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ON THE OPTIMALITY OF INITIAL ELEMENT FOR DELAY
FUNCTIONAL DIFFERENTIAL EQUATIONS WITH THE MIXED
INITTIAL CONDITION

Tadumadze T.

Abstract. Necessary optimality conditions are obtained for the initial element
of a nonlinear functional differential equation with constant delays in phase co-
ordinates and with the mixed initial condition. Here the initial element implies
the collection of initial and finally moments, delay parameters, initial vector and
functions, control function. The mixed initial condition means that at the initial
moment, some coordinates of the trajectory do not coincide with the correspond-
ing coordinates of the initial function (a discontinuous part of the initial condi-
tion), whereas the others coincide (a continuous part of the initial condition).
In this paper, the essential novelty is necessary condition of optimality for delay
parameters, which contains the effect of mixed initial condition.
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1. Problem statement. Necessary conditions of optimality

Let R} be the n-dimensional vector space of points

n

T = (xl, - xn)T, |Ji|2 = Z(ﬂy

=1

where T" means transpose; let P C R’;, Z C R and V C R;, be open sets
and

O={r=@p2)" €R':pe Pzc Z},

where k& + m = n; the n-dimensional function f(t,z,p,z,u) is continuous
on the set I x O x P x Z x V and continuously differentiable with respect
to z,p, z, where I = [a,b]; let Py C P be a convex and compact set of
initial vectors pp and 0 < 7, < 75,0 < 01 < 09 be given numbers. Further,
let @ and G be sets of continuous initial functions ¢(t) € Py,t € I; and
g(t) € Zy,t € I, respectively, where I} = [7,b],7 = a — max{7, 02} and
P, C P, Z; C Z are convex and compact sets. Let €2 be a set of piecewise
control functions u(t) € U,t € I with discontinuity points of the first kind,
where U C V is an arbitrary set. Suppose that, the scalar functions

qi<t0at1a7—a g, D, va)7 1= 07l



66 Tadumadze T.

are continuously differentiable with respect to all arguments
to,tl S I,T S [7'1,’7'2],0' S [0'1,0'2],]) S P,Z S Z,LU € 0.
To each element

w = (t07t177_7 J,po,@('),g('),U(')) eWw
= (a,b) x (a,b) x (11, 72) X (01,02) X Py x & x G x

where ty < t;, we assign delay functional differential equation

w(t) = f(t,2(t),p(t —7),2(t — o), u(l)) (1)

with the initial condition

{x<t> = (p(t), 2(1)" = (9(8), g()" £ € [ o), 2
z(to) = (po, 9(to))"

The condition (2) is said to be a mixed condition. It consists of two
parts: the first part is p(t) = p(t),t € [7,1), p(to) = po, it is the so-called
discontinuous part, because, in general, p(ty) # ©(to); the second part is
z(t) = g(t),t € [T,to], it is the so-called continuous part because always
z(to) = g(to)-

Definition 1.1. Let w = (to, t1,7,0,p0, (), 9(-),u(-)) € W. A function

x(t) = z(t;w) = (p(t;w), 2(t;w))" € O,t € [7,t]

is called a solution of equation (1) with the mixed initial condition (2) or a
solution corresponding to the element w and defined on the interval [7,¢,] if
it satisfies condition (2) and is absolutely continuous on the interval [to, ;]
and satisfies equation (1) almost everywhere on [tg, ¢;].

Definition 1.2. An element w € W is said to be admissible if the
corresponding solution x(t) is defined on the interval [7, t;] and satisfies the
conditions

qi(t07t177—7 U,po,g(to),x(t1>) - 07 1= 17l (3)

We denote the set of admissible elements by W,.
Definition 1.3. An element

wo = (too, t10: To: 00, Poos Po(+): go(+), uo(-)) € Wy
is said to be optimal if for any w = (to, t1, 7, 7, po, (), 9(-), u(-)) € Wy
¢° (too, t10, To, 90, Poos o (to0); To(t10)) < ¢ (to, t1, 7,0, 10, g(t0), 2(t1)).  (4)
Here z¢(t) = z(t; wy), x(t) = z(t; w).

Problem (1)-(4) is called an optimization problem with respect to initial
element. It consists in finding an optimal initial element wj.
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Theorem 1.1. Let Wy = (too,tlo, To, 00, P00, (,00('),90('),U0(')) be an op-
timal element and let xo(t) = (po(t), 20(t))T be corresponding solution and
the following conditions hold

1.1. tgo + 10 < ti0;

1.2. the functions @o(t), go(t),t € Ji are absolutely continuous and
o(t), go(t) are bounded;

1.3. the function §o(t) is continuous at the point too;

1.4. the function ug(t) is continuous at the point toy + To.

