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1. Introduction

In the present paper in the case of harmonic vibration we study well-
posedness of boundary value problems for elastic cusped prismatic shells in
the first approximation of I.Vekua’s hierarchical models in case of harmonic
vibration. One can find survey of results concerning cusped prismatic shells
in [6]. To the investigation of cusped plates within the framework of clas-
sical Kirchhoff-Love model the works of E. Makhover [8], G. Jaiani [7], N.
Chinchaladze [1] are devoted. Vibration under action of fluids is considered
by N. Chinchaladze [2], N. Chinchaladze and R. Gilbert [4].

We consider symmetric cusped prismatic shells, i.e., plates of variable
thickness with cusped edges. We assume that the cusped plate projection w
has a Lipschitz boundary dw = 7,U%,, where 7, is a segment of the x;-axis
and 7 lies in the upper half-plane x5 > 0; moreover, in some neighborhood
of an edge of the plate which may be cusped, the plate thickness has the
following form

(+) (=) .
2h(l‘1,l‘2) = h (.Tl,xg) — h (561,.732) = ho.flf2,

ho = const > 0, k= const >0, z9 > 0.

Then 7o will be a cusped edge for x > 0.

In what follows X;; and e;; are the stress and strain tensors, respectively,
u; are the displacements, ®; are the volume force components, p is the den-
sity, A and p are the Lamé constants, d;; is the Kronecker delta. Moreover,
repeated indices imply summation, bar under one of the repeated indices
means that we do not sum.

By wir, Xijr, €ijr, ®j we denote the r-th order moments of the corre-



34 N. Chinchaladze

sponding quantities u;, X;;, €;j, ®; as defined below:

(Um Xijry €ijrs (I)jr> (21, 22,1)

+)
h (z1,22)
= / (Uz‘, Xijy €ij @j)($17$2,$3,t)Pr(@$3 —b) dxs, j=1,3.
(?(m,zz)

I.Vekua’s hierarchical models for elastic prismatic shells are the mathemat-
ical models (see, e.g., [11], [12], and [6]). Their constructing is based on
the multiplication of the basic equations of linear elasticity by Legendre
polynomials P.(axs — b), where

1 (ﬁ)( )+ (ﬁ)( )
T1, T2 L1, T2

— b =

h(ajl’l'Q)’ (1‘171'2) 9

oz, 72) = @ =

h ((L’l,l'Q) — h (ZE17.T2)

and then integration with respect to z3 within the limits h (z1,x2) and

h (x1,x2). By constructing Vekua’s hierarchical models in Vekua’s first
version on upper and lower face surfaces stress vectors are assumed to be
known.

The mathematical model of elastic cusped plates with variable thickness,
in the N = 1 approximation of Vekua’s hierarchical method, is described
by the following degenerating hyperbolic system ([6])

phvsos — 1[(ha0,p) .0 + (Mg0.0) ] — Ahvso,) s — 3A(hug) s = B,

PhUSO,tt - M(hv3o,a),a - 3M(hva1),a = <I>§,°)7 (1)
310 = 30| (W¥0ar6) 0+ (W¥0s10) 0| = BA(RP0315) 5
+3 [Mh(vso,ﬁ + 3”51)} = 3hq’,(31)7 B=12,

3ph3v31,tt - 3,u(h311317a),a +3 [)wao’7 + 3N+ QIU)h"Ugl} = 3h®§1).

where

r (+)\ 2 (+)\ 2
Q;:=Q \|1+ <h71) + <h72) +
nj

(=)\2 (=)\2 _
+(_1)TQ(7—L)J\/1 + <h71> + <h72> + q)j'r’aj = 1737 r= 07 17
Q) and @, are components of the stress vectors acting on the upper
n j n j

+ —
and lower face surfaces with normals (n) and (n), respectively. ®;o and ®j;
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are the zero and first moments of the volume forces ®;; v;o and v;; are
the components of the zero and first weighted moment of the displacement
vector v;, := h™"'u .. The ranges of Latin and Greek indices are {1,2,3}
and {1,2} correspondingly.

2. Harmonic vibration of the cusped plate in case of first ap-

proximation of Vekua’s hierarchical models

We will consider the case of harmonic vibration, i.e.,

0
vip(x,t) = e_ll’ti())ir(x), ") (x,t) = e_l’jt(I)gT)(a:),

v=const >0, i=1,3, r=0,1.

