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1. Introduction

The present paper is devoted to a class of special functions represented
in the following integral form

+0o0
mnj a6 ,—b
My(a,b, j,m) ="t / <£—x)’“aiﬂ%dfa (1)

where
0 = arg(z — &), p:]z—f\%, g, k,m e N°, zERi, ¢ e R,

a and b are complex constants, R is an upper half-plane of the complex
plane of the variable z = z + iy, R! is the axis of the real numbers,

0 €0,7], N°:=Nu {0},

N is the set of the natural numbers. N; and Ny denote the sets of the odd
and even natural numbers, respectively. N := NU {0}.

The above class of special functions plays a crucial part in investiga-
tion of weighted boundary value problems for the degenerate elliptic Euler-
Poisson-Darboux equation [1,2]

E@Yqy =y (U + Uyy) + auy + bu, =0

and iterated one [1,2]

n—1
(H E(“k’b)> u=0,
k=0

where b, ax, k = 0,1,...,n — 1, are, in general, complex constants. When
y = 0, the above equations have an order degeneration.
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2. Main Theorem

Theorem 1. The function My(a,b, j, m) is defined [i.e., the integral (1)
exists| and is independent of x, y:

when
Reb+m—k—1>0 (2)
and either a #0, m € N°, ora =0, j #0, me N, ora=j=m =0, or
a:j:O,b;AO,—Q,...,—z(m—[%]—1),meN2;
or when
Reb+m—k>0 (3)
. m
cmda:j—O,b7é0,—2,...,—2<m—[5} —1),m€§1.
If a =5 =0, and either b € {0,—2,...,—2(m— [5] —1)},m€N,

or condition (3) is fulfilled when m,k € Ny, or (2) is fulfilled when k € Ny,
m € NY, then
M;,(0,b,0,m) = 0. (4)

Proof. Using the method of mathematical induction, we prove that

[3

I3

o

am af ,—b
Sl = N Be(bomiale =€), y) et 2, (5)

oy™

=
Il
—

where

By (b, m; a(x =€), y) :H{a(:p—g)— [b+2(0 - D]y}, (6)

(“ff z) {n b+ 2 (o — B)] (0 — m)

ax—1=2k—3 \ j=1 a;=2j-1 k=1
m—k+1 (7)
x ]I Aal@=& —[b+2(0-1]y}p,

l;&){iz+l

1=1,2,...,k—1

m
= 27 5 [_] 17
K 5 +
K—2 0j11—2 Qp—1—2 Q—2—2 as—2az—2 -1

Iy - > > ~Y¥qo=r ©

The last product in (7) we take equal to 1 if none of | are admissible.
Indeed, it is easy to see that (5) is true for m = 1,...,6. Now assuming
that it takes place for m = n — 1 and m = n, we prove its validity for
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m =n + 1. Evidently,

8n+16a0pfb B o [CL(I’ _ g) _ by] €a9p7b72

8yn—|—1 - ayn
871,6119 —b—2 an—i—lea@p—b 2
_ -y
[CL(ZL‘ 5) y] ayn n ayn+1
[3]+1

B [a(z — &) — by] B, (b+2,n;a(x — £),y) e p~tm2720nrtD)

k=1
3o
— anH (b —+ 27 n — 1, a(x — €>, y) €a9p7b7272(n711)
k=1
[3]+1
Z a(z — &) = by] By (b+2,n;a(x — £),y) e p b-2720n=rtD)
k=1
I:'nnz}-l]_,’_l
_ anl{*l (b + 27 n — 17 a(m _ é’), y) eaep*b*2f2(n7,@+l)
K=2
[3]+1

Z{ $— _by]Bn(b+2>n;a(x_€)ay)

K=2
—nbB,_1 (b + 2’ n — 1; a(x _ 5)} y) ea9p7b7272(n7n+2)
+alz — &) = by] By (b+2,n;a(x — €),y) e p~b=2n D)
{ 0 for n € Ny

9
—nbBuny (b+2,n—T1;a(z —&),y)ep=t=""1 forn € Nj. ®)

By virtue of (6),

la(z — &) — by] By (b+2 n;a(r —§),y)

a(x — ¢ —byH{ax— —[b+2+2(1-1)]y}
= [T la( — (b+20)y] = [[ {alz = &) = b+ 2(1 - 1))y}
— By (bn+ Lo — €),1). (10)

In view of (7), (8), for n € N; we have

—nbBus (b+2,n — Lia(z - §),y)

n—2 n—4 3 1
= —nb Z - Z Z { b+ 2
Qnt1 ,=n—2 apg1 =n—4 =3 az=1 k=1
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n—1

