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POROELASTICITY OF STEADY VIBRATIONS FOR SOLIDS WITH
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Abstract. In this paper the 2D full coupled theory of steady vibrations of poroe-
lasticity for materials with double porosity is considered. There the fundamental
and singular matrixes of solutions are constructed in terms of elementary func-
tions. Using the fundamental matrix we will construct the simple and double
layer potentials and study their properties near the boundary.
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1. Introduction

Porous materials play an important role in many branches of engineer-
ing,e.g., the petroleum industry,chemical engineering , geomechanics and
biomechanics. The general 3D theory of consolidation for elastic materials
with single porosity was formulated by Biot [1]. A theory of consolidation
for elastic materials with double porosity was presented in [2-4], where the
physical and mathematical foundations of this theory were considered. In
this papers the theory of Aifantis unifies a model proposed by Biot for the
consolidation of deformable single porosity media with a model proposed by
Barenblatt for seepage in undeformable media with two degrees of poros-
ity. However, Aifantis’ quasi-static theory ignored the cross-coupling effect
between the volume change of the pores and fissures in the system. The
cross-coupled terms were included in the equations of conservation of mass
for the pore and fissure fluid and in Darcy’s law for solids with double
porosity by several authors [5,7].

The poroelasticity is an affective and useful model for deformation-
driven bone fluid movement in bone tissue. The suggested double porosity
model would consider the bone fluid pressure in the vascular porosity and
the bone fluid pressure in the lacunar-canalicular porosity. The extensive
review of the results in the theory of bone poroelasticity can be found in
8].

In [9,10] the full coupled linear theory of elasticity for solids with dou-
ble porosity is considered. Four spatial cases of the dynamical equations
are considered. The fundamental solutions are constructed by means of el-
ementary functions and the basic properties of the fundamental solutions
are established. The fundamental solution of quasi-static equations of the
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linear theory elasticity for double porosity solids is constructed and basic
properties are established in [11].

In [12-16] the Aifantis’ quasi-static theory of elasticity for solids with
double porosity is considered. Explicit solutions of the BVPs of the theory
of consolidation with double porosity for half-plane and for half-space are
constructed, Uniqueness and existence theorems of solutions of two and
three-dimensional boundary value problems of the theory of consolidation
with double porosity are proved.

In this paper the 2D full coupled theory of steady vibrations of poroelas-
ticity for materials with double porosity is considered. There the fundamen-
tal and singular matrixes of solutions are constructed in terms of elementary
functions. Using the fundamental matrix we will construct the simple and
double layer potentials and study their properties near the boundary.

2. Basic equations

Let x = (x1,22) be a point of the Euclidean 2D space R2. Let DT
be a bounded 2D domain (surrounded by the curve S) and let D~ be the
complement of DTUS. 0y = (i, i

6x1 8ZE2
D+ is filled with an isotropic material with double porosity.

The system of homogeneous equations of motion in the 2D linear theory

of elasticity for solids with double porosity can be written as follows [11]

) . Let us assume that the domain

pAW + (A + p)graddivw’ — grad(Bip; + Bap) — pu’ = 0,
—Brdiva’ + ky Apy — aap'y — v (ph — ph) = 0,
—Badiva’ + kyAphy — aop'y + y(p) — ph) = 0.

Let us suppose that

(u', ), ph) = Re[(u, p1, p2)(x)e™"],

then we obtain the following system of homogeneous equations of steady
vibrations in the 2D linear theory of elasticity for solids with double porosity

pAu + (A + p)graddiva — grad(Bipy + Bap2) + pw?u = 0,

iwpfrdiva + (k1A + ar)pr + yp2 = 0, O
1

iwBadiva + yp1 + (k2A + az)ps = 0,
where u = (uy, u2)T is the displacement vector in a solid, p; and ps are the
pore and fissure fluid pressures respectively. a; = iwa; — v, w > 0 is the
oscillation frequency, §; and [y are the effective stress parameters, v > 0
is the internal transport coefficient and corresponds to a fluid transfer rate
with respect to the intensity of flow between the pore and fissures, oy and
ap measure the compressibilities of the pore and fissure system, respectively
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A, 1, are constitutive coefficients, k; = %, i is the fluid viscosity, ki
and ko are the macroscopic intrinsic permeabilities associated with matrix
and fissure porosity, respectively, A is the 2D Laplace operator. The
superscript “T” denotes transposition.