For z?io(x) and vy (x) taking into account (1) we get the following system
(in what follows we omit the overscript index 0 if it will not lead to a
misunderstanding)

_py2hU60 - N[(hvaO,B)u + (hvﬁ(),oe),a} — AMhvy0,4) 5 — 3A(hust) g = CD(BO)v
_pVZhUSO — p(hvzo.a) .0 = 31(hvar) 0 = q)z(%O)a

—3p1/2h31151 —3u [(h?’val,g)@ + (h?’vmu),a} — 3\ (hSUWM),/B (2)
3| b (v + 3ugn) | = 3n0L, B=1.2,

—3p02h g1 — Bp(h*vs1.0) o+ 3| Ahso s, + B+ 2u)hvg; | = 3h0L".

Denoting by L(Y)(z,0) the 6 x 6 matrix differential operator, generated
by the left-hand side expressions of system (2). We can rewrite (2) in the
following vector form

LY (z,0)v(z) = F(z), z€w, (3)

where

LW(z,0) = ,
@0 =\ T Li Ly Lu Lis Lu
Lsi Lsy Lsg Lsa Lss Lsg
Ler Lex Les Les Les Les
0? 0? 0
Lii = —p?h — h(2 AN— —hu— — h,o u—
1 pv (2 + )8:1:% M@x% 2 “amg’
Ly e (gt N = hy 2 L= Ly = s =0
12 = M 97107+ 2 M8x17 13 = Lig = L5 = U,

0 0? 0
Lig:= —3\h——, Loy :=—h A — ho u—o
16 oz, 21 (1 + )(%10932 2 u@xl )
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Los = —pv%h — h(2 4 N) e — b — g (4 0)
22 = —p H a2 Na 2 (M Zg’
0
Log = Loy = Los =0, Lo := —3A(h,2 +h8_)
T2
0? 0? 0
L3y = Lo = L3g =0, L3 :=—pv’h—h h
31 32 36 = U, Ls3 pv H(62+82)+ ,2,“82
0 0
Lag = —3uh-2—, Lys = —3u(h,s +h——
34 3 oz L 3p(h,o + 8:}62)’
0 5 07
Ly = Lyg = Ly =0, Lyg:=3ph——, Ly :==3(n+ A)h ;
8 1 8x1m2
Lyy := —3pv?h® — 3(2u + \)h? s O -3 h38—2+3h2h i+9 h
44 = P 1% 8 2 022 5 »2 O i,
0
Lsy = Lsy = Lsg = 0, Lsz := 3Mha
552
0? 0
L5y = —3 N)h3 — 3\R%h,, —
54 (n+A) D211 )2 92,
: o : 0
Lss := —3p0%h3 —3h——32 A — 92+ N)h“h,s — 4+ 9uh
55 proh’vey — 3pu 022 (2n+ )8 (2u+A) ’282+M’
0 0
L - 3)\}1 L = —3)\h L63 - L64 — L65 — 0,
(‘9 1 8 2
Les = —3pv>h® — 3u | 3R%h i+h?’ o + 9\ +2u)h
66 - 7018 axQ ;

V.= (1)10,020,U30,0117021,U31)T,
F = (@, 0 o 3h0{", 3hd}", 3h0"),

the symbol (-)T means transposition.
Let

U7U* S CQ(("'}) N Cl<w)7 U* = (Uik()vU;O?U;Ov Uilv U;17U§1>T7

where v and v* are arbitrary vectors of the above class. After multiplication
(3) by v* and integration by parts we obtain the following Green'‘s formula

/ LWy - v*dw = BO (v, v*) — / T,v - v*dow = /F -vtdw.  (4)
w Oow w

Here and in what follows the - denotes the scalar product of two vectors,
n = (nq,n2) is the inward normal to Ow,

B(l)(v, v") ::/{h[pyzvjov;o + /L(vaoﬂv;()’a + Uj07av;07a) + Avao’avgoﬂ]

+3h3pr? V1V — 3A(h31),0 Voo — 31(AVa1),a V30 (5)

+3h3 (1Va1,8V51 o + HVj1,aV51 o T AVal,aVh1 5)
+ 3Ah0a0,0V5; + Bphvs 0 Ve + Ophva vl + 9N + 2p) hug v, Hdw,
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Tn = {O—nlﬂv 0n20, 0n30, 3h0n117 3h0n217 3h0n31}7
with
1
Onir = OijrNj = {)\51](2 hs+1bk3’l)ks + hrﬂvkr,k)}nj
! T T
Hul> " BT bivjs + bjsvir) + B (v o)y, i=1,2,3, r=0,1,
where (see [6])
(2) (i_z) . (;—l) (;L) 0 .
be, ::_M, be, ::_M’ =1,2; byg = by =0,
0 oh 1 h «Q 30 31
. 0 (;rl) +(;L)
bjO = O, bjl = —3$ = O, ] = 1,2,3,
Onir, © = 1,2,3, r = 0,1, denote the zero and first moments of the

corresponding components of the 3D stresses 0,,;, 7= 1,2,3. From now on,
throughout the paper we assume that the plate is symmetric, i.e.

