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ON ONE BOUNDARY VALUE PROBLEMS FOR A CIRCULAR
RING WITH DOUBLE POROSITY

Gulua B.

Abstract. In this paper plane problems of elasticity for a circular ring with
double porosity is considered. The solutions are represented by means of three
analytic functions of a complex variable and one solution of the Helmholtz equa-
tion. The problems are solved when the components of the displacement vector
is known on the boundary of the circular ring.
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1. Introduction

A theory of consolidation with double porosity has been proposed by
Aifantis. This theory unifies a model proposed by Biot for the consolidation
of deformable single porosity media with a model proposed by Barenblatt for
seepage in undeformable media with two degrees of porosity. In a material
with two degrees of porosity, there are two pore systems, the primary and
the secondary.

The physical and mathematical foundations of the theory of double
porosity were considered in [1]-[3]. In part I of a series of papers on the
subject, R. K. Wilson and E. C. Aifantis [2] gave detailed physical interpre-
tations of the phenomenological coefficients appearing in the double porosity
theory. They also solved several representative boundary value problems.
In part IT of this series, uniqueness and variational principles were estab-
lished by D. E. Beskos and E. C. Aifantis [3] for the equations of double
porosity, while in part III Khaled, Beskos and Aifantis [4] provided a re-
lated finite element to consider the numerical solution of Aifantis equations
of double porosity (see [2],[3],[4] and the references cited therein). The basic
results and the historical information on the theory of porous media were
summarized by Boer [5].

In [6] the full coupled linear theory of elasticity for solids with double
porosity is considered. Four spatial cases of the dynamical equations are
considered. The fundamental solutions are constructed by means of ele-
mentary functions and the basic properties of the fundamental solutions
are established. The fundamental solution of quasi-static equations of the
linear theory elasticity for double porosity solids is constructed and basic
properties are established in [7]. In [8-11] the explicit solutions of the prob-
lems of porous elastostatics for an elastic circle and for the plane with a
circular hole are constructed, the uniqueness theorems for regular solutions
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are proved and the numerical results are given for boundary value problems.
Explicit solutions of the BVPs of the theory of consolidation with double
porosity for the half-plane and half-space are considered in [12-15].

2. The plane deformation. Basic equations

Let V be a bounded domain in the Euclidean two-dimensional space

E? bounded by the contour S. Suppose that S € C'?, 0 < 8 < 1. Let

r = (21, 2) be the points of space E? 0; = %. Let us assume that the

domain V is filled with an isotropic double poroéity material.

The system of homogeneous equations in the full coupled linear equilib-
rium theory of elasticity for materials with double porosity can be written
as follows [6,15]

pAu + (A + p)graddiva — grad(Bipr + Papa) = 0, (1)
{ (k1A — v)p1 + (k12A + v)pa = 0, 2)
(k1A —y)p1 + (k2A +7)p2 = 0,

where u = u(uy, us)7 is the displacement vector in a solid, p, (o = 1,2) are
the pore and fissure fluid pressures respectively, 5, and 3, are the effective
stress parameters, v > 0 is the internal transport coefficient and corresponds
to fluid transfer rate with respect to the intensity of low between the pore

R12

, (6%
and fissures, A and p are the Lamé parameters, ko = —, kip = —,

K21 . . . . ...
kop = — 1/ is the fluid viscosity, k1 and kg are the macroscopic intrinsic

permeabilities associated with matrix and fissure porosity, respectively, 12
and kap are the cross-coupling permeabilities for fluid flow at the interface
between the matrix and fissure phases, A is the 2D Laplace operator.

On the plane zix5, we introduce the complex variable z = x1 + iy =
re?’, (i* = —1) and the operators 0, = 0.5(0; — i0y), 9= = 0.5(0; + i),
Z=ux1 —ixy, and A = 40,0;.

System (1) is written in the complex form

2/,La§aZU+ + ()\ + M)ag‘g — (95(51]91 + ﬁ2p2) = 0, (U+ = Uy + ZU/Q) (3)

3. The general solution of system (2)-(3)

In this section, we construct the analogues of the Kolosov-Muskhelishvili
formulas [16] for system (4).

From system (3) we easily obtain the expressions for the pressures p;
and po

pr=['(2) + f(2) + (k2 + k12)n(z, 2),

pa = f'(2) + f(2) — (k1 + ka1)n(z, 2),
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where f(z) is an arbitrary analytic function of a complex variable z in the
domain V' and 7(z, z) is an arbitrary solution of the Helmholtz equation
ki + ko + k1o + ko)

1k — k12kor '

Theorem. The general solution of the system of equations (4) is repre-
sented as follows:

463857] - CZU = 07 <2 = /Y(

w(B1 + Ba)

e (1) + ) + oen(z.2),

Qs = sapl(2) — 29(2) — D) +
where
_ A3 5= 4p((ko + ki2) B1 — (k1 + ko1)B2)

X O+ 200 |
©(2) and Y¥(2) are arbitrary analytic functions of a complex variable z in
the domain V.