2

2B -n+1) [ fa@-g-b+20-1]y}}
l;éai:—li—i-l

— (=b)n(—b—2)(n—2)(~=b—4)(n—4)--- (=b—n+1)

= (—1)’Tn!!ﬁ[b+2(k;—1)]. (11)
k=1

On the other hand, because of (7) for m =n + 1 € Ny we have
B%—&—l (bvn + 17 (I(ZE - 5)7y)

= ) (H > ){H[bm(ak—k;)](ak—n—m

Qpt1=n Jj=1 «a;=2j-1 k=1
2

\

n+1
2

x ]I Aale—9—b+20-1]y}
l;éofiz—li—i-l
i=1,2,..., 241

n+1
= (-1 an [ b+ 20k — 1), (12)
k=1
since
Qnit_y=n—2,..., g =3, a; = L.

2

From the equality of the right hand sides of (11) and (12) there follows
the equality of the left hand sides

—nbBni (b+2,n—1;a(x—¢),y) = Bugi (byn+ L;a(x —&),y). (13)

According to (6) we have
la(z = &) = by] By (b +2,n;a(z =€)

)
n—1 K—2 Q541

=lae =9 -ty > (H >

y)—nbB._1 (b+2,n—1;a(x —£),y)
-2

) {ﬂ[b+2+2(ak—k)](ak—n)

a—1=2Kk—3 i k=1

)
n—k—1

x JI AHa@—9—Pp+2+20-1Dy} o
l;éofi:—lz‘—&—l
i=1,2,....k—1
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—nb i (H JZ ){H[b—i—?—l—Q(Ozkk)](akn—Fl)

ag_2=2k—5 \ j=1 a;=2j-1 k=1
)
n—k+1
x I Aal@—9—-P+2+20-1y}, (14)
=1
l;éar;f?}i»l
1=1,2,...,k—2 )
n
—92.3,... H 1
K 5 +

(we assume that H ()= H() form < kand )] (l]_[z()> {}=1{}.

l=p l=p J=l
l;éai—i—i—l

It is easy to see that

ﬁ[b+2+2(ak—k)] (ar, — n)
k=l (15)
~T 200~ Rl @k —n—1), af=ax+1,
ale—& by [ lalw—6) —b+2+20- 1]y}
-6 byl [ Aale—& —br20i- D]y
i;éofi:—2i+2
n+l—rk+1
= T fate—6 - br20- 1)y} (16)
e
—nbﬁ[b+2+2(ak—k)] (ap —n+1)
k=1
= —nbﬁ[b—i—2+2(ak1 —k+ 1) (g—1 —n+1)
k=2

k—1
=-nb[[[b+2(ar k)] (ah—n—=1), oy = +2 (17)
k=2
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n—k+1

[I

=1
l;ﬁo&i—i-‘rl
1=1,2,...,k—2

n+1l—r+1

11

=2
l;éai—i+2
i=1,2,...,5k—2

n+l—k+1
=2
l#oy, 1 —1
i=1,2,....k—2
n+l—k+1

I[I {alz—¢—-Pp+20-1)]y}.

l;éa;.’_‘_l—l

.....

{alz =) = b+2+2(1 - 1]y}

{a(z =€) = [b+2( - D]y}

{a(z =€) = b+ 20— D]y}

(18)

Substituting (15)-(18) in (14), we get

la(x — &) —by] B, (b+2,n;a(x — &),y)—nbBs_1 (b+2,n — L;a(x — &),y)

n
+ 2
ag_2:2n—3

n+1l—k+1

11

1=2
l#a) —i+1
i=2,3,...,k—1

X

1:[ JZ {ﬁ[b+2(ak_k>](ak—n—1)

"
k—3 O1144-2 -2

I >

j=1 a;_/+1:2j+1

{—nbE [b+2 (a; —k)] (a;; —n— 1)

\

{a(x = &) —[b+2(1 - Dy} ¢, (19)
k=123, [g] +1
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On the other hand, by virtue of (7), if we separate the sum corresponding
to oy = 1, then for m = m + 1 we have
B, (ba n+ 1; (I(ZL’ - 5)7 y)
n K—2 05 41—2

= > (Il X {ﬁ[b+2(ak—k)](ak—n—1)

ar—1=2k—2 \ j=1 «a;=2j
)

n+l—k+1

x ] Aal@—9—-p+20-1]y};
l#of?ﬂrl
i=1,2,...,k—1 )

