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ON A MODEL OF LAYERED PRISMATIC SHELLS

Jaiani G.

Abstract. The present paper is devoted to a model for elastic layered prismatic
shells. Using I. Vekua’s dimension reduction method [1-3] hierarchical models for

elastic layered prismatic shells are con-
structed. For each layer we construct hierar-
chical models assuming to be known stress
vector components on the face surfaces of
the layered body (structure) under consid-
eration, while we calculate the values of X;;
and wu; on the interfaces from their Fourier-
Legendre expansions there. So, we get cou-

Figure 1. Cross-section of pled governing systems for the whole struc-
a cusped layered prismatic shell  tyre in the projection of the structure. Ana-

logously, hierarchical models can be constructed, when on the face surfaces of the
prismatic body displacements or mixed stress and displacement vector compo-
nents are assumed to be known.

For the sake of simplicity we consider the case of two plies, in the zeroth
approximation (hierarchical model).

Keywords and phrases: Layered prismatic shells, cusped plates, Vekua’s di-
mension reduction method.
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Let a layered prismatic shell consist of two prismatic shells as plies with

(+) -)
the upper h ,(x1,22), v = 1,2, and lower h ,(x1,22), v = 1,2, face

surfaces, herewith,

(+) (=
ho(z1,22) = hi(z1,22), (21,22) € w,

where w is the common for the both prismatic shells projection on the plane
x3 = 0. S denotes the joint lateral cylindrical surface parallel to the x3-axis
according to the definition of prismatic shells (see [1-3]). Allowing cusped
edges for each ply, evidently, the thickness of the plies

(+) )
Qh'y = h 7(1’1,[52) - h,\/(l’l,lé) Z Oa Y= 1727

and the thickness of the layered prismatic shell

(+)
2h = h (21,72) — h ,(T1,72)
(+) (=) (=) (=)
= h,(x1,22) — h,(x1,22) + h,(x1,22) — h ,(x1,22) = 2hy + 2hy > 0.
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Let
X, m0,t), ely(x1,22,1), uj(z1,22,t), v=1,2,
be I-th order moments of the stress X 7 and strain e . tensor and displace-
ment vector u; components of the phes
Under Well—known restrictions the following Fourier-Legendre expansions
are convergent

- 1
(X?J’ €ij> 7) (fﬁ,xz,ﬁs,t):z:al (l+§)

=0

X (X7. e u’.y) (xl,xz,t)Pl(avxg — b,y)dl'g,

igly “igly il

where

(X7 U ) (1,9, 1)

igly zgl’ il
(+)

\:

(X7 el u)) (z1, 72,73, t) Pi(ayas — by)drs, 1=0,1,2,.., (2)

137 U’ u;
(=)

>

1 h ~ + )
aV::h—v, lLY::h—:7 2hy = hy+ hy, ~v=12
A bar under one of repeated indices means that in this case we do not use
Einstein’s summation convention.

Physical problem. Determine the stress-strain state of the elastic
layered prismatic shell considered as a three-dimensional (3D) body (plies
and the whole body may occupy non-Lipschitz domains), when on the face
surfaces of the body stress-vectors

(+) (=)
Q<V+1)Z.(9317352, h (71, 29),t) and ng—z)i(ifl,ﬂ?z, h 5(x1,22),t) are known, (3)

where (;i and (;; are outward to the body normals to the upper (of the first

ply) and lower (of the second ply) face surfaces ((y+2) = — (y_l)), on the lat-

eral surfaces arbitrary admissible boundary conditions (BC) are prescribed,
and on the interface conditions of the type of the following conditions are

fulfilled:
(+) (=) (+)
(xl i ) (10 = W o) = W1 (@)

() .2 (+) (=) ,
X]Z 2i, W i X1,To,T3 = h2(l’1,x2)5 h1(x17'r2)7t y J :17273'

For clearness, on the lateral surface S = S; | S we confine ourselves to
boundary conditions (BCs) in displacements

