considered as a
function on X™ [4]. One of our main aims is to investigate and geometri-
cally characterize those configurations of points P for which there exists a
collection of stationary charges () in X. Such configurations of points will
be called Coulomb configurations in X.

We will basically deal with two closely related problems. The first one
is concerned with identifying and calculating the equilibrium configurations
of a system of repelling charges. Sometimes it will be sufficient to calculate
their shapes defined as the collection of pairwise distances between points
of equilibrium configurations. For brevity we will refer to this problem as
the direct problem of electrostatics (DPE). In purely mathematical terms,
DPE can be formulated as follows.
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(DPE) Given a compact conductor X and collection of n positive num-
bers @ = (¢;), find all equilibrium configurations of charges ¢; in X and
determine their types as critical points of Coulomb potential Eg|X™.

The second problem is concerned with finding a geometrical characteri-
zation of Coulomb configurations. Following [5], this problem will be called
the inverse problem of electrostatics (IPE). More rigorously, IPE can be
formulated as follows.

(IPE) Given a finite configuration P = (py, ..., p,) of points in compact
conductor X, find out if there exists a collection of non-zero real numbers
Q = (q1,-..,qn) such that configuration P is a critical point of Coulomb
potential Eg restricted to X™.

Notice that here we do not require that the stationary charges are re-
pelling. If Eg has a local minimum at P then it will be called a stable
equilibrium configuration of charges ) in X. In such a case, a collection
of stationary charges @) will be called an tmmobilizer of configuration P in
X. If any small displacement of any of charges ¢; with all other charges
fixed creates a restoring force directed toward the original position of ¢;
then we say that P is a weakly stable equilibrium. If Eg has a global mini-
mum at P then P is called a ground state configuration of () in X. Ground
state configuration may not be unique but the energy of ground state is a
well-defined notion. In this paper, we discuss problems DPE and IPE, and
stability of equilibrium configurations considered, in the cases where X is a
circle, system of concentric circles or a finite segment of a straight line.

We begin by considering the case where all charges belong to a circle
C in the Euclidean plane R?, i.e., the charges may freely move along the
circle C' which remains fixed. In this case, the input of DPE consists of the
radius R of circle C, natural number n, and n positive numbers ¢, ..., q,
interpreted as values of given point charges. Input for IPE consists of a
finite system of points P in C' and we need to investigate if system P has
non-zero stationary charges.

Next, we consider point charges in a linear segment I equipped with a
pair of fixed positive charges (t1,%s) placed at its ends. Such a triple will
be denoted by [t1,1,ts] and called a linear electrostatic trap (LET). Our
aim is to study the geometry of Coulomb equilibria in a given LET. In this
context, DPE takes the following form. For a given set of n positive numbers
Q, find all n-point sets P such that the system of given charges ¢; placed
at points p; is a Coulomb equilibrium in [/7]. The input of IPE for LET
[t1, 1, t5] consists of a set of n points P = (p;) in I and we wish to investigate
existence of non-zero stationary charges for P in [I7]. If stationary charges
exist we wish to calculate their values and verify stability of arising Coulomb
configurations.

We add that equilibrium configurations of two-dimensional Coulomb (or
logarithmic) potential in a segment have been extensively studied in many
papers beginning with the classical results of Stieltjes [6] (see, e.g., [7]-[10]).
In particular, some analogs of IPE for logarithmic potential were considered
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in [9]-[10]. At the same time in physical problems concerned with the so-
called linear ion traps it is natural to consider the genuine Coulomb potential
[11]. However we are not aware of any paper where Coulomb potential in
a segment is discussed in terms of DPE and IPE. One of the aims of this
paper is to fill this gap by investigating Coulomb equilibria in the setting
of LET motivated by the concept of ion traps.

Remark 1. By the famous Earnshaw theorem, there are no stable equi-
libria of free point charges in the whole space R3. At the same time the
equilibrium configurations of repelling point charges in compact conduc-
tors are stable for physical reasons. Since stable equilibria are especially
important from many points of view, we basically deal with equilibrium
configurations of repelling point charges in compact conductors.

Remark 2. Notice that there exists an interesting version of DPE on
the circle introduced and investigated in [3] under the name of ”necklace
with interacting beads”. Further results on this version of DPE have been
obtained in [15] and [16].

Remark 3. There exists vast literature devoted to equilibrium config-
urations of point charges. However, in most of the papers on this topic all
charges are taken equal, as, for example in the famous Thomson problem
on equilibria of electrons in the sphere [12]. An essential novelty of IPE
formulated in [15] and studied in this paper is that it involves consideration
of non-equal charges, which seems relevant for certain problems concerned
with ion traps [11]. More comments on such aspects are given in Section 2.