K—2 Ojt1—2

+ Z H Z {—nbl:[[b—i-?(oék—k)](@k—n—l)

ar—1=2k—3 \ j=2 a;=25-1

)
n+l—k+1
< JI faz—9—-p+20-1)]y}y. (20)
z;éoffiﬂ
i=2,3,.... k1 )
K=2,3,... {”;11 ¥,

since in the first group of sums none of equalities
aj=27—1, 7=2,3,...,k—1,

are possible, otherwise we would obtain that a; = 1 but such terms we have
separated in the second group. Let us note that the last product in (20)
begins from [ = 2 because of | #a; — 1+ 1=a; = 1.

If we compare (19) (where o; and a; we can denote by «;) and (20) and
take into account that

K—2 Qj41—2 K—3 Qjy1—2

IS =11 % w24

j:2 O(j:2j—1 ]:1 ()(j+1:2j+1

from the equality of the right-hand sides there follows the equality of the
left-hand sides

la(x — &) — by] B (b+2,n;a(x —§),y)
—nbBe—1 (b+2,n—1;a(z —&),y) (21)

:Bﬁ(b’n_l_l’a(x_f)?y)’ H:2737"" |:_:| +1
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Substituting (10), (13), and (21) in (9), we get

an+16a9 —-b [nT-H]—H
_E_T?—_ > Bu(bn+ Lia(z —&),y)ep 720
yn k=1

So, equality (5) is proved.
It is well-known (s. [3], pp. 235-236), that

d™arctan T

=(-1)" " m-1)(1- 72)_% sin (m arctan %) , T#0.

drm
(22)
But since,
1 arctan 7 for 7> 0;
arccot— =
T arctan 7+ for 7 <0,
we have .
d™arccot =  d™arctan T
L = 0.
drm drm T 7
Introducing y by the relation
TZL? y>07 x#éa
r—¢
where z, ¢ € R! are parameters, in view of (22), we get
omo o OO _n, O™arctan 7
aym - (QZ’ - g) orm o - (l‘ - 5) orm oy
x—& x—&
2 17%
_ _ Y . r—§
= (=)™ (m -1z — m[1+ } sm(marctan )
()" = D= 7 |14 .
= (=)™ Y (m —1)lp™ [sign(x — &)] ™ sin (m arctan ; é) . (23)

Using (23), by means of the mathematical induction with respect to j we
can prove that

gﬁj:Pﬂwﬁb@Mx— m‘m§: Tf%f {(Z;)

= k= 1“k+1 0

XH(@H>@—WW%@—W

Jj—2

, x
X H (Kgso — g1 — 1)lsin <m2 arctan
k=1

Y

r—§
y

{) sin [(m — Kj) arctan

j—2

X H sin |:(K1k+2 — Rj41) arctan - 5] } , J > 2 (24)

k=1 Yy
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According to the Leibnitz formula,

amejecwp—b B i”: m anej am—netwp—b
aym - K ayn aymfﬁ

(25)

k=0

By virtue of (5)-(7), and (24), it is easy to see that for a fixed z belonging
to the closure of an arbitrary bounded domain lying inside R? , we have

ameaepfb _

gy = O (e =€), 6] = oo, a #0, (26)
gy [0l —e D) el e,
= (27)
dy 0,b€{0,—2,...,—2(m—[%}—1)}7 m € N,
o4 . |
gy = O =€™), [l = +o0, jEN. (28)

After substitution ¢ = x + yt formulas (26)-(28) we can rewrite in the
following forms

m al —b
‘“—j — O (t] ™) | |t] — +o00, a#0; (29)
ay E=z+yt
8m —b "
2 =0 (21Dt — oo (30)
Y E=x+yt
eI m .
S =0 ([¢|™™), |t| = +o0, jEN. (31)
Y E=z+yt

In view of (26)-(31), in the above mentioned domain from (25) we get
am‘gj 60L9pfb
oy™

(O (‘:U . 5‘—Reb—m) -0 (W—Reb—m) 7 ‘5” |t’ — 400,
when either a#0, m €N°, or a=0, j #0, m & N°,

or a=7=m=0,0r a=j=0, b%O,—Q,...,—Z(m—[%]—l),
m € No;

O (Jo —g[7f=m=t) = O (|t ~"=m=1) [l [t — oo,

when a=j =0, b7é0,—2,...,—2<m— [%} —1), m € Ny

0, when a=j=0,0b¢ {0,—2,...,—2 <m— [%] —1)}, m € N.