4. A problem for a circular ring

In this section, we solve a concrete boundary value problem for a concen-
tric circular ring with radius R; and Ry (see fig. 1). On the boundary of the
considered domain the values of pressures p; and ps and the displacement
vector are given.

Fig. 1.

We consider the following problem

+00 +oo

Z Aizemﬁ7 ’Z‘ = Rl? Z B;memﬁ? ‘Z| = Rb

too P2=19 joo (4)
Z BZ€W197 ’Z| = Ry,
—00

p1 +00 )
> Ane™, |2 = Ry,
—oo

+o0
> O, |2l = Ry
Ut =4 Yoo (5)
> Cre™|z| = R,.
— 00
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The analytic function f(z) and the metaharmonic function 7(z, z) is
represented as a series

+oo
=~lnz+ Zanz”,

where I,,(r{) and K, (r¢) are modified Bessel function of n-th order, z =

(2.2) = Y _(anLu(rQ) + BuKn(r))e™,  (6)

re?, and are substituted in the boundary conditions (5) we have
(v+¥) IRy + (y = 3)id + > Ry (ane™ + e
+o0 o
+(kz + k12) 3 (nln(R1Q) + Buln(RiQ))e™ = Z A e,
+oo

(v +7)In Ry + (v — )il + Z R} (aneim? + (—lnefmﬁ)

+00

+ (ko + k1) go(anln(RZg) B (RoC))e™ = Z v,
(v +9)In By + (v — 7)id + f R (o™ + -7 (7)
(bt ha) B @)+ BB (R = 5 e,
(y+7) In Ry + (7 — 7)id) + io B2 (ane™ + ape=n?)

—(ky + ko) i( L(RxC) +_5n Ko (Ra))eim? — 2 Breind

From the condition of displacement uniqueness it follows that v—+ = 0.
It is also assumed that aq is a real value; that is, ag = ay.

Compare the coefficients at identical degrees. We obtain the following
system of equations

2vIn Ry + 2a0 + (k2 + ki2) (a0 lo(R1C) + BoKo(R1Q)) = Ay,
2v1In Ry + 2ag + (kg + k12)(aolo(RaC) + BoKo(R2()) = A, .
2v1In Ry + 2ag — (k1 + ka1)(aplo(R1C) + BoKo(RiC)) = By,
2v1In Ry + 2ag — (k1 + ka21)(aolo(ReC) + BoKo(Ro()) = By,
RYa, + Ry™a_y, + (ko + k12) (L (RiC) + B K, (RiC)) = AL
Rya, + Ry"a_p + (ks + k12) (L (RoC) + B, Kn(Ra()) = AL, o)
RYa, + Ry"a_y,, — (k1 + ka1) (a1, (RiC) + B K, (R1C)) = B,
RYa, + Ry™a_,, — (k1 + ka1)(an I, (R2C) + B K, (R2()) = BY.
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From (8) and (9)

(A5, = B)) Kn(R2() — (A) — B”) n(R10)
(B1 + ko + g + kot ) (1 (R1Q) Ky (RoC) — In(RoQ) K (RiC))’
(A, — B, (RoC) — (A, — By I, (Ri ()
(k1 + ko + kio + ko1 ) (I (R1Q) K (R2C) I (RoQ) Kn(RiQ))’
Al — Al _ AylnR,— Ajln R, _ RyA" - Rp A,
MR /Ry 7 2R —R) " Rr_R»
where A/, = A! — (ky + k12)(anln(RiC) + Bpkn(RiC)), AV = A" — (ky +
VA

The analytic functions ¢(z) and ¥(z) are represented as the series

n:

5n:

/y:

—711n2+2bz 72lnz+2cn ,

and are substituted in the boundary conditions (7), we have

(sec — B) Inr + (sec + B)id) + Z(%bnrnemﬁ nb,re =2 _ G prein?)

+ ()?1—1—4_252 (27 Inr + Z (anr™e™ + anr”e_"”ﬁ)>

+o0 )

5 > O, 2| = Ry

+ 23 (s (70) + B (rQ)) e = ¢ X
—o0 S Cle™ |z] = Ry.