1. Concyclic Coulomb configurations

Recall that a finite set of points in the plane is called cyclic if all points
belong to a certain circle C'. A finite set of points P in the circle C' is called
balanced if no open semi-circle contains all points from P. For a finite set
of points P in a circle C, its shape is defined as the equivalence class of P
with respect to the group of isometries of the circle C'. Concerning DPE,
we have the following general result of qualitative nature.

Theorem 1. For any natural number n and ordered system of n re-
pelling charges Q@ = (q;), there exists a unique shape of ground state con-
figuration in a given circle C' such that the absolute minimum of Coulomb
potential Eq is attained at P. The ground state is balanced in C'.

Equivalently, if we fix a position p; of the first charge ¢; in C' then the
ground state configuration of Eg is unique and balanced. The order of
given charges is important. The problem of calculating the polar angles in
equilibrium is in general very difficult and can only be solved numerically.
If all charges are equal then by symmetry the regular n-gon is a shape of
equilibrium and by the above theorem there no other equilibria of equal
charges.

Remark 4. The fact that ground state is balanced follows from a
general observation that a non-balanced cyclic configuration P cannot be
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a local minimum of Coulomb energy of repelling charges. Indeed, suppose
that P is contained in a certain semi-circle S. Then, for any displacement
of charges ¢; and ¢, towards the ends of S their distances to other charges
increase and all other pairwise distances remain unchanged. So the value of
Coulomb energy at the new configuration is strictly smaller, which means
that P is not a local minimum.

To obtain reasonable results on IPE for cyclic configurations we need
to exclude certain atypical situations. The necessary condition is defined
inductively. A pair of points on a circle C' is called generic if it is not a
pair of antipodes. Clearly, the set of generic pairs if open and dense in the
second configuration space C?. It is also easy to see that a generic pair
of points is not a Coulomb configuration in C. A three-point set in the
circle is called generic if it does not contain a pair of antipodes. In view
of the previous observation it is obvious that the set of generic triples is
open and dense in C®. As was shown in [1], a set of 2k points in C' can
be a Coulomb configuration only if their polar angles satisfy an algebraic
relation in which case this set is called E-compatible. 1t follows that the set
of F-compatible 2k-tuples is closed and the set of E-incompatible 2k-tuples
is open and dense in C%*. Taking this into account a subset of 2k points is
called generic if it is E-incompatible.

Now we can present an appropriate inductive definition. Namely, a finite
set of points in C is called generic if all of its proper subsets are generic
in the already defined sense. In particular, a set of (2k + 1) points in C
is generic if all of its subsets of odd cardinality are generic and no subset
of even cardinality is E-compatible. It is now easy to verify that generic
2k + 1-tuples of points are open and dense in configuration space C™. We
present first results on cyclic Coulomb configurations of odd cardinality.

Theorem 2. Ifn = 2k + 1 is an odd natural number then any generic
n-configuration P in a circle C' has a system of non-zero stationary charges.
A Coulomb n-configuration P can be a ground state of repelling charges only
if it is balanced.

For n = 3, a detailed proof can be found in [13]|. The general case follows
by induction. To obtain similar results on IPE for configurations of even
cardinality we need to add condition of F-compatibility.

Theorem 3. If n = 2k is an even natural number then any generic
E-compatible concyclic n-tuple P C T has a system of non-zero stationary
charges. A E-compatible n-configuration P can be a ground state of repelling
charges only if it is balanced.

As an illustration of general results we present some examples on cyclic
Coulomb triples. Concerning DPE, calculation of equilibrium coordinates
reduces to a system of polynomial equations which in general cannot be
solved algebraically. However, this can be done in a few special cases. For
example, if all charges are equal then the stable equilibrium has the shape
of regular triangle the side and Coulomb energy of which can be explicitly
calculated [3]. The same can be done if two charges are equal. We omit the
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arising formulae and consider a few examples with three non-equal charges.

Denote by pi, pa, p3 the points on circles with coordinates (u,v), (z,y),
(s,t) and charges q1, g2, g3 respectively. Then solving the linear system for
stationary charges one has:

q1 =

Y

G (u? — 2us + 52 + v% — 20t + 12)2 (tz — ys)
(22 — 2as + 82 + y2 — 2yt + 12)2 (sv — tu)
(U = 2us + 5* + v — 2ut + £2)2 (zv — yu)

a3 3 :
(22 — 220 + u2 + y® — 2yv + v2) 2 (sv — tu)

Using these formulae it is easy to illustrate our results on IPE in the
balanced and non-balanced case.