=) (+)
h =—h, 2h=hoxy, ho=const >0, k=const >0, xg>0.

If we consider BVPs for system (3) with homogeneous boundary condi-

tions for which the curvilinear integral along dw in (4) disappears, we arrive
at the equation

BW(v,v*) :/F-v*dw.

Let us consider the following Dirichlet problem in the classical setting:
Fing a 6-dimensional vector

T
v = (U10, V20, V30, V11, V21, U31)

in w satisfying the system of differential equations (3) in w and the homo-
geneous Dirichlet boundary condition on

()]t =0, =€ dw. (6)

Note that throughout the paper, for smooth classical solutions, equation
(3) and boundary condition (6) are understood in the classical point-wise
sense, while for generalized weak solutions of equation (3) is understood in
the distributional sense and boundary condition (6) understood in the usual
trace sense. To derive the weak setting of the above problem, we have to
apply Green's formulas (4). We arrive at the variational equation:

B(l)(v7v*) = <F’ U*>7 (7)
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where the bilinear form BM (v, v*) is defined by (5) and
(F,v*) = / (@07 + 3h0Mv% ) dw. (8)

Note that the bilinear form (5) can be represented as follows

1
1

BW (v, v*) := / {(hpy%iovfo + 303 prPogv}y) + Z (7’ + 5)
w r=0

X a[Aegrr (V) e (V) + 2u6ijr(v)eijr(v*)]}dw,
where e;;, (r =0,1) is given by the following expression

1 1,
€ijo = §h(vi0,j +vj0.4), €1 = §h (Vi1 + vj14)-

Further, we construct the vectors in Q := {(z;23) : * € w, —h(x) < 23 <

h(x)}

1 3
wi(fL‘,l‘g) = 5112‘0(%’) + 513%’1(1‘), 1= 1, 2, 3, (9)
w; (z,x3) = §vi0(x) + §x3vi1(az), 1=1,2,3. (10)

It can be shown that
Blw, w*) = / [2pr w4+ oy (wpey(wh)]d2 = BO@w,0%), (1)
Q

where w(z, z3) = (wy, wa, w3) and w*(z, x3) := (Wi, ws, w}) are vectors and
B(w,w*) is the bilinear form corresponding to the 3D potential energy for
the displacement vector w. Owing to positive definiteness of the potential
energy for 2\ + 3 > 0 and p > 0.

B(w,w) > 2pv* Z/wdﬂ—l—cQZ/ew [2dQ = Z/Zpy2w2d§2

i,7=1
3 1 3
‘l‘CQ/dCd/ —aeijo(v) + 5&21'36,']‘1(’0)) . <§CL€Z’]’0(U) + 5(121’361']'1(1)))611’3
3
3 dw
:Z/Zpy w2dQ—|—02/ Z zgo e (v ))7 (12)

i,j=1

dw
/ dw/ 2p0? - vlovw + 92301051 + 623050051 )dTs + Co Z / 2]0 )7

1,7=1
_Z/hpu (v + 3h*v fldw—FcQZ/ e;io(v

4,7=1



Harmonic vibration of a cusped plates ....

39

After denoting by ¢q := min{1, c2} we obtain

3 3
1 1
() () ok 2 2 22\, + 20y,
B (v,v") > CO/ <hpy E (vip + 3h°v;) + 5 i;l e;;(v) h)dw.

w i=1

Remark 1. In view of (11) and (12) we conclude that BM(v,v) = 0
yields v = 0. Indeed, if B (v,v) = 0, then B(w,w) = 0 by (12). In turn,
the latter equality for the strain tensor e;; corresponding to the displacement
vector w implies that e;;(w) =0, 4,j = 1,2, 3, i.e., w is a rigid displacement.
Since w vanishes on the part of the lateral boundary I'y of {2 (which contains
at least three points not belonging to a straight line) it follows that w = 0
in Q. Therefore v;., r = 0,1, due to formulas (9) and (10).