(32)

Indeed, the cases a # 0 and a = 7 = m = 0 are obvious. In the cases
a=j7=0meNand a=0,j#0, me Ny we have to take into account
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2
2(m-[3]) - -
(P2 s, me,
and
mpj ,—b m K 0] m—x —b m
T -5 (1) GR T <3 Ol o)
Ay —~\ Kk ) Oy dy o
_ zmzc |z — &R for m — K € Ny;
- —~ K ’x_§|—Reb—m—l fO’f‘ m— K GNl,
< Clz =& R ™ |¢] = 400, C,C, = const,
respectively.
If
a=75=0, be {07—2,...,—2(m— [%} —1)} m € N,
then gt g .
mAI e p— mp—
St = S, (3)
Y Y
because of m
m>0,2,...,2(m— [ﬂ —1),
since .
m _ m_27 m € Noj
2<m_[5]_1>_{m—1, m € Nj. (34)

From (34) it is easy to see, that

bE{O,—Q,...,—Z(m—[%} —1)}, m e N,

can be rewritten as

-2
0717"'7—7 m€N27

b=—-2n, n= 2_1
0,1,...,——=  meN,.

From (27) there follows (4).
By virtue of (5)-(7) and (23), (24), we have
onep?
aym E=x+yt

3]+ ,
— yfbfm Z B’i(b7 m; at)ea-arc cot(ft)(l + t2>—§—m+ﬁ—l’

k=1
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where
m

Bi(b,m;at) = (—1)" [ [ lat + b+ 2[1 - 1)],

=1

m—1 k—1 0j41—2

B,.(b,m;at) = (—1)m+2 Z H Z {1:[ b+ 2 (o — k)]

ax—1=2c—3 \ j=1 a;=2j-1

m—r+1
m
x (m — ay,) H at+b+20—-1)] %, k=2,3,..., [5] 41
l#a; —i+1
i=1,2,..., k—1
and
omgs
OY™ le—gsyt
r . . yoom o [0=2 w2 m
a2 (TS ) {(1)
HJ':O k=1 HkJrl:O J
j—2
x 1 ( ht2 ) (ke — 1)l (m — Kj — 1)!
k=1 RE+1
= ]:[ (Kgto — Kpr1 — 1)!'sin [kg arctan(—t)]
k=
X sin [(m — k;) arctan(—t)]
j—2
H sin [(Kry2 — Kpy1) arctan(— t)]} . j>2;
(<D= 1ty (14 ) ()]
[ X sin [marctan(—t)], j =1,
(36)
respectively.
If (3) is fulfilled and m, k € Ny, then
M;(0,0,0,m)
e om —b e om —b
_ yb—l—m—k’—l /(5 . x)k Pm ¢ = yb+m / ik Pm dt =0,
S Oy o Oy E=a+yt

since the integrand because of (35) is an odd function with respect to ¢ while
the integral, in view of (3), is convergent. So, (4) is proved.
After substitution £ = x + yt the expression (1) will get the following

form
+o0o

Mi(a,b, j,m) = y"+m / t

—00

8m6j€a9p_b

o dt.

E=z+yt
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Hence, by virtue of (25), (35), (36) it is evident that the right-hand side of
the last equality and therefore, the function My(a, b, j, m) is independent of

T, Y.
Remark 2. In view of (32), if condition (2) is fulfilled, the function
Mi.(a,b, j,m) is defined. When

a:jzo,b¢0,—2,...,—2<m—[%}—1),meNl (37)

it is defined under the weaker restriction (3).

3. Particular Classes of Special Functions

Let
My (a,b,m) := My(a,b,0,m), M(a,b,m) := My(a,b,m), (38)
Ak(a7 b) = Mk(aa 2 — bv O)a A((I, b) = Aﬂ(av b)7 (39)

*

A(a,b) := My(a,2 —b,1,0), (40)

(a,m):=ala+1)---(a+m—-1), m>1; (a,0)=1.
Theorem 3. Under restrictions of the theorem 1
My(a,b,j,m+1) = (k—b—m+ 1)Mi(a,b, j,m). (41)
The following equalities are valid:
Mi(a,b, j,m) = (=1)"(b — k — 1,m)My(a, b, j, 0) (42)

and
Mk(aa b7 m) = (_1)m(b —k— 17m)Ak(aa 2 - b) (43)
for Reb > 1+k, k,m e N°;
a’ + (b +2m)?
(b+2m)(b+2m +1)