Example 1. (IPE, n = 3, cyclic, balanced) Let p; = (1,0),q1 =
1,z = 0.1,y = 0.9949874371,s = —0.71,t = —0.7042016757. This triple
is obviously balanced and the above formulas give ¢ = 1.167633130, ¢3 =
4.320732247, so the stationary charges are repelling (positive) and the equi-
librium is stable.

Example 2. (IPE, n = 3, cyclic, non-balanced) Take now p; = (1,0),
@1 =1,z = 0.1,y = 0.9949874371, s = —0.71,t = 0.7042016757. This
triple is non-balanced and the above formulas give ¢o = —0.913565248,
g3 = 0.3380574536, so the stationary charges are not repelling and the
equilibrium is not stable.

Thus we conclude that, for odd n, generic n-tuples are Coulomb configu-
rations, while for even n, a generic n-tuple is not a Coulomb configuration,
but a generic E-compatible n-tuple is a Coulomb configuration. In the
next section we present analogs of these results for point charges in a linear
segment.

2. Aligned Coulomb configurations

As usual, a finite segment of straight line in the plane will be called
a linear segment. A configuration of points is called aligned if all points
belong to a certain linear segment. A linear segment I equipped with a
pair of fixed positive charges T' = (t1,t3) placed at its ends is denoted by
[t1,1,t5] (or [I7]) and called a linear electrostatic trap (LET). All properties
of such a triple, which are important in our context, are determined by a
triple (L,t1,t3), where L is the length of segment /. So without loss of
generality we may assume that I = [0, L] and t; = 1. For a LET, its lacuna
z(Ir) is the unique point of I where the resultant Coulomb force of charges
t1,t placed at the ends of I vanishes. Obviously, if t; = t5 then z(Ir) is
the middle point of I. If t; # ¢ then it is easy to verify that lacuna z(Ir)

is given by
t1 — /11t
Z(IT) = ﬁ[/

Given a finite set P C I we say that P is z-balanced if there is at least one
point of P in each of the open intervals (0, z(Ir)) and (2(Ir), L).



26 Giorgadze G., Khimshiashvili G.

We denote by n the number of charges considered and discuss first a few
cases with small n. For n = 1, the answer is quite simple. Namely, it is
easy to see that any point p in I has a positive stationary charge q. If p # z
then the stationary charge is unique and the arising equilibrium is stable.
If p = 2z then any non-zero number may be taken as a stationary charge.
The arising equilibrium is stable if one chooses a positive stationary charge
and non-stable if a stationary charge is negative. For n = 2, the answer
is already more interesting and illustrates some general phenomena. It is
easy to verify that if one of the given points coincides with lacuna then
non-zero stationary charges do not exist. If both given points are different
from lacuna then one has the following result.

Proposition 1. Any pair of points not containing the lacuna is a
Coulomb configuration. Positive stationary charges exist if and only if
p1 < z(Ir) < pe. In this case the arising Coulomb equilibrium is stable.
In the contrary case, the stationary charges have different signs and the
arising Coulomb equilibrium is unstable.

The proof follows our general strategy for solving IPE. For further ref-
erence, we describe it in the general case. Let N be the number of point
charges considered. Then the resultant force on ¢; in position z; is given by

m—1 N
Gml1 qm4; qm4;j Gml2
Fm: +§ B — E — s m:1,..‘,N.

The relations
i =0,F,=0,..,Fy =0,

give a system of non-homogeneous linear equations
MQ =G,

for unknowns ¢y, ..., gy, where

M = (mg)}Y;, is an antisymmetric matrix and
my; = (=1 (x; — ;)% i #j, 75 =0, if i >j;
and

Tijzl,if Z<j

For N = 2, the above system takes the form

tl(ZEQ — 171)2(.[/ — l'1>2 — tQZL‘%(JZQ — l'1>2 — lL‘%(L — I1)2QQ = 0,
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t1(zg — xl)z(L — :1:2)2 — tQﬂf%(.TQ — x1)2 — xg(L — .Ig)qu =0.

Solving the above system for the values of charges one finds out that the
stationary charges are given by
(z2 — 21)° (22 — 21)? (22 — 1)

¢ =—t +t G =1t ko)
R NURES HL-m)

Having these formulae it is easy to verify that ¢; > 0 if and only if
x1 < z(Ir), and ¢z > 0 if and only if x5 > z(Ir). The criterion of stability
follows from a general result given below.

