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THE BASIC BOUNDARY VALUE PROBLEM FOR THE PLANE
THEORY OF ELASTICITY OF POROUS COSSERAT MEDIA WITH
TRIPLE-POROSITY
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Abstract. The static equilibrium of porous elastic materials with triple-porosity
is considered in the case of an elastic Cosserat medium. A two-dimensional system
of equations of plane deformation is written in the complex form and its general
solution is represented by means of three analytic functions of a complex variable
and three solutions of Helmholtz equations. Concrete problem are solved for the
circle.
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Introduction

The first theory of consolidation for elastic materials with double poros-
ity was presented by Wilson and Aifantis [1]. This theory unifies the earlier
proposed models of porous media with single [2] and double [3, 4] porosities.
More general models of double porosity materials based on Darcy’s law are
introduced in [5-9] and studied by several authors [10-22].

The first mathematical formulation of flow through triple porosity media
is introduced by Liu [23] and several new triple porosity models for single-
phase flow in a fracture-matrix system are presented by Liu et al. [24],
Abdassah and Ershaghi [25], Al Ahmadi and Wattenbarger [26], Wu et al.
[27].

The mathematical models of multi-porosity media have found appli-
cations in many branches of civil engineering, geotechnical engineering,
technology and biomechanics. The intended applications of the theories
of elasticity and thermoelasticity for materials with a multi-porosity struc-
ture are to geological materials such as oil and gas reservoirs, rocks and soils,
manufactured porous materials such as ceramics and pressed powders, and
biomaterials such as bone [28-30].

It should be noted that all the papers mentioned above dealt with a
classical (symmetric) medium. We consider the problem of elasticity for
solids with triple-porosity in the case of an elastic Cosserat medium.

1. Basic equations

Let V' be a bounded domain in the Euclidean two-dimensional space
E? bounded by the contour S. Suppose that S € C'#, 0 < 8 < 1. Let
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x = (x1,72) be the points of space E? 0; = 8%1-' Let us assume that the
domain V is filled with an isotropic triple-porosity material.
The basic homogeneous system of equations for isotropic materials with

triple porosity has the form [22, 32, 33]:
8aaaﬁ = 07 aaMozB + (UIQ - 0-21) = 0; (av B = ]-7 2) (1)

o1 = —Pip1 — Bap2 — Baps + A0 + 2pdiuy,

022 = —[ip1 — Bap2 — B3ps + A0 + 20u0us,

o12 = (1 + @)O1ug + (p — a)Oauy — 20w, 2)
091 = (p + @)Ouy + (1 — a)Orug + 20w,

paz = (v + B)oww, paz = (v + B)0sw,

(0 = Glul + 32u2),

where 0,4 are stress tensor components, ji,3 are moment stress tensor com-
ponents, u, are components of the displacement vector, w is the component
of the rotation vector, p; (i = 1,2, 3) are the pressures in the fluid phase, A
and p are the Lamé parameters, «, 3, p are the constants characterizing
the microstructure of the considered elastic medium, 5; (i = 1,2, 3) are the
effective stress parameters.

In the stationary case, the values p = (py, p2, p3)? satisfy the following
equation

bl/a1 —alz/al —a13/a1
Ap — Ap = 0, A= —CL21/CL2 bg/ag —CL23/CL2 (3)
—a31/a3 —asz/a3 bs/as

where a; = % (for the fluid phase, each phase i carries its respectively
permeability k;, ¢’ is fluid viscosity), a;; is the fluid transfer rate between
phase ¢ and phase j, A is the 2D Laplace operator, by = a3 + a3, by =
as1 + ags, bs = az; + ass.

On the plane xx5, we introduce the complex variable z = z1 + 12y =
re?’, (i> = —1) and the operators 0, = 0.5(0; — i0,), 0: = 0.5(0; + i),
Z=ux1 —1xy, and A = 40,0;.