A(a,2 —b—2m) = A(a, —b—2m), (44)

for Reb > 1 —2m;

(—1)™ TT {a® + b+ 25 — D)2}
M(a,b,m) = “

Ala,2—b—2m), (45)

I

b+m—1,m)

when either Reb > 1 —m, m € N or if a = 0, when Reb > m, m € Ny (in
the last case in (45) b =1—m is allowed if the right-hand side we consider
as a corresponding limit which will be equal to zero);

M(a,b,m) = (—=1)""*(b,m — 1)M(a,b,1) for Reb >0, m € N.  (46)
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When a =0, m € Ny (46) is valid also for Reb > —1.
Proof. Equality (41) can be obtained as follows

—+00

aerlejeaprb
. b+m—k k
Mi(a,b,j,m+1) = y™* /(5—96) Wdf
+oo
B a / amejeaep—b
_ btm—k Y )k d
Y o (€ —x) oy £
400 .
_ 9 b+m—k/ yO"07ep0
+oo
mpQj ,a6 —b
_(b+m_k>yb+m—k—1 /(g_x)ka ‘986 P de
ym

0 , .
= a_y[yMk(aab7j’m)] _(b+m_k)Mk(aab)]7m)
= (14+k—b—m)Mg(a,b,j,m).

Using [-times formula (41), when Reb+m —1 —k —1 > 0 (when a = 0,
j=0,m—1€Ny, we can take Reb+m — [ — k > 0), we get

Mk(a7b7j7m) = (2 +k—0b— m, Z)Mk(a7 b7j7m - l)

Therefore, in particular, for j = k =0, ] = m — 1, we obtain (46), because
of
(2 —b— m,m — 1) = (_1)m_1(b7m - 1)7

while for [ = m, we have
Mg(a,b, j,m) = (2+k—b—m,m)My(a,b, 7,0) = (=1)"(b—k—1,m)Mj(a,b, j,0),
i.e., (42). Hence, we get (43) since

Mi(a,b,0,0) = Mi(a,b,0) = Ag(a,2 —b).

For Reb > 1, a # 0, using twice integration by parts, we get

™

A(a,—b) = /e“esiandQ = bo—1)

2

2
Aa,2 = b) — b—QA(a,Q —b).
a

a

Thus,
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The last remains valid also in the case a = 0, what immediately follows
from the following equalities

A(0,2—-b) = —/siandcotH = b/sinb2000829d9 = b/sinb29d0—b/sinb0d9.
0 0 0 0

If we replace b by b+ 2m we get (44).
When m = 1, because of

Ai(a,b) = —%A(a, b) for Reb < 0, (47)
evidently,
+Ooa€f19p—b +o0 L
y
a® + b?

= —al(a,—b) — bA(a,—b) = —

A(a,—b), Reb> 0.

In the case a = 0 we can assume Reb > —1. So, formula (45) is true for
m = 1. Now, we assume its validity for m = n and consider M (a,b,n + 1).
By virtue of (41), when j = k = 0 and either Reb >1—n,n € Nora =0
and Reb > —n, n € Ny, we have

M(a,b,n+1)=(1—-b—n)M(a,b,n)
(=) IT {a® + b+ 2(s — D}

=(1—b—n) HZI(b%—n—l,n) A(a,2 —b—2n)
(= 1)+t Hri[l {a®+ b+ 205 — 1))
= (e A(a,2 —b—2n).

Whence, taking into account (44) for m = n, we get

Il {a® +[b+2(k— 1)}
M(a,b,n+1) = (—1)" =1

A(a, —b — 2n).
(b+n,n+1) (a, n)

But, both the sides of this equality are analytic functions with respect to b
when either Reb > —n or a =0, Reb > —n — 1, n+ 1 € N; (in the last case
points b = —n, n € Ny are removable points of singularity for the right-hand
side), which coincide either for Reb > 1 —n, n € N or in case a = 0 for
Reb > —n, n € Ny. Then, according to the uniqueness theorem of analytic
function both the sides coincide in the whole domain of their analyticity. O
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It is well known that (s., e.g., [4], pp. 491 and 386):

n
Ap(a,b) = (=1)F AR _ . Reb<1—kF,
(1-b—kB(1l-2—-b14+2-L—k
(48)
r o 20rcos <
Alc,b) = /cos(c@)sm *0dH = 1_0)b (2+C_i o Reb < 1, c€RY;
0 2 0 2
(49)
T 20 rsin T
B(c,b) = / sin(cf)sin~"0df = ———2 ——— Reb<1, ceRY
/ (1B (55t 5
(50)

where
1

B(z,y) = /t””l(l —t)¥"'dt, Rex >0, Rey >0,
0

is the Euler Beta function (see [4], pp. 962-964). Evidently, when b and ¢
are real numbers

3 2+c—b,2—c—b
2 2

>>0 for b<2+te.