Theorem 4. Any equilibrium of repelling charges in linear electrostatic
trap is stable. If at least one pair of charges have different signs the equilib-
rium 1s unstable.

The latter theorem is proved by a simple geometric argument. Indeed,
if we consider a small displacement of i-th charge, say to the right, then
all forces due to the charges on the left of i-th charge will decrease, while
all forces due to the charges on the right of i-th charge will increase. So
there appears a restoring force directed to the left, which means that the
equilibrium is stable. The unstable case is analyzed in a similar manner.

One can also use the above system for constructing solutions of DPE. To
this end we use computer algebra to calculate and simplify the resultant of
the two equations with respect to x;. The following examples were obtained
in this way.

Example 3. (DPE, aligned, n = 2)

Let ty = 1;ta = 1;¢1 = 2;q2 = 5; L = 3. Then

resultant = 160140888z5" — 50256288z5" + 11796840z, — 44428467625

+1984608z3> + 221760z — 14400x5° + 11107116925 — 91872370875
+40025° + 70119375325 — 38709900025 + 8190096305,

The roots of resultant in interval [0, 3] are 1.688188447 and 2.079124339.
When z, = 1.688188447, then from the first equation of the system we ob-
tain 7 = 0.5138434181, and there is no other root in [0, 3]. When 2.079124339
the single root in [0, 3] is 0.6265615280.

Example 4. (DPE, aligned, n = 2)

Let t; = 15t = 1;q1 = 2;g2 = 5; L = 4. Then the resultant is

resultant = 3506438144z — 1920022° + 3728384021% — 470425625

+39424023" 4+ +40023° + 1454374912025 — 1051931443225 + 70040289285
—2899968000 + 4+-899776512x5° — 211779584x5" — 122358333447

The roots of resultant in [0, 4] are xo = 2.250917929 and 2.772165785.
For zo = 2.250917929, the first equation of system has a unique solution
x1 = 0.6851245574. If x5 = 2.772165785, then x; = 0.8354153706.
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Example 5. (DPE, aligned, n = 2)
Let t1 =1t = 3;q1 = 2;qo = 5; L = 5. Then the resultant is

resultant = 510253906255 — 1224609375005 + 1206054687505

—6122656250025 + +1650664062525 — 234312500025 + 37737500025°
—15830000024" + +4157000023% — 501600025% + 2288004*.

The roots in [0,5] are x5 = 2.145808518 and 2.82121. For xy = 2.14581,
the first equation of system has a unique solution x; = 0.6474591186. For
xe = 2.821208270, then the unique root of the first equation in [0,5] is
x1 = 0.8337293345.

For n > 3, the situation is essentially different. Namely, a typical n-
tuple of points in [ is not a Coulomb configuration. In fact, as was shown
in [13] the set of Coulomb equilibria is a hypersurface in I™ which is given
by an explicit equation. For n = 3, this equation reads as follows:

(taa? — t1(L — 21)*)(L — 21)* (w3 — 21)*(L — 23)* (22 — 1) 2323

—i—(thg —t(L — $3)2)<L — xQ)Q(:L’g — xl)Q(L — 331)2(.1'3 — xQ)Q:L’gaﬁ
—(t2x§ —t1(L — x2)2)(L — x1)2(x3 — x2)2(L — x3)2(1’2 — xl)Qxfxg =0.

If this condition is fulfilled we say that configuration P is E-compatible.
The final result for three points can be formulated as follows.

Theorem 5. For any LET [Ir|, any E-compatible triple of points P in
I is a Coulomb configuration. If P is z-balanced then the stationary charges
are positive.

Thus we see certain analogy with the results on concyclic Coulomb con-
figurations. In particular, using the exponential map the trap with equal
terminal charges can be transformed in a circle with one fixed charge ¢.
Then the definitions of balanced configuration in both cases become iden-
tical. However LET has an additional freedom as compared with circular
conductor, which enables one to produce more Coulomb configurations.
Namely, we can permit to change one of the terminal charges, say t,, and
also the length of segment [0, L]. Since only the ratio of terminal charges
matters in this issue, we may assume that ¢t; = 1. It turns out that this
setting indeed yields a bigger set of aligned Coulomb equilibria.

Theorem 6. For any aligned triple of points P, there exists an ambient
segment I and terminal charges such that P is a Coulomb configuration in
[t1, 1, ts].