Then there exists a non-zero vector m = (mg,...,m), where 7o < 0 and a
solution U (t), of the equation

U(t) = =W () foult] = (W (t + 70) fop[t + 7o), Y (t + 00) fo:[t + 00]),t € [too, tio],
‘P(t) =0,t >t

such that the conditions listed below hold:
1.5. the conditions for the function

U(t) = (), x(@) = (@1 (t), - Ye(t), xa(t), - - xem(t))

and vectors poo, go(too)
\I/(tlo) = WQOxu

(7Qopo + ¥ (t00))Poo = g)lglg(i)(WQOpo + (too))po,
(mQo= + X(t00))go(too) = l;fé%X(WQo,z + x(t00))9;
1
1.6. the integral mazimum principle for the optimal initial functions

wo(t) and go(t)

/OO W(t + 70) fop[t + Tolpo(t)dt = maX/OO W(t + 70) foplt + Tolp(t)dt,

00—T0 (€2 Ji59—70

/ : U(t 4 09) fo.[t + 00]go(t)dt = max / : U(t 4 09) fo.[t + oolg(t)dt;

00—00 9()EG Jipo—00

1.7. the integral mazximum principle for the optimal control ug(t)

/ ’ U(t) fo[t]dt = max / ’ U(t)f(t,xo(t), po(t — 70), 20(t — 00), u(t))dt;

too u(-)ef2 too

1.8. the condition for the optimal final moment tyg
7Qot, = —V(t10) folt1o];
1.9. the condition for the optimal initial moment tq
TQot, + (1Qoz + X(t00))d(too) = Y (tao) foltoo]

+W (too + 70){f[to + 705 Poo] — f[to + T0: wo(teo)]}:
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1.10. the conditions for the optimal delays 1o, 09

TQor = ¥(too + 70){f[to + To; Poo] — f[to + To; Po(too)]}

+f " W) fopltlolt — o),

too

WQOO’ = / B \Ij(t)f()z[t]Z()(t — O'Q)dt.

too
Here
Jolt] = f(t, zo(t), po(t — 7o), 20(t — 00), uo(t)),
fou[t] = fa(t, 2o(t), po(t — 7o), 20(t — 00), uo(t)),
f[t;po] = f(t,xo(t),po, Zo(t - Uo)yuo(t)),
Qoz = Qx(too, t10, T0, 00, Poo, Jo(teo), Zo(t10)),
Q(t07 t177—7 g, Do, Z,l') = (qo(t07 t177-7 g, Do, Z,ZL'), o 7ql(t07 t177—7 g, Po, Zax)T-

Some comments: the expression

WU (too + 70){ f[to + 705 Poo] — flto + T0; po(too)]}

is the effect of the discontinuous part of the mixed initial condition; the
term

(mQo= + X (t00))d(too)

is the effect of the continuous part of the initial condition.

Theorem 1.1 is proved by a method given in [1]. Finally we note that the
optimization problems for various classes functional differential equations
with fixed delays and with the mixed initial condition are investigated in
[2-5].

2. Problem with the integral functional

Let po € P and x; € O be fixed points.Consider the following problem
(t) = f(t,z(t),p(t — 1), 2(t — o), u(t)),t € [to,t1],

x(t) = (p(t),9(t)",t € [7,t0),
z(to) = (po, g(to))”,

Z(](tl) =T,

[lﬁwwwm@—ﬂﬂﬁ—ﬂwﬁﬂﬁﬁmm,

where the function fO(¢,x,p, z,u) is continuous on the set I x Ox Px Z xV
and continuously differentiable with respect to x, p, z.
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Theorem 2.1. Let wy = (oo, t10, 70, 70, 0 (*), go(+), wo(+)) be an optimal
element and let xo(t) = (po(t), 20(t))T be corresponding solution and condi-
tions 1.1-1.4 of Theorem 1.1 hold. Then there exists a non-trivial solution

H{(t) = (do(t), ¥(t), x(t)) = (vo(t), U(t)),1ho(t) = const <0,
of the equation

\If(t) = —H(t)Fow[t] — (H(t + To)Fop[t + To],H(t + UO)FOZ[t + O'()]),t € [too,tlo],
H(t) = 0,t > ty.