-
U

s,, v =12, are prescribed. (5)
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Integrating the governing equations of the 3D linear theory of elasticity
for each ply, we get [4]

¥ ~ (+) (+)
Xjﬁgyg(l'hx%t)—Xjﬁ T1, T2, ho(21,22),t h s

. (+) . ) )
+X]3 T, T2, h’y(xla'rQ)at +X]6 T, T2, h’y(‘rlva)at hl,ﬁ (6)

(=) .
_X]'Y3 <x17x27 hw(xlax2)7t> +(I);y() (.Tl,lCQ,t) :pu‘?()(x17x27t)7
J=123, ~v=12

where @;70, ~v = 1,2, are the zero moments of the volume force components
for each ply;

X7

50 (‘Tl’ L2, t) = /\6sz (1'1,1'2,15) 6ij + 2lue;yj() <x17 x2>t> ) Z?] = 17 27 3; (7)

6;)150 (x17 Z2, t)

[ § G NG 4\ @
:§ uiO,,B (xlax2at)+ui T1,T2, h’yvt hl,ﬁ_uz x1,T2, h’yat hl,ﬁ (8)

R R )\ : )\ )
1 Upo o (T1,@2,8) —uf (21,22, byt ) hoyatul | 21,22, byt ) hoye @=1,2,

Jrf
(+) (=)
2 uy (ml,xg, hn,,t>—ug (l‘l,l'g, hw,t>, i=3,

() (=)
6g?)() (ZL’l,{I}z’t) :u;)/ (1’1,1'2, h’yat) _Ug ($1,$2, h’yvt> y V= 172 (9)
In the zeroth approximation it is assumed that (see (1))

uy (21, 22, 1)
2h,

UZ (l‘l)an)x?nt) =

1 O &)
= Evio (xlvx%t)? T3 € h"/y h’y ) (10)
v=12, =123

1

(X7, el) (1,20, 33,1) = Q_hZ(

(=) )
ijr €ij X €ljo) (w1, 22,1), 13 € [hm h7:| , (11)
’Y - ]'727 /L7j - 1727 3'
From (9), (10) it follows that

From (8), (10), (12) it follows that

1 1 (=) 1 (+)
Cipo(T1,@2,t) & Slujy (w1, @2,) + 0o (21,72, 8) by 5 = SVin (@1, 22,1) o]
(+) (=) )
-1-% { Uk o (1, 22, 1) — %vgo(xl,xz,t) h ye+ %vgo(wl,xz,t) hye 1=a, (13)
0, i =3,

vy=1,2.
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f o “w__»

In what follows instead o we write

For i = a from (13) we obtain

1
o = Rhwz()) 5 Va0l <h1“30> o Ugohw}
1
= §hl (v207,3+vgo7a) s O[,ﬁ”y: 172 (14)

For i = 3 from (13) we obtain

1 1
67330 = egﬂo — 9 [(hvvgo) 5 - hv,ﬁvgo] = §hlvgo,ﬁy B,y=1,2. (15)
From (14) it follows that

= hyv), v=1,2. (16)

aaO a0,

Taking into account (3), (10), and (11) from (6) we have

. © \? B
XjBO,B (xlvx%t) + Q(y—‘-l)j (xbx?vt) h 1,1 + h 1,2 +1

1 (=)
+ﬁ |:X]1,80 (l’l, l’g,t) h 1.5 X;SO (l’l, l’g,t):| + (I)jlo (ill'l, xg,t)
1
= IOU;O (iL‘l,LIZ’Q,t), ] = 172737 (17)

2 1 2 H 2
Xig05 (71, 72,1) — oy Xigo (21, 29,1) h oy, — Xizg (71,72, 1)

)\ (e (18)
+Q(17)j (‘1'17 L2, t) h 2,1 + h 2,2 +1

+<I>§O (1, 29,1) = pii?o (21, 29,t), j=1,2,3.
From (7), by virtue of (12), (14), (15), (16), it follows that