For n > 4, a similar result does not hold in general.

3. Concyclic Coulomb equilibria

Our results on cyclic Coulomb configurations can be generalized in var-
ious ways some of which have been mentioned in [13], [14]. In this section
we present one of such generalizations in which the ambient set (conductor)
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X is a system of n concentric circles C} each containing one of the given
n charges. Such a system of charges will be called concyclic (or polycyclic)
with the frame C;. Concyclic configuration of points P is called generic if
no pair of points from P forms an aligned triple with the center of given
circles. For concyclic configurations we have an direct analog of Theorem
2.

Theorem 7. For odd n and any concentric frame X, each generic
polycyclic n-tuple P has nonzero stationary charges.

For even n, an analog of Theorem 3 is more complicated and we omit it.
As to DPE, it is very difficult to calculate the coordinates of equilibrium of
given charges even for three concentric circles. However we have obtained
some results in the spirit of Morse theory.

Theorem 8. For a conductor X consisting of three concentric circles,
all critical configurations of Eg on X are non-degenerate. There are 3
saddles, one global mazimum and two equal minima corresponding to stable
equilibria of Eg in X. in X.

The proof is based on the explicit formulae for the stationary charges
similar to those given in [14] and [15]. Denote by ¢1, ¢2, g3 the sought sta-
tionary charges. Following the general strategy of [15] we aim at obtaining
a system of linear equations for ¢, ¢, ¢q3. To this end we write down the
analytic expression of the fact that each point is in equilibrium for this
system of charges. By Lagrange rule, at an equilibrium the resultant force
should be orthogonal to the tangent vector T; to the corresponding circle at
each point P;, which gives three relations: (F;,T;) = 0. We consider these
relations as a system of three linear equations for three variables g; and
examine its matrix. Since Fj; = %(pi — pj), one easily verifies that the

ij

matrix of this system has the form:

0 a2 as q1
a1 0 ags g | =0,
az; asz 0 q3

(Pi—pj>

where a;; = ) Since we deal with the circles we can take T, =

a7
the oriented area of the triangle AOF;P;.

Let p; be three points on different concentric circles. Then the distance
between p; and pj;, 4,7 = 1,2,3, in polar coordinates is equal to d?j =
r? + rjz — ;15 cos(p; — ;). Moreover, T; = (—r;sin;, 75 €08 @;), p; — p; =
(1 cos ;—rjcos @, T sing; —r;sing; and so (p; —pj, T;) = rirjsin(yp; — ;).

Thus for the sought charges we get a system of linear equations

(—yi, z;). Then we get a;; = , where A;; = x;y; — x;y; is (two times)

172 Sin(SOIZ)dgl 173 Sin(@li’»)dgl q1
7179 Sin((pay ) dag 0 913 Sin((pa3)diy | =0,
rirg sin(ps; )dyy  Torssin(ws;)di 0 a3
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where ¢;; = ¢, — @;, 1,7 = 1,2,3,7 # j. The matrix of this system is

0 rirosin(piz)dy,  rirzsin(pi3)ds,
A= | rirgsin(pg; )ds, 0 973 Sin(pa3)d3,
rirysin(pzn)dis  rarssin(ps)dis 0

It is now easy to see that detA = 0. Therefore this system has nontrivial
solutions. Moreover, rankA = 2 if and only if there exists a pair of polar
angles such that ¢; # ;. It follows that, for any non-degenerate triple, the
rank of this matrix is two, so stationary charges are defined up to a constant
multiple. It is also easy to see that condition that rankA = 1 is equivalent
to the condition rankA = 0, which happens if and only if all three polar
angles are equal. By examining the signs of the above expressions in terms
of the introduced angles one easily verifies that the three critical charges are
positive if and only if the origin (centre of the circles) is inside the triangle
AP, P,P;, which exactly means that the triple is balanced. To establish
stability one can use a well known formula on the index of a constrained
critical point [4]. The coefficients of the bordered Hessian of E can be found
by a straightforward routine computation which is omitted. Substituting
the above values of stationary charges, calculating the signs of the principal
minors of the bordered Hessian one verifies that the Hessian of the restriction
Eq is positive definite for balanced non-degenerate triples, which completes
the proof.

Remark 5. In Cartesian coordinates the system of equations for sta-
tionary charges has the form

0 (211 — Toan)dyy  (21y3 — T3y1)d3, 5
(oY1 — T1y2)d3, 0 (z2ys — wsy2)diy | | @2 | =0,
(x3y1 — $2y3)d§’3 (w3y2 — I2y3)di’3 0 a3

where d;; are the distances as above. It seems that this form may appear
appropriate for generalization to the case of many concentric circles.

