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THE FRACTAL STRUCTURES AND THEIR PROPERTIES

Megrelishvili R., Shengelia S.

Abstract. A fractal is a mathematical object, a geometric pattern that is repeated at ever
smaller scales to produce (self similar) irregular shapes and surfaces that cannot be repre-
sented by classical (Euclidian) geometry. Fractals are used especially in computer modeling
of irregular patterns and structures found in nature. The Sierpinski triangle is the classic
example of an orbital fractal. Mandelbrot and Sierpinski are two mathematicians who made
important contributions in the field of fractals. The Sierpinski triangle has all the proper-
ties of a fractal: A fractal is a geometric shape which is selfsimilar and which has a fractal
dimension.
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1. Introduction

A fractal is a mathematical object, a geometric pattern that is repeated (iterated) at
ever smaller (or larger) scales to produce (self similar) irregular shapes and surfaces that
cannot be represented by classical (Euclidian) geometry. Fractals are used especially in
computer modeling of irregular patterns and structures found in nature. The first fractals
were described at the end of the XIXth Century and Cantor Set and Cantor Dust are probably
the first fractals described by teh German mathematician Georg Cantor (1845-1918) in 1883.
Waclaw Sierpinski (1882-1969) was a Polish mathematician. His work predated Mandelbrot’s
discovery of fractals. He is best known for the ‘Sierpinski triangle’, but there are many other
Sierpinski-style fractals. The Sierpinski Triangle is the classic example of an Orbital fractal.

2. Construction of cyclic multiplicative groups of initial n× n matrices

As it is shown above, for the implementation of the key-exchange algorithm the presence
of multiple n×n matrices of high power, which at the same time are commutative, is required.
Number commutation in Diffie-Hellman’s algorithm is implemented naturally, in accordance
to (2), while, for our algorithm (1), construction of the commutative multiplicity of Â for
each value dimension n presents a difficult task.

In the given work, an effective and constructive solution is presented. The characteristics
of effective and constructive methods, for construction of the matrices is included in the
following:

• For each n > 1 dimension, the initial n×n matrix should generate either the maximum
number of matrices (2n − 1), or this number should be the number of Mersenne, meaning:
2j − 1, where j < n;

• The method of synthesis of any n × n matrix for any dimension, should be the same
(where n is probably implementable maximal dimension of the initial matrices). Hence the
technology of the construction for initial matrices should be implementable and similar for
any given dimension of n.

Besides the above mentioned, it should be considered, that the structure of the matrices
should not contain recursion inside the matrix [3-4].
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At the beginning of the presentation of matrix generation method, we would state, that
the authors came up to the formation of the presented method during the study process
of absolutely different issue. Let’s suppose, that the task of determining primitivism of the
elements (1+α) is being considered in the field GF(2n) according to the module of the cyclic
polynomial p(x) = 1 + x2 + · · ·+ xn, where p(α) = 0.

Now, let’s suppose, that the meanings of j - type element degrees (1 + α) , provided,
that j < n. Then, we would have the following order of the element degrees (1 + α), with
corresponding field elements and vectors from Vn over the field GF (2):

(1 + α)0 = 1 (1000000000...0)

(1 + α)1 = 1 + α (1100000000...0)

(1 + α)2 = 1 + α2 (1010000000...0)

(1 + α)3 = 1 + α+ α2 + α3 (1111000000...0) (1)

(1 + α)4 = 1 + · · ·+ α4 (1000100000...0)

(1 + α)5 = 1 + α+ · · ·+ α4 + α5 (1100110000...0)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..

From (1) we conclude: The structure indicated by the formula (1), is nothing, but the
Sierpinski triangle, with all the characteristics of a fractal structure.

Definition 1. Suppose, that the given structure (1) adds a single row as the first row,
then we get totally fractal structure (Fig. 1).

Fig. 1. fractal structure

Definition 2. Mersenne n × n matrix structure is a matrix formed from the primary
n × n elements, or from first lines and first columns of a total fractal structure. (Where n
= 3, 7, 15, 31, 63, 127, 255, 511). Mersenne n × n matrix structures have the property of
self-similarity (Fig. 2, 3, 4).
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Fig. 2. 3× 3 Matrix

Fig. 3. 7× 7 Matrix

Fig. 4. 15× 15 Matrix

Mersenne n×n matrix structures were calculated for the initial order e with software and
the results obtained are shown in Table 1.

Tab. 1

(e2r−1 = 2r+1 − 1, where r ≥ 2).
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