Denote by D(w) a space of infinitely differentiable functions with com-
pact support in w and introduce the linear form [D(w)]® by the formula:

(v,v")xp, = / [hpu2(viovf0+3h2vﬂv;)
1

+(Resn(@esn(v) + Zes(@)en () 1]

- /[hPVZ(UwUfo+3h27}i17):1)}dw

3

+%§:/{%Ww+wwﬂhww+@“ﬂ
ij=1"%
+3 [h2(vi1,j + Ujl,i)} [hz(“ﬁ,j - ”;1’@')} }dfw

Denote by X7, := X{,(w) the completion of the space [D(w)]® with the
help of the norm:

Hv||§(fy = / [hpuz(vfo + v3 + V3 + 3h%v}, + 3h*v3, + 3h*v3))

h
+§ (47}%0,1 + 4“30,2 + 2(vi02 + U%O,l)z + 2U§O,1 + 2“32)0,2>

3h3
—1—? <4vf171 + 403 5 + 2(vi12 + va11)® + 203, + 21132)1’2)} dw. (13)

X7, is a Hilbert space.

Now we can formulate the weak setting of the homogeneous Dirichlet
problem (6), (7):

Find a vector v = (vy0, Vg, V30, V11, Va1, U31) | € X, satisfying the equal-
ity

BW(v,v*) = (F,v*) for all v* € X7, (14)

Here, the vector F' belongs to the adjoint space [Xﬁy]*, in general, and

(-,-) denotes duality brackets between the spaces [XT |* and XT,,.
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Lemma 2. The bilinear form BY(-,-) is bounded and strictly coercive
i the space Xﬁy(w), i.e., there are positive constant Cy and Cy such that
[BW (v, 0")| < Culfollxg, 0" [Ixg, (15)
BY(v,0) = Collv[lxg, (16)
Jor all v,v* € X7,
Proof. Since [D(w)]° is dense in X, it suffices to show inequalities
(15) and (16) for v,v* € [D(w)]®. By the 6-dimensional vectors v and v*

defined in w, we construct 3D vectors (9) and (10) defined in 2. Owing to
equalities (11), (12), and Hooke’s law we have

B (v,0") = |BY (w, w") |

2
Q

2 2
< ’/2py2wiw;‘d9’ + ‘ /(Q,ueij(w) + /\5ije;€k(w))eij(w*)d§2‘
Q Q

/sz/ w2dQ/ 2002w dQ) 4 Cy Z/ w)dw Z /
Q

4,j=1 1,j=1

—/2p1/2h( 5+ 3h% fl)dw/Qpl/Qh( 2 4+ 3%} dw

dw 3 dw
1 [ 32 (i 3ae) 7 [ 3 (ot 35 5
< ClH’UHXf’V”U ”Xf’l,?

where

C} = max{2, Cy}.

Whence (15) follows. Inequality (16) immediately follows from (11) and
(12).

Theorem 3. Let ' € (X7 ]*. Then the variational problem (14) has a
unique solution v € X7, for an arbitrary value of the parameter r and

1
[vllxp, < 50||F||[Xiu}*~

Proof. The proof directly follows from the Lax-Milgram theorem (see
Appendix A, Theorem A.1).

It can be easily shown that if F € [L(w)]® and supp F' N 7, = 0, then
F e [X7]* and

(P o) = / F2) v* () dw,

w
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since v* € [H'(w.)]|®, where ¢ is a sufficiently small positive number such
that supp F' C w. = w N {xg > €}. Therefore,

(F, v*)| = ‘/ ) dw| < [|Fll i@y ] |paw.))

< FNizaye 10 i weys < Ce || F | izo@ye 1[0 ]|xr -

In this case we obtain the estimate
C
v xs < 5; [ F'| |12 )6

Now we establish a representation of the space X7, as a weighted Sobolev
space. To this end, we introduce the following space:

3

v W) x (W)

0
where Wy, (w) is a completion D(w) by means of the norm

1Y, (@)= [ (19sR) o, 95 = (fa. o).

The norm in the space Y}® for a vector (vyg, va9, V30, V11, Va1, V31) Teads as

ol = [ [xs(irwoﬁ) +x§“(i|wjo|2)}dw

J=1 J=1

Theorem 4. Let k < 1 and Kk # % Then the linear spaces X7, and
Y!® as sets of vector functions coincide and the norms || - ||.. , || - ||, are
1,v 1
equivalent.
Proof. Rewrite formula (13) in the form

||UH§(1~W = / [hlepV (vl + V3o + v3g) + 3hay" pr? (vf) + v +v3)

hlfL’n
+T2 (47)%0’1 + 47]5072 + 2<U10,2 + USO,l)Z + 2U§0,1 + 2U§0,2>

3h3 3K
+

(4 %1 1T 4“21 2T 2(vi1,2 + v 1) + 2U§1,l + 27’:‘%1,2)} dw,

h
hl = ?O

Let us at first prove the following inequality,

ol < Csllol?,.. (1)
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Let us denote by
L= / [hlePV (viy + 3y + v3) + 3his" v (v]) 4 v3; + Ugl)] dw,

and by

hiz§
L= / 18 : <4U%o,1 + 4vjy 5 + 2(v10,2 + v301)? + 205, + 2”302)