Note that, neglecting inertial effect (p = 0) in (1) we obtain the system
of homogeneous equations of steady vibrations in the Aifantis’ quasi-static
theory of elasticity for solids with double porosity.

We introduce the matrix differential operator

A(Ox,w) =|| Aij(0x,w) |laa, 1,j=1,2,3,4,

where o
Ajj =05 (pA + pw?) + (A + 'u)axlax-’ j=1,2,
J
0 0 :
Ajs = —/318—%, Ajs = —528—%7 J=12

. 0 . 0 .
Agj = Mﬁlﬁ_xj’ Ayj = M&G_xj’ J=12, As3:=kA+a,
Ass =7, A =7, Au=khA+a,
o~ is the Kronecker delta. Then the system (1) can be rewritten as
A(Oy,w)U =0, (2)

where U = (uq, ug, p1,p2)’.
We consider the system of the equations

pAu + (A + p)graddiva + iwgrad(S1py + Pape) = 0,
—Brdiva + (k1A + ay)py + yp2 = 0, (3)

—Badiva + py + (k22 + az)ps = 0.
The latter system (3) may be written in the form
AT (94, w)U =0, (4)

where AT (0,,w) is the transpose of matrix A (dy,w).

We assume that — ppokiks # 0,  where  pg := X+ 2u. Obviously, if
the last condition is satisfied, then — A(Ox,w) 1is the elliptic differential
operator.

4. The basic fundamental matrix

In this section we will construct the fundamental matrix of solutions for
the system (2).
By the direct calculations we get

detA = pupiokika(A + A) (A + A9 (A + A3) (A + AD),
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where \? = "MLZ, and A}, j = 1,2,3, are roots of cubic algebraic
equation (with respect to &)

(pw? = po&) (k1kal® — ko& + arag — 7*) — iw(ar — ani) =0, (5)
where
o = kofS; + k183, iz = axfff + a185 — 271 e,
k?() = alkfg + agk’l.

We introduce the matrix differential operator B(dx,w) consisting of cofac-
tors of elements of the matrix AT divided on jupoks ks

1
pproki ko

B(,w) = I Bij llaza, 1,5 =1,2,3,4,

where

_é'jfl{(/\ + ,u)[lﬁ]{?QAA —+ k(]A + a1a9 — 72] -+ iW(O{HA + 0412)},
Bjz = (A + XD)[Bi(k2A + ag) — &5, 1,5 =1,2,

Bjs = (A 4+ X)) [Bo(k1A + ar) — Biv]E;, & = %7 i=12
Baj = —iwp(A + A)[B1(k2A + az) — Bn]E, j=1,2,

Byj = —iwp(A + A [Be (k1A + ar) — Biryé;,  j=1,2,

Bsz = (A + AD[(10A + pw?) (kA + ag) + iwB5A],

Buy = p(A + M)A + pw?) (k1A + ar) + iwfi A,

Bsy = — (A 4+ X)) [(10A + pw?)y + iwB B A,

Bz = —p(A + AD[(0A + pw?)y + iwpi Al

Substituting the vector U(x) = B(0x,w)¥ into (2), where W is a four-
component vector function, we get

)
)

(A+ XA +2)(A+X)(A+ )T =0.

From here, after some calculations, the vector ¥ can be represented as

4
U= Z dm(ﬁmv (6)
m=1

where
T

1
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H" (A7) is Hankel’s function of the first kind with the index 0

Am s

2i 2i
Hél)()\mr) = ?ZJO(Amr) lnr—i—?@ <ln7 +C - 5 ) Jo(AmT)
B g (M)% (1+L+...+1> m=1,2,3,4 g

m e~ (k!)? 2 ko k-1

< (=1)F [ A\nr 2k
B = £ T (35) 0 P = = (-

=0 :
4 4 4 3
Zdj:(), Zdj)\?: , Zdj/\?:()’ ) dj(/\i—/\g) =0,
7j=1 7j=1 j=1 7=1

4 4 1
;dj)\?zl, d; —m]_:[1 )\?_)\72%
#m

Substituting (6) into U = BW, we obtain the matrix of fundamental solu-
tions for the equation (2) which we denote by I'(x-y,w)