From the condition of displacement uniqueness it follows that
sa+ . (10)

Compare the coefficients at identical degrees. We obtain the following
system of equations

2x1In Rl’}/l - 2R%§2 + %bo —Cy = D6, (11)
2x1In Rg’yl — QR%[?Q + %bo —Cy = Dg,
—1 + 2In R2by — Ry%¢_y = D), (12)
—’_)/1 + »In R2b2 - R72672 = Dg,
xR, + (n —2)Ry"?b_pi0 — Ry"_, = D!,

xR3b, + (n —2)Ry"2b_p 0 — Ry"E_, = D", (13)
(n==£1, =2, +£3,...),
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where
Dy =Cj — 'Mg\ﬂl_i_—j;fz)(?y In Ry + 2a0) — %(Oz_llo(RlC) + 1Ko (R1()),
Dy =Cf — “(fl—*‘zf?)(zy In Ry + 2a9) — %(a_lfo(Rzg) + B_1Ko(RxQ)),
Dl = 0 =M (g, R = (0 (Ri6) i K (),
Dl = =P (g, 4 R~ T () + s )

From (11) and (12) we have

R2D! — R2D" 4 Ri—R}
1D, 22 T 2 Ry /Ra(Dy—Dy))
b2 ==

RQ_RQ 2
#(Ri — R3) — ;(flﬁRl/ZJ)%g

Y, Y2, #by — ¢o and c_o are considered by (11) and (12).
From (13)

p — BT - RO, — (01— 2)(B — RYE,
#2(R4+ R — RP R — RIR3™) +-n(n — 2)(R2 — R3)?

cn = #R7*b_, + (n 4+ 2)RY"2b, 1y — RI'D.,,
(n =41, £2, 43,...)

where E,, = RyD!! — R D;,.

It is easy to prove the absolute and uniform convergence of the series
obtained in the circular ring (including the contours) when the functions
set on the boundaries have sufficient smoothness.

Similarly the problem can be solved when on the boundary of the con-
sidered domain the values of stresses are given.

Acknowledgement. The designated project has been fulfilled by a
financial support of Shota Rustaveli National Science Foundation (Grant

SRNSF /FR,/358/5-109/14).

REFERENCES

1. Cowin S.C. Bone poroelasticity. Journal of Biomechanics, 32 (1999), 217-238.

2. Wilson R.K., Aifantis E.C. On the theory of consolidation with double porosity-I.
International Journal of Engineering Science, 20, 9 (1982),1009-1035.

3. Beskos D.E., Aifantis E.C. On the theory of consolidation with double porosity-II.
International Journal of Engineering Science, 24 (1986), 1697-1716.



40 Gulua B.

4. Khaled M.Y., Beskos D.E., Aifantis E.C. On the theory of consolidation with
double porosity-I11. International Journal for Numerical and Analytical Methods in Ge-
omechanics, 8, 2 (1984), 101-123.

5. De Boer R. Theory of Porous Media: Highlights in the historical development and
current state. Springer, Berlin-Heidelberg- New York, 2000.

6. Svanadze M., De Cicco S. Fundamental solutions in the full coupled theory of
elasticity for solids with double porosity. Arch. Mech., 65, 5 ( 2013), 367-390.

7. Svanadze M. Fundamental solution in the theory of consolidation with double
porosity. J. Mech. Behavior of Materials, 16 (2005), 123-130.

8. Tsagareli 1., Svanadze M.M., Explicit solution of the boundary value problems
of the theory of elasticity for solids with double porosity. PAMM -Proc. Appl. Math.
Mech., 10 (2010), 337-338.

9. Tsagareli 1., Svanadze M. M, Explicit solution of the problems of elastostatics for
an elastic circle with double porosity. Mechanics Research Communications, 46 (2012),
76-80.

10. Tsagareli I. The solution of the first boundary value problem of elastostatics for
double porous plane with a circular hole. Bulletin of TICMI, 15 (2011), 1-4.

11. Tsagareli I., Svanadze M.M. The solution of the stress boundary value problem
of elastostatics for double porous plane with a circular hole. Reports of Enlarged sess. of
Sem. of Appl. Math., 24, (2010), 130-133.

12. Basheleishvili M., Bitsadze L., Explicit solution of the BVP of the theory of
consolidation with double porosity for half-plane. Georgian Mathematical Journal, 19, 1
(2012), 41-49.

13. Basheleishvili M., Bitsadze L., Explicit solutions of the BVPs of the theory of
consolidation with double porosity for the half-space. Bulletin of TICMI, 14 (2010),
9-15.

14. Tsagareli 1., Bitsadze L. The boundary value problems in the full coupled theory
of elasticity for plane with double porosity with a circular hole. Semin. I. Vekua Inst.
Appl. Math. Rep. 40 (2014), 68-79.

15. Janjgava R. Elastic equilibrium of porous Cosserat media with double porosity.
Adv. Math. Phys., (2016), Article ID 4792148, 9 pages http://dx.doi.org/10.1155/2016/
4792148.

16. Muskhelishvili N.I. Some Basic Problems of the Mathematical Theory of Elastic-
ity. Fundamental Equations, Plane Theory of Elasticity, Torsion and Bending. Noordhoff
International Publishing, Leiden, 1977.

Received 5.08.2017; accepted 11.09.2017.

Author’s addresses:

B. Gulua

1. Javakhishvili Thilisi State University

1. Vekua Institute of Applied Mathematics
2, University str., Thilisi 0186

Georgia

Sokhumi State University

9, Anna Politkovskaia str., Thilisi 0186
Georgia

E-mail: bak.gulua@gmail.com