Xzﬁo = )‘hf’go,é(sozﬁ + Mh1 (UZ[O,,B + Ugo,o) ) a,B,v=1,2; (19)
X;ﬁo = g30 = 2uegﬁ0 = ,uhlvgoﬁ, B,y=1,2; (20)
X0 = Aejg + 2pegsy = Mhyvgg 5, v=1,2. (21)

Thus, from (17), (19), (20) for j = « it follows that

[(hwam + (hivhoa) ] + A (avbos)

{ o L 0as + 1 (vhe s+ vhow) ] — ﬁwéo,a} (22)

)\’ }
+Q<+) \/( . 1) ( h 1,2) + 1+, = phyvl,, a=1,2;
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and from (17), (20), (21) for j = 3 it follows that
1 1/ &= 1
Y (h1U30,5)75 T 5 (#hsYs0 AUz 5

© \? 5N . .
+Q(V+1)3 h 1,1 +{ h 1,2 +1+ (1)30 = phlv?)O'

On the one hand, because of the first condition on the interface (see (4)),
according to (11), in the zeroth approximation

(23)

1 1

2h, 410 = Aj Voi = % jio V2i s j: 172737

which are known after solving an initial boundary value problem (IBVP)
for the first ply. On the other hand,

(+)
()

_ h 2,8
Yop = 2 2
(+) (+)
hoy)] | hyy) +1
1

()

That is why,

< 24

L@ (BN @ 2
_XJZVQZ h21 + h’2,2 +1

1 (N (@
- ﬁXJzo(l’b%Q,t) l/2i\/<h2,1) + (hz,'z) +1

1

1 ® N\ /o)

.0 _— ) =
=%, o, (h> ! (h ) rhomhes

and the last quantities are known.
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So, in view of (24), from (18) we get

1 © \? /) \?
XjQ,BO,B(xbe?t)_'—_Q(lJr) ) h2’1 + h2’2 +1
’ 2h1 V2 J

BN SN (25)
+Q(172)j($1,x2,t) (h2,1) +(h2,2) +1

+(I)?0(231,$2,t) = pﬁ,?o(.il?l,.TQ,t), ] = 1,2,3.

Thus, from (25), taking into account (19), for j = « it follows that

1% [(hwio,ﬁ),g + (hﬂ[zio,a),g} +A (hQU%O:B),a
1, © \? 5\
R (CORICoRE
=\ /) ) ..2
"‘Q(,/_)a h2,1 + h2,2 +1+(I)a0:ph2va07 a=1,2

and from (25), (20) for j = 3 it follows that

1 @ \2 /& \?
1% (h2U§0,6)75 + 2_h1Q(1+)3\/< h 2,1) + < h 2,2) +1
2

=\ /e ) i
+Q(172)3 h 2,1 + h 2,2 +1+ (I)SO = ph?vBO'

In the case of n plies the systems of the first n — 1 plies are similar to
system (22), (23) and the system for the last, i.e., n-th ply is similar to
system (26), (27).

BCs for each ply prescribed on the boundary of the layered body pro-
jection should be added to the governing system. We get the corresponding
boundary data from the boundary data on the lateral boundary of the lay-
ered body multiplying the last data on Fj(a x5 — b,) and integrating with

(27)

respect to x3 within the limits (h),y(l'hl’g) and (Z)W(xl,@), v =1,n, on
the non-cusped edge of the ply; while by setting BCs along the cusped edge
of the ply peculiarities arising in the theory of cusped prismatic shells [3]
should be taken in consideration. So, on the lateral boundary of the layered
prismatic shell we can consider all the reasonable BCs in displacements,
stresses, and mixed ones as well, herewith on the boundaries of the different
plies BCs of different genus (kind) can be prescribed.
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Using the energy potentials for each ply we follow [1] in proving unique-
ness of solutions of BVPs in the zeroth approximation corresponding to the
3D Physical Problem 1.

Analogously, we handle the case of the N-th hierarchical model (approx-
imation).