[(x-y,w) =[ Tpj(x-y, w) [[axa (8)
where
3
Ty = 2 P il 2V RS
kj 2 + w Z l 8mk8x yJ ) 4y
I=1 J
3 D : Dy
I's=—> Ng— 1,2, T Ny——
73 lzzl 13 aCCJ y J ) 4y j4 lz 4 axjv
N - O
Ty = Ny 2Pl 1, = Ny 2Pl 5 =1,2
37 w 1—21 3l 61’]-’ 44 w z:: 41 al’j’ ) ) 4y
N — 51(0&12 — CKH)\ZQ) 5 . dl()\?; — )\?)
T — g T T kik
1 HoR1K2

Niz = [31(a2 - k2>\l2) - 527] . Nu=2d [ﬁz(al - ]ﬁ)\lz) - 517] )
N3 = 0; [51(612 - kz)\%) - 52’)’] , Ny=20d [52(611 - /f1)\12) - 517] )

3
T3 = — > ail(pw? — 110X} (a2 — ko A}) — iwBEN |,
=1

3
Tus = =3 0f(pw® — poAi) (a1 — k1 A7) — iwBiA ],
=1

3
Dsy = > &l(pw? — poA?)y — iwfi o],
=1

3
Lys = > Gil(pw? — poA?)y — iwBi1 o]
=1
Clearly

(e

/\2
2Z,Hél)()\7") =Injx —y|— Z’X —y’In|x — y| + const + O(]x — y|?).
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It is evident that all elements of I'(x-y,w) are single-valued functions
on the whole plane and they have a logarithmic singularity at most. It can
be shown that columns of the matrix I'(x-y,w) are solutions to the system
(1) with respect to x for any x # y. By applying the methods, as in the
classical theory of elasticity, we can similarly prove the following;

Theorem 1. The elements of the matriz T'(x-y,w) have a logarithmic
singularity as x — 'y and each column of the matriz T'(x-y,w), considered
as a vector, is a solution of system (1) at every point X, if X #y.

Remark. The operator A(0y,w)U is not self adjoint. Obviously, it is
possible to construct the fundamental solution of the adjoined operator in
quite a similar manner. Let’s consider the matrixes I'(x,w) := T (—x, w)
and A(Oy,w) := AT (—0y,w). The following basic properties of  I'(x,w)
may be easily verified: N

Theorem 2. Fach column of the matriz  T'(x-y,w), considered as a
vector, satisfies the associated system — A(Oy,w)L(x-y,w) =0, at every
point x, if x # y and the elements of the matriz f(x-y,w) have a
logarithmic singularity as X —'y.

5. Singular matrix of solutions

Using the basic fundamental matrix, we will construct the so-called sin-
gular matrix of solutions and study their properties.

Write now the expressions for the components of the stress vector, which
acts on an elements of the arc with the normal n = (ny,n5). Denoting the
stress vector by P(0x,n)U, we have

P(0x,n)U = T(dx,n)u — n(B1p1 + Paps), (9)
where
0 0 0
Ma—+()\+ﬂ)n1a— ()\+u)n1a—+,ua—
T(0x,n)u = " o 2 ) |u
’ A+ )ni— 9 £+(A+ )ni 7
At = % “on o

ﬁ_ni_'_ 0 0 0 0
on 18961

Ng—, — =MNg— — Nj—o-.
Oxy’  0s 0x; Oxs

We introduce the following notations R(dy,n) and R(dy,n), where

Tn(aﬂ@, n) T12(8x, n) — pfini — Bom

T21(895a n) T22(a$7 n) — [ing — [ans
R(@x, n) = 0 )

0 0 kl% 0

0 0 0 kgﬁ

on
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Tn(@x, TL) Tlg(al‘, TL) — iwnlﬁl
T21<a$, n) ng(ax, n) — iwnzﬁl
R(8y,n) = o
0 0 k
Yon
0 0 0