The inequality,
I, < Clol|3,, (18)

is a consequence of Hardy’s inequality (see [3]).
Let us now consider

|| < hlpy )/a:%xg 2 v10~|—v§0~|—v§0)dw’

2, 3k—2

+3h3 pv? 3w 2 (vl +vd + Ugl)dw’

w

< hypr?l? / 2572 (V3 + vy + v3g)dw
+3h3 pr?1? /x%"‘ 2(v?) 4+ v3, + 3 )dw
< Cshyp*I? / 25| Vjo|*dw + Ce3h3 pr*12 / 25" | Vv [*dw

S 07/ <x§|Vijo\2 +x2“]Vv]1| >

1
if 1?2 < L hy := max{hy;3h3}, C7 := max{Cs; Cs},
2P
ie.,
. 1 ho 3h3
L < C7||UH?/1H if 12 < gl hy = maX{EO; ?0 : (19)

From (18) and (19) in case of v? < 1/(hgpl?) we get (17).
Let v € X7, and show that v € Y|*. We have to prove that

IS, <

< Golloll, (20)

Cy does not depend on v.
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Denote by D(w) a space of infinitely differentiable functions with com-
pact support in w and introduce the linear form [D(w)]/by the formula

(v,0")xp = / <%€ij0(v)€ij0(v*) + gem(v)@iﬂ(v*))%dw

+3 [h2(vi1,j + ’Uﬂ,i)] [hQ(’UZ,j T U;lai)} }dfw

Denote by Xf := X¥(w) the completion of the space [D(w)]® with the help
of the norm

h
||U||,2Xf = / 3 (47]%0,1 + 403y 5 4 2(v102 + v301)? + 20301 + 2”??0,2)

3h3
T <4U%1,1 + 4v3; 5 + 2(v112 + va11)? + 205, + 2“:?1,2)61“-

X7 is a Hilbert space (see [3]).
It is evidently,
lvll%, < Collvll, -
1,v

o =
X7

On the other hand, the subset of
HUH;H < C1oHvHif

is shown in [3]. The last two inequality leads to (20) if v* < 1/(hgpl?),
hy := max{%, @}

Remark 5. From the trace theorem (see Appendix A, Theorem A .4) it
follows that
(i) if K < 1/3, then the components of the unique solution v to the problem
14 possesses the zero traces on Jw;
(ii)if 1/3 < Kk < 1, then the components v;p have the zero traces on the
whole of the boundary dw, while the components v;; have no traces on the
part 79 C Ow due to the order degeneration of equations (2).

Remark 6. From the Theorem 1.4 by Hardy’s inequality it follows that

for kK < 1 and k # 1/3 the linear functional defined by (8) is bounded if

200, 2Pl € Lyw), j=1,2,3.

A. Appendix
A.1. The Lax-Milgram theorem. Let V' be a real Hilbert space and

let J(w,v) be a bilinear form defined on V' x V. Let this form be continuous,
i.e., let there exist a constant K > 0 such that
|/ (w, v)| < Kjwl], [lv

I
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holds Yw,v € V and V-elliptic, i.e., let there exist a constant o > 0 such
that
J(w,w) > afw|}

holds YVw € V. Further let I’ be a bounded linear functional from V* dual
of V. Then there exists one and only one element z € V' such that

J(z,v) = (F,v)=Fv YveV
and
lzll, < o M EY,..
Let w be as in Section 1 and let D(w) be a space of infinitely differentiable
functions with compact support in w.

A.2. Hardy’s Inequality. For every f € D(w) and v # 1 there holds
the inequality

/ 172 2 (x) dw < C, / 2% |V () do, (21)

w

where the positive constant C, is independent of f.
By completion of D(w) with the norm

17, = [ eIV s de
2,v w

we conclude that the inequality (21) holds for arbitrary f € I/?/él,(w)
For proof see [5].

A.3. Korn’s Weighted Inequality. Let ¢ = (p1,¢2) € [W3,(w)]?
and v # 1. Then

JHUT @ +19 eafe)?) o

w

= Cy/xg[soﬁ(ff) + @5 0(2) + (12(z) + 021 (2))?] dw,

w

where the positive constant C), is independent of .
The proof can be found in [5], [13].

A.4. Trace Theorem. Let 0 < v < 1 and f € W3 (w). Then the
trace of the function f equals to zero on Ow.
For proof see [5], [9], [10].
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