In the case when no of plies are cusped ones we use the well-known
methods (see [1,2,5,6]) applied for non-cusped prismatic shells; if at least
one of the plies is a cusped prismatic shell we use the above mentioned meth-
ods combined with the well-known methods developed for cusped prismatic
shells (see [3,7,8] and references given there); if all the plies are cusped ones
then we use the above methods [3].

Let us now consider a special case of deformation of the above layered
prismatic shell in the static case when

(%)
hy = const, vjy =vj(r2), j=1,23, ~v=12,

x9 € [0,L], x €]—00,+00].
For v =1 from (22), (23) we get

Mhlvio,m + Q<J1) 1(352) + Pip(a2) =0, (28)

(A+ 2#)}11”50,22 - gvém + Q(ﬂ)z(%) + (P%o(x?) =0, (29)
A

,Uhlv?l)o,m - 5”50,2 + Q(;l)?)(@) + (I):lso(@) =0, (30)

Let

V=0, j=2,3

Then (29), (30) we rewrite as

(A +2p)h1 Vo — gvsl + QSZ)Q + @y = 0, (31)

A
Nhlvzalz - §V21 + Q(;l>3 + B3y = 0.

Hence,
2,uh1 2
V21 = \ V312 + X<Q(u+1)3 + q)éo)

and substituting the latter into (31), we get

20\ + 2p) 13 Py 2+ 2)h
%%{22 - 5\/31 + %(Qgﬁg +@z0) 0 + Q<V+1>2 + @y = 0.
(3)

Integrating (28) we have

1 2

1
Vg = ——
10

whi Jo

(x—T)[Q(+)1(7’)+<I>%0(T)]d7'+01x2+02, c1, ¢o = const. (33)
2]
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Let, for the sake of simplicity,
Q(-‘r) = 07 q)jlo = 07 ] = 17 27 3. (34)
Then, from (32) we have

2(\ 4 2u) ph?
( +>\/.L),U 1‘/;’22 o g‘/z))l =0.

Looking for the solution in the form

‘/31 = e'*2,
we obtain )
2()\ + 2,U/>h1 n2617z2 _ 1677932 —_ O
A 2
and
1 A
o =t— .
;2 2h1 A + Q,u
Hence,
2uh
Vi = c3e™™ 4 ™™ Vi = li\ ! (c3me™™ + cynee™*?), cs, ¢4 = const.

Finally, taking into account (33), we obtain

U%O = C1Z2 + Cg, (35)
1 2'uh1 nT2 1272
vy = [c3(eM®2 — 1) 4+ ¢4(e™™ — 1) +¢5,  ¢5 = const, (36)
Vi = E(e’”””2 -1+ %(6’72””2 —1)+c¢s, g = const. (37)
m 2
According to (20), (21), by virtue of (36), (37), evidently,
X1130 = Mhlv§o,1 =0, (38)
Xyzo = thavsgy = ph (c3™™ + cqe™2) (39)
X0 = )\hlv%w = 2uh? (c3me™™2 + cympe™"?) . (40)
Since Q,, = Xi3, = 0 because of (38), for v = 2 from (26), (27) we get
vy 1
Mhﬂ)fo,m + Q(y—;l + @%0 =0, (41)
1
(A + 201) havig 9 + 2_h1X2130 + Q(;2>2 + @3 =0, (42)
2 Lo 2
fhav3g 20 + 2_h1X330 + Q<I;2>3 + @3, = 0. (43)
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Solving them, in view of (39), (40), we obtain
z2

1
v =——— [(@=7) Q) (1) + ¥(r)] dr + ez + s,
Mo J vy 1

2

b= o) g (e e
0

1
+—()\ 200k (Q(;Q) , T q%o)} dr + cy2 + Cio,

Z2

h 1
2 _ L mT n2T - 2
V3g = /(xg 7) [h (csme™ + cymee™T) + T <Q<V_2)3(7') + ®30(T))] dr

2
+c11x2 + ¢12,  ¢7, C8, Cg, Cio, C11, C12 = CONSt.