If relations (2) are substituted into system (1), then system (1) is written
in the complex form

2(p+ a)0:0,ur + (AN + p— )00 — 2005w
—03(Bap1 + Bap2 + Bsps) = 0, (4)
2(v + B)0:0,w + ai(0 — 205uy) — 2aw = 0,

(uy = uy + iug).
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2. The general solution of system (3)-(4)

In this section, we construct the analogues of the Kolosov-Muskhelishvili
formulas [34] for system (4).

Equations (3) imply that

Di = f/(Z) + f,(Z) + lﬂXl (Z, 5) + ll'ng(Z, 5),

where f(z) is an arbitrary analytic functions of a complex variable z in the
domain V' and x,(z, ) is an arbitrary solution of the Helmholtz equation

AXQ(Za 2) - HaXa(ng) = Oa

Kq are eigenvalues and (ly1,la1, l31), (112, l22,l32) are eigenvectors of the ma-
trix A.

Theorem. The general solution of the system of equations (4) is rep-
resented as follows:

2uuy = xp(z) — 2¢'(2) — Y(2) + Mwl;—_f;: Pe) (f'(z) + f'(2))
o5 2) + 6 z
+/\ o z[01x1 (2 2) + daxz (2, 2)],
20 = X (2,2) = Z il () + )

where » = ’\/\13:, 0q 1= lé—gﬁl + lj—zﬁg + lj—zﬁg, ©(z) and (z) are arbitrary
analytic functions of a complex variable z in the domain V| x(z,2) is an

arbitrary solution of the Helmholtz equation
40,0:x(z, 2) — €2x(2,2) = 0,

where
2ua

EGIE

£ =

For combinations of stress tensor components we obtain the following



44 Gulua B., Janjgava R.

formulas

011 + 099 + 7:(0'12 — 0'21) =2 [QO’(Z) + W—F 2282(95)((2, 2)}
+2N(51 + Ba + B3)

) (1) + )
—~ i“2M8282 Bx1(2,2) + Baxalz, 2]

011 — 092 + (012 + 021) =2 [—280"(2’) —/(2) + 2i0:0:x (=, 5)} (5)
+2,u(ﬁl)\":_522“+ B?))Zf//(z) + X i‘;ﬂazaz [51X1(Z7 2) + 52)@(2, 5)] ,

s +ipos = 20:x(2, 2) + Lot 12),18” i ﬁ)w/’(Z),

H31 + i3z = —25/1/_;;) 0:x(z,2) + (e + 12)5/ — ﬁ)wl’(z)-

Let mutually perpendicular unit vectors 1 and s be such that
Il xXs=e;,

where ej3 is the unit vector directed along the x3-axis. The vector 1 forms the
angle ¥ with the positive direction of the z;-axis. Then the displacement
components u; = u -1, uy = u-s, as well as the stress and moment stress
components acting on an area of arbitrary orientation are expressed by the
formulas

. —i9
w +ius = e Vuy,

ou+ios = 0.5[011 + 022 + (012 — 01) + (011 — T2 + (012 + 021) )], (6)

s = 0.5[(p1s + ipios)e ™™ + (p1g — ipog)e™).

3. A problem for a circle

In this section, we solve a concrete boundary value problem for a circle
with radius R (see fig. 1). On the boundary of the considered domain
stresses, moment stresses and the values of pressures p;, ps, p3 are given.

We consider the following problem

+00 .
pi=> Ame™. |zl =R, i=1,23 (7)

. +m >
O — 09 = Y. Bpe™ |2| = R, (8)
—0o0

+oo )
frz = > Cne™, |2 = R. (9)
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Fig. 1.
The analytic function f(z) and the metaharmonic functions xi(z, z),
X2(z, Z) are represented as the series
+o0o
=30 0 zan i),

Xa(2,2) = Zﬂn n(rka),

where I,,(r¢) are modified Bessel function of n-th order, z = re”’, and are
substituted in the boundary conditions (7) we have

—+00

+oo

Z an—l (Cnei(n—l)ﬁ + Ene—i(n—l)ﬁ) + 1 Z an[n(Rnl)eim‘}
n=1 > (11)
+zlgzﬁn n(Rks)e™ ZAme i=1,2,3.