Having in mind applications to Coulomb control of variable constrained
charges in the spirit of [17] one may wish to investigate the topological
structure of Coulomb equilibria in our setting. An obvious necessary con-
dition for the existence of complete Coulomb control in the sense of [17], is
the connectedness of the set of Coulomb equilibria. This suggests that one
should try to obtain some information on the topology of this set. Denote
by E(A, B,C) the set of all Coulomb equilibria of three point charges on
three nested circles A, B, C.

Theorem 9. For a triple of concentric circles A, B, C, the set E(A, B, C)
of Coulomb triples is connected.

To prove this notice first that the complement of Coulomb triples in
M;3(A, B, C) is contained in the union of two simple loops in 7% intersecting
at two points. More precisely, this complement consists exactly of those
triples of points where exactly two of the points belong to the same diam-
eter of A. Fixing a point on A and considering the polar angles ¢, x of the
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two remaining points as the coordinates on Mz(A, B, C) = T? we conclude
that this complement consists of the points where ¢ = xy or ¢ = y + 7
except the two points where ¢ = 0 or ¢ = 0, x = 7. Indeed, in the latter
two configurations all three points belong to the same (horizontal) diam-
eter of A and such configurations are Coulomb equilibria. Thus the set
E(A, B,C) consists of two simple loops intersecting at two points with the
latter two points removed. It is now easy to see that this set is connected.
In fact, given two points in E(A, B,C') one can explicitly describe a path
in E(A, B,C) connecting these two points. Moreover, it is now clear that
the set E(A, B,C) is homotopic to the union of two circles with two com-
mon points. In other words, for concentric circles we have a quite detailed
description of the topology of Coulomb triples.

The above considerations can be used to show that the set of stable
Coulomb triples is not connected. For non-concentric nested circles, an
explicit description of E(A, B,C) in terms of polar angles becomes rather
complicated and we cannot prove that this set is connected in general. How-
ever, if the three centers of circles A, B, C' lie on the same line, an easy
modification of the above reasoning shows that E(A, B,C) is connected.
We conjecture that the set of Coulomb triples is connected for any triple
of nested circles. These results and observations suggest that it should be
possible to describe an explicit algorithm for Coulomb control of Coulomb
triples in the spirit of [16]. However, we do not yet have explicit formulae
for the values of charges realizing a path connecting two Coulomb triples.

4. Concluding remarks

In conclusion we wish to mention that there are many research perspec-
tives suggested by our results. More or less complete description of arising
problems requires a separate publication so here we only mention a few.

A quite obvious generalization arises if one considers Coulomb equilibria
of n > 3 point charges assuming that each charge is confined to one of n
nested circles. For odd n and concentric circles, a number of case studies

enables us to formulate two plausible conjectures. The first one is concerned
with IPE.

Conjecture 1. If n is odd then any generic n-tuple of points P on
a system X of n concentric circles has a system of non-zero stationary
charges.

To prove this one may try to use the the same argument as above. The
condition of equilibrium can be rewritten as a linear system on values of
sought charges ¢;. The structure of the matrix of this system suggests
that it can be factored as a product of two matrices one of which is skew-
symmetric, which would imply vanishing of determinant and existence of
non-zero stationary charges. However we were not able to prove existence
of the mentioned factorization. An interesting concrete problem is to work
out the details in the case of five concentric circles. For even n, situation is
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much more complicated as is clear from the presented results on Coulomb
equilibria on one circle.

The second conjecture gives some qualitative information on DPE.

Conjecture 2. For any system of n concentric circles and any system
of positive charges, all Coulomb configurations are non-degenerate critical
points of electrostatic energy. The Morse index can be expressed by combi-
natorial data of Coulomb configuration.

As a first step, it is interesting to verify this conjecture for aligned poly-
cyclic configurations.

The above problems and conjectures are meaningful for a system of non-
intersecting closed loops in the plane. As a first step one could consider
the case of three confocal ellipses. The general case of nested ellipses also
deserves closer investigation since it may serve as a model of some situations
encountered in astronomy. As was already mentioned, another interesting
perspective is to find generalizations of our results to the case where point
charges are confined to a flexible contour of fixed length studied in [3].

Finally, it is natural to search for analogs of our results for the logarith-
mic potential and compare them with the similar results in [9], [10]. Some
developments in the latter direction will be presented in a forthcoming paper
of the authors.
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