Let, for the sake of simplicity, in what follows

Q- =0, =0, j=123, (44)

Uiy = Cry + s, (45)

’USO = —/O (CL’Q — T) [m (6367717 + C4€n27):| dr + C9T9 + C1o (46)

) C3 Cyq C3 Cq
= v oo |l =T :z;——e”l“’—l——e"?”—l}
2(X +2p)hy Kn n2> 2 ( ) n? ( )

+CgZL'2 + C10,

To L
gy = _/ (g — ) {h_; (cgm, e’ + 047726772T)} dT + c1172 + 12 (47)
0

h
- h_l {(03 + 1) 22 — % (em® —1) — % (e — 1)} T s + i
2 1 2

According to (20), (21) for v = 2, by virtue of (46), (47), evidently,
X1230 = MhQU?Q,OJ =0, (48)
Xiso = hhavygy = —pihy [e3 (€M™ = 1) + g (€% = 1)] + phacry,  (49)

AL C3 Cq
XQ :Ah 2 = ——— | — 7719:2—1 +— 7722?2_1 —‘—Ah .
330 2V20 2 20+ 20) |, (e ) 772 (e ) 20(9 |
50

Let us consider the following BCs

v]o(o) = dj.o, j=1,23, ~v=1,2; (51)
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vi(L) =dj, j=1,2,3; (52)
V(L) =djp, j=1,2,3; (53)
Then, taking into account (35), from
U%0<O) = d%o and U%O(L> =dy

it follows that

diy — d?
co =dj, and ¢ = %, (54)
whence,
dyy — d}
vy = %3?2 + dip; (55)
taking into account (45), from
U%o(o) = d%o and U%O(L) = di2
it follows that
2 diz — diy
cg =djy, and ¢y = —7 (56)
whence,
dig — d?
v = %3@ + d3y; (57)
taking into account (36), (37), from
U%o(o) = d%o and U%o(O) = d:%,o
it follows that
cs = dy, and cg = di,, (58)
respectively;
from
’U%O(L) = d21 and U:;l,O(L) = d31
it follows that
2uh
£ [C3<€n1L — 1) + C4(€n2L — 1)} = d21 — déO
and . .
mL _ 1 nL _ 1
< Cg+€2 C4:d31—dz130,
Un UB
respectively, whence,
2uha
d21 - d%o NTI (6772L o 1)
P d31 —dyy 1,
’ duhi(enEo1)(emio1) | 11
U
_ Aldar —dyg)n,* — 2(ds1 — dio )l (59)

2phy (emt —1) (n;t —nt)
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2@ d21 - d%O (enlL . 1)

ot da = dy
Cy = ?fuhl(@"lL*l)(@"QL*l)(77271*77171)
)
_ 2ihy (dsy — d3g) — Mda1 — d%o)ﬁl_l (60)
2phy (emt = 1) (n;t =)
Taking into account (46), (47), from
U%O(()) = d%o and Ugo(o) = dgo
it follows that
Cio = ng and Ci12 = dg(), (6].)

respectively; from
U%O(L) = dgg and U?Q)O(L) = d32

it follows that

Iz 3 C4 €3 L ¢4 L
——— |(—+ — | L— = (e"" = 1) — = (e"" = 1) | + oL
2(A + 2p) hy [(n 772) n? ( ) n? ( )} ?

o 2
= day — dj,

h
h—; [(03 +cy) L — % (em* —1) — 707_4 (em" — 1)] +enl = da — dy,

respectively, whence,

LCg = d22 — d%O

(62)
1% C3 Cq C3 I Cy L
———— || =+ — | L= (""" =1) — = (e™ —1};
2(A + 2u)hs Km n2> n? ( ) n? ( )
h
Ley = dg — d3y — {(03 te)L—2 (emt—1) = o (€™ —1)
h2 771 7]2
(63)

Thus, a unique solution of the BVP for system (28)-(30), (41)-(43) with
BCs (51)-(53) has the form (55), (57), and (36), (37), (46), (47) with (59),
(60), (62), (63).
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