where F = (f°, f)T, such that the conditions listed below hold
2.1. the condition for the vector go(too)

X (t00)go(too) = max x(teo)y;
9g€Z1

2.2. the integral maximum principle for the optimal initial functions
po(t) and go(t)

too too
/ H(t 4 10) Foplt + T0]po(t)dt = max / H(t 4+ 1) Foplt + 10]p(t)dt,
t t

00—T0 (€2 Ji59—m0

too too
/ H(t+ 00)Fo.[t + 00]go(t)dt = max / H(t+ 0¢)Fo.[t + oolg(t)dt;
t t

00—00 9O)EG Jigo—00

2.8. the integral mazximum principle for the optimal control ug(t)

tio

/t Y R = max [ HOF (. 20(t). polt — 7). 20(t — 00).u0(E))d:

u(-)eQR t00

2.4. the condition for the optimal final moment tig

mQot, = —H (t10) Foltio);

2.5. the condition for the optimal initial moment too
X(too)d(too) = H (too)Foltoo) +H (too +70){ F'[to +To; Poo) — F[to + 7o ¢o(too)] }:

2.6. the conditions for the optimal delays T, 0g

H (too+70){ F[to+70; po] — F [to+70; Sﬁo(too)]}-F/t ’ H (t) Fop[t]po(t—To)dt = 0,

tio
/ H#) Fo.lt)0(t — 00)dt = 0.
too
Here

Fo[t] = F(t,l’g(t),po(t—Tg),Zo(t— Uo),UO(t))7F0$[t] = Fm(t,xg(t),po(t—ﬂ)),
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20(t — 00), uo(t)), F[t; po] = F(t, 2o(t), po, 20(t — 00), uo(t)).

3. Problem for the linear equation

Let to; < tog < t; be fixed numbers, with t; —tge > max{r, 02}. To each
element

w= (to,7,0,p0,2(-), g(+),u(:)) € Il = (to1,toa) X (11, 72) X (01, 02) X Pox PX G
we assign the linear delay differential equation

&(t) = Az(t) + Bp(t — 7) + Cz(t — o) + Du(t)
with the mixed initial condition

{x(t) = (p(t), g(t))T,t € [7.t0),

z(to) = (po, g(to))",

where A, B, C' and D are constant matrices with appropriate dimensions.
Let y € O be a given vector.
Definition 3.1. An element oy = (o0, 70, 00, Po, ©o(*), go(+), uo(+)) € II
is said to be optimal if for any p = (to, 7,0, 0(-), g(-), u(-)) € 11

| (t1; o) — yI® < |(tis p) — yl?

Theorem 3.1. Let 1o = (too, 70, 00, Po, o(*), go(+), uo(+)) be an optimal
element and let xo(t) = (po(t), 20(t))T be corresponding solution and condi-
tions 1.2-1.3 of Theorem 1.1 hold. Then there exists a solution V(t) of the
equation

U(t) = —W(t)A — (U (t + 10) B, U(t 4 00)C), t € [too, t1o],
\If(t) =0,t >ty

such that the conditions listed below hold
3.1. the condition for the function

V(t) = (@), x(®) = (@), ., (t), xa(t), -, xm (1))

and vectors poo, go(too)

U(tiy) = —2(zo(t1) — y)", ¥ (too)poo = z%lgl—% ¥(too)po,

X(too)go(too) = max x(too)g;
9gE€Z1

3.2. the condition for the optimal initial moment too

X (to0)d(too) = ¥(too) | Azo(too) + Bpo(too — 70) + Cz(teo — 00) + Duo(too)]
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+¥(too + 70) B(Poo — wo(too);
3.3. the conditions for the optimal delays o, 0

t1o

W (too + 70)B(z00 — o (too)) + / W(t)Bpo(t — 7o)dt = 0,

too

tio
t

00
3.4. the integral mazimum principle for the optimal initial functions
wo(t) and go(t)

too too
/ U(t + 79)Byo(t)dt = max / U(t+ 19)Byp(t)dt,
t t,

00—T0 pl)ee 00—T0

too too
/ U(t 4 09)Cgo(t)dt = max / U(t+ 09)Cyg(t)dt.
¢ t

00—00 9()eG 00—00

3.5, the integral maximum principle for the optimal control function
uo(t)

/tm U(t)Dug(t)dt = max /tlo U(t)Du(t)dt.

00 u(-)ef2 too
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