— iwny P

— iwng By

ko—

0
0

on

By Applying the operator R(Jx,n) to the matrix I'(x-y and the operator
R(0x,n) to the matrix I'(x-y), we shall construct the so-called singular

matrixes of solutions respectively

R(@x,n)l_‘(x - Y) = Hqu”4x4> E(axa n)f(y - X) = Héqu4x4a

The elements R, are following:

0y o 0? , 0
— 2 — - —
o = on i [ “as 0x12 i 0xy Z

2

(9@4

o 0 , 0
Ry = s + iw {2'“%0_1;% — pw nla—xj ZNz(SOl — 1),

l
dps 0 s 9]
R21 = __S — W |:2 _87 + pw TLQ% ZNZ

Ry = 2= — 2282+2ii1v( ),
27 on e M@saxlxg P oy o

3
+ ngpw ) > Nisgu,

x1

o 0 ) 5 9
R ( 6—8—2 — Ny pw ) l:ZlelzL(Pl, R24 (2M8_6_

0 0 0
R3; = /€18—nr3ja Rs3 = kla_nrii?)a R34 = kl%F%

0 0 0
Ry = k28 Lyj, Rag= k28 Lys, Ru = k28_nr44’

The elements qu are following:

Rkl:Rkla k,l=1,2, R13_2w{pwn1—2ua
0

0 0
Ros = w{pm ng + 2”8 pe }Z Nyoy, Rig = ’Lw%pw ni + 2,u

0 0
Ry = —iw {pw e+ 2pao ] > Nugi, Rsj=—hk

- 0 - 0 0
R33 = k18_F337 Rsy = /ﬁa—nrz& R4j = —ky—T"j4,

on

0 N 0 .
R43 = ko134, Rys=ko—Tw, j=1,2.
on on

3
+ ngpw ) > Nugi,

J=12,

] > Napi,

0

an

Fj37

]Z‘NMS‘%
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It is well-known that in the case of a Lyapunov curve S € CY“ the

dlnr r
function ——, for x,y € S has a week singularity and is integrable

on

in the sense of the principal Cauchy value. Consequently,

n
on

Olnr

is a singular

kernel on S. It is obvious that, R™(dy, n)I'7 (x-y,w) and R(dx, n)T(x —y)
are singular kernels (in the sense of Cauchy).

Theorem 3. Every column of the matriz [R(dy, n)T(y-x,w)]", con-
sidered as a vector, is a solution of the system A(@x,w) = 0 at any point
x if x # y and the elements of the matriz [R(dy, n)T(y-x,w)]" contain a
singular part, which is integrable in the sense of the Cauchy principal value.

- - T
Theorem 4. Every column of the matriz [R(é?y,n)l"(y—x, w)] , Con-

sidered as a vector, is a solution of the system A(Ox,w)U = 0 at any point

- - T

X if x #y and the elements of the matrix [R(ay, n)I'(y-x, w)] , contain a

singular part, which is integrable in the sense of the Cauchy principal value.
We introduce the potential of a single-layer

1

7V (x,g) = 4—i/F(x —y,w)g(y)dS
S

and the potential of a double-layer

1 -
20xh) = - [ 1B @) ey hiy)ds, (10
i
S

where T is given by (8), g and h are four-component continuous (or Holder
continuous) vectors. S is a closed Lyapunov curve.

Now let us consider the operation R(0Jx,n) acting on a single-layer po-
tential. We obtain

ROZV(x.g) = 5, [ RO y.wlgldy. (1)
S

The following theorem is valid:

Theorem 5. The vectors ZY9), j =1,2, are solutions of the system
(2) in both the domains DT and D~. When x — z € S, from (10) and
(11) we obtain

(2% (2, h)]* = +h(z) + 4%,/[1%7(8?,, n)T7 (z-y,w)]" h(y)dS,

(RO mZY (2 g)* = Fg(2) + ;[ RO.mTE- o)y
S
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For the regularity of potentials (10)-(11) in the domains Dt and D~ it
is sufficient to assume that S € C?#, (0 < B3 < 1) ghe CH*(9),(0<

a < f).
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