Compare the coefficients at identical degrees. We obtain the following sys-
tem of equations

(12)

c1 + ¢ + lindoog + lindo o = Ajp, ©=1,2,3
nR" Yan, + L1001 + liofn1 = A1, 1=1,2,3.

The coefficients ¢, a,, B, are found by solving (11).
Let us now satisfy the boundary conditions (8), (9). Due to the general
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representations (5) and (6) obtained above we have

Orr — i0ry = ' (2) + ¢/ (2) — €7 (29" (2) + ¢/ (2))

(e Stz )

8 01K1 OoK9
“Nt2n (TW )+ el Z>)

+)\ +M2u5’zaz(51X1(27 Z) + Saxa2(2, 7))

(B + B+ Bs) (L ; iy %
e P+ TR - e

+oo
— Z Bneinﬁ
(se+1)(v+pP)
4p
+0:x(2,2)e 4+ 0,x (2, 2)e” = Z C,em.

(13)

Hr3 =

(sO”—(Z)e"” - 90”(2)6“9)

The analytic functions ¢(z) and ¢ (z) are represented as the series

=Y a2, ()= bz, X(22) =Y la(Er)e™”
n=1 n=0 — 00

and are substituted in the boundary conditions (8), (9) so we have

+oo
[Z(l —n)rtape v —1—2 (1 —n)r"a,e ™ Zr" 2h, _pe— i

n=1 n=1

(15)

2

—00

Z€2 N —ind /
+— Z( n(f’f‘) — In_z({’r))vne ] — an
r=R

. Foo +o0

1 . A

(% + i(y + ﬁ)Z E :nrn lfn —ind + E nrn—laneznﬂ
K n=1 n=1

(16)

+g Z([nJrl (f?“) + Inl(é-r>>7neimg] = C1/1:
- r=R
where

Nt o Taofo(fflR) + —5010(523)

B1 + B2 + Bs)
A2

81“’ |:61K‘1 R263,

0ok
A+2u | 4 aply(k1R) + = 250]2(5213)} o
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BiIBl—

8 01k 0ok
/\ —{—MQIU, |:%O&1[1(I€1R) + %61[1(%2R)j|

2uR(By + P2 + B3)
A+ 2u

8 S1K? dok2
a {Lalh(/ﬁR) + %5111(@}3)} + (cg — &),

+)\+2u 4

B, =B, — 5 j‘MQM [%an[n(mR) + %ﬁﬁnln(/@]%)]
\ i‘;u [&T’%@l[ng(mm + 527“561%2(@1%)}
+MRn(5; 1‘25;4‘ f33) (n+ ensr, n>1,
B =B, — : i’“;u {%an[n(/ﬁ]%) + 52%2%(@3)]
: j—MZM |:51T,i%061[n2(f€1R) + %ﬁg 1[n2(’€2R>:|

+lu/81 :‘522: 53) [(TL -+ 1)Rnén+l - (TL + 2) (n + S)Rn+25n+3)7 n < 0.

Equating the coefficients of ¢ in (15) and (16), we obtain the following
system of equations:

ie?

(1 - n>Rnan - Rnizban + T(In(fR) - n72<£R)’Yn = B;n (17)
ig? oY
Rnan - 7(L’L(§R> - In+2(§R))fyn = B—n? (18)
S S €R) + LR = O (19
The coefficients a,, and 7, are found by solving (18), (19):
Aq Ao
(n = N Tn = N
where
Rn 2 n—1
8= S Ry )+ M ey, ae),
B’ C_ig?
By = S s €R) + T (€R) + 2 (1 (€R) — TualéR),
A, — R'C. 4 (34 1)(v + B)inR™1 5

4p
The coefficients b, may be found from formulae (17)

o) /!

1 Bn
by = (1 —n)R*ap,0 + Zgﬁ([nﬂ(g]%) — I(ER))Yni2 — R:z.
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It is easy to prove the absolute and uniform convergence of the series
obtained in the circle (including the contours) when the functions set on
the boundaries have sufficient smoothness.
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