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ON THE IMBEDDING OF THE SURFACE IN THE
3-D RIEMANNIAN MANIFOLD

Meunargia T.

Abstract. In the paper it is shown that any regular surface can be imbedded in
the 3-dimensional Riemannian manifold.
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The surface with non-zero Gaussian curvature is the 2-dimensional Rie-
mannian manifold, which is imbedded in the 3-D Euclidean space. There-
fore, for these varieties of properties it is possible to construct quite clear
representations. Further, it is shown that any regular surface can be imbed-
ded in the 3-D Riemannian manifold.

Let S be the regular surface. The radius vector R of any point M may
be expressed by the formula [1]

R(z' 2% 2%) = (', a%) + a*ii(a’ 2?), (1)

where 2!, 2? are Gaussian parameters of the surface S, 7(z!, %) and 7i(2!, 2?)
are, respectively, radius vector and unit vector of the normal to S at the
point (z!,2%) € S fig. 1.

Fig. 1.

Differentiating equality (1) we have

OuR = R, = (a® — 2°0P)r, Ry=08R =i,

(e}

where
ag = rar®, g = —brs, 7o =0aT, (o, =1,2).
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For the coordinate system S : 23 = const, the coefficients of the first
quadratic form are expressed by the formulae

—

8ap = RoRp = aap — 22°bap + (2°)200brs (o, B, = 1,2)

8a3 = Ral3 =0, g3 =R3Rz3=1, (R3=1).
Let o' = const, x* = const be coordinate lines of curvature on the surface
S, then we have

Ri=(1—-ka®)q, Ry=(1-ka®)rs, R;=,

—

R'=(1-ka®) W7, RP=(1—-ka®)"7?, R =,

where k; and ky are principal curvatures of the surface S.
Let us consider the 3-D Riemannian manifold M, constrained with the
surface S : 7 = 7(z!, 2%) by the formulas [2]
dS? = Agdaida®, (i,k=1,2,3) (2)
where .
A = Rty = ag, — xgbikv (3)
aag,aaﬁ,ag =05, if i=a, k=7,
0ij,a,a}, if i=3 or k=3,
bag,bo‘ﬁ,bg iof i=a, k=0,

0, of 1 =3 or k=3,

op = To T3, a™F =770, =77
In view of (4) and (5) the quadratic form (2) has the form
dS? = (1 — 23ky)dS? + (dz®)?,

where
dSE = anpdx®da”,

and ko is the normal curvature of the surface S.
For the surface 2 = C' = const we have

dS? = (1 — Cky)dS;.
Let M2 denote the 3-D manifold with the metric
dS* = dS; + (da*)? = ada’da?,  (i,5 =1,2,3). (6)

In this case 22 = C and dS = dS,.
For discriminants of the form (2) and (6) we have

g = al’,
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where ,
a = @11G92 — Q79 > 0

V= (1—Fkx3)(1 - kox®) =1 — 2H2? + k(23)?,
H=ky+ ks K = kyks.

Here H and K are, respectively, middle and Gaussian curvatures of the
surfaces. k1 and ks are principal curvatures.

The Christoffel symbols of the first and second kinds are expressed by
the following formulas

— 1
Lijr = 5(31‘14]‘1@ + 0 Air — OLA;j),
_k m —
ij — AF “Lijm,

where
AP =9~ (a*® — 23k~ RVPD,,.),

A3 =1, Ade— gad —

Here R**?7 are contravariant components of the Riemann-Christoffel tensor

of the surface S
RVOC,BW — baﬁby'y _ bo«)/byﬂ‘

The Riemann-Christoffel tensor has also the form
Deee v v A v A TV
-y - a'yraﬁ - aﬁra,y + Faﬁr/\,y - Fa,y AB*
In view of (3) we get
— ~ 1

where Christoffel symbols have the forms
1
Lijr = 5(@'%% + Ojair. — Oaij),
~ 1
The minimum intended for the indices I';;; and ﬁ]k has the forms

1
Lopy = 5(6(}@/37 + Opaay — Oyaap),

~ 1
Lagr = 5(0absy + 9sbay — Oybag). (7)

Using now the formula

Ovbap = Viybag + byl + ban 15
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we can write equalities (7) as

~ 1 Y
Foa/ﬂ’v = §(vvba6 + 2Fa[3bw)

)

_ 1 — 1
FaBS - baﬂa F3a,6 = Fa3,8 - _baﬂ
Further ]
Faﬁ,y = Faﬁ,’y — §$3<Vabgry + 2FZ,Bb’)/V)7
Fa,@’,ﬁ% - _F?’a,ﬁ - _FOcS,ﬂ = %baﬁ7
Tazp = Daps = —Thss
In view of
A =97 (a* — Pk R,
AP =1, A3 = A% =0.
We have

I 1 P
Top=A"Tos, = E{Fzﬁ — (Vig + Toghy + k7 R b,0ag )2

(‘7:3)2 VYo A © VYo
—I-W[R bw\vabaﬁ + 2F0¢5R b,,)\balu]},

where )
I bt + ER"Weraﬂ,a =2HT7,,

1 VYo
FR7bbg Tl = KT

Now we have 1
=V 3

2
where
Yoo 1 7} 3r—1 ,uucr)\b
B'Oéﬁ — E(V o — T K R M,\Vaaag)
and 1 1
Bl =—"— V', B* = — V2.
af 1-— k?lf,(]g pr af 1-— kg.l’g p
Let S be a spherical surface of the radius R. Then
. 1
n=——=r
R
and
b - 1., 1
0 = —NaTB = =TalTp = =0ags-
B B R B R B
Hence

3
Aaﬁ = (1 - %) Aag, ASS = 17 A3a = AaS = 07
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A33 — 1’ A3a — AaS = 0.

Then
_ 3 — 1
Faﬂ,'y = (1 - E) Faﬁ,v Fa6,3 = ﬁaa[)’a

_ _ 1 _ _ _
Pasp =130 = o tes: sz =13p3 =133 =0,

=Y —3 1 —3 =8 1
Faﬁ? Ffo{ﬁ? Faﬁ = ﬁaaﬁv Fa?; - FSa =

The Riemann-Christoffel tensor has the form

Ao 1

Pogy = | 17—y
41— —
(1-%)

where Ri\);b'y is a Riemann-Christoffel tensor of the spherical surface, which
has the form )
Ao A
R~a6y — ﬁc OZ'Cﬂ/y,

where

C’11 = 022 = 07 C(12 = C(21 = \/57

Cf. = aﬁVC’m, C’_/i' = wBVC’m,

Crll — 022 — 0 012 — _021 —

Blis

From (8) we have

Thus for outside the spherical surface with the radius % the Mg is a
strictly Riemann surface.
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