Taking into account the last one, from (49) and (50) we conclude that
Ak +1,0) =0, A(c,b) £0, c£2k+1, k=0,41,42,...;

B(2k,b) =0, B(c,b) #0, c#2k, k=0,£1,+2,...;
24c—b 2—c—b) S 0.
2 ’ 2
Theorem 4. For complex numbers a, b, and k € N°, Reb < 1 — k, the
inequality

A%(¢,b) + B?(c,b) = 2%%(1 — b) 2x2B 2 (

Ak(av b) 7& 0
1s valid if and only if when
b—ia, b+ ia+ 2kENy, (51)
k a b
—1)"(—k, &4 2
Z( )"k (5% 5m) # 0, +00. (52)

n=0 (1,71) (1+%_%_k’n)
Fora,be R, b<1—k and k € N° we have

>0, when either k € NY, or a >0, k € Ny;
Ap(a,b) 8 <0, when a <0, k€ Ny; (53)
=0, when a =0, k € Ny,
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while, for k € N we have

(k+ DAg(a,—k —1)
> (0, when either k € Ny, or a >0, k € Ny;
+alAgii(a,—k —1)¢ <0, when a <0, k € Ny;
=0, when a =0, k € Ny,
(54)

Proof. Substituting

- a b a b T(l-2-Hr(+&-5t-k)
3(1—27—5’”27—5—‘“)— T2 —b—F)

in (48) and taking into account that the Euler function

I(z) = %ﬁ{(u %) (1+ §>_1}

[see below (62)] is not equal to zero in the complex plane but the points
z =0,—1,—2,..., where it has poles (see [5], p. 16), the first part of the
theorem becomes clear.
From
400
b_
Ak(a, b) — /tkea.arccot(—t) (1 +t2)2 1dt

(55)

+o00
— / [ewarccot(—t) + (_1)kea~arccott] tk (1 + tg)g_l di
0

it is obvious that if ¥ € N, then Ap(a,b) > 0; if a = 0, k € Ny, then
Ak(0,0) = 0; if @ # 0, then (53) is valid because of inequalities

arccot(—t) > arccott for t €]0, +o0|; (56)
a-arccot(—t) _ _a-arccott > Oa a > 0,
e e { <0 a<0, t €]0, +ool. (57)

In view of (55), we have

(k+ 1DAg(a,—k — 1) + alg1(a, —k — 1)

+o0o
= (k + 1) / [ea-arccot(*t) + (_1)kea-arccott} tk (1 +t2)%—1 dt
0

“+o0o
+(I/ [ea-arccot(ft) + (_1)k+1ea-arccott] tk (1 +t2)%—1 dt.
0
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Whence, using inequalities (56) and (57) and separately considering the
cases: a is arbitrary, k € No;a >0, k€ Nj;a <0,k €Ny;a=0, ke Ny it
is easy to see that (54) is valid. O

Corollary 5. For complex numbers a and b the inequality
M (a,b,m) #0

is valid if and only if when 2 — b — 2m 4+ ia€N; and either Reb > 1 — m,
meN’ a®>+[b+2(k—1)*#0, k =1,....,m; or if a = 0, when Reb > —m,

m €Ny, b+ 0,—2,...,—2<m— [m] - 1).
If a,b € R! then

M(a,b,m) #0

when either a # 0, b > 1 —m, m € N°; or a = 0, b#O,—Q,...,—Q(m—
[%] — 1) and either b> 1 —m, m € N or b > —m, m € Ny,

Proof. According to formula (45) and Theorem 4 it is not difficult to
prove the corollary 5 . It should be only mentioned that for a,b € R! the
numbers 2 — b — 2m =+ ia can not be even positive ones, since when a # 0
they are pure complex numbers, while when a = 0 we have 1 —m < 0 and
either 1—b—m < 0,or 1—b—m < 1, i.e, in both the cases 2—b—2m < 1.0

Theorem 6. For Reb<1—k and k > 2 we have

(k=2
2 (k ,
(C)Qja,QJ — (Ik, k € Nz,
~ Ao(a,b) ) i=0
k )
Z (C)2j+1a2j+1 + ak7 ke Nl\{l}v
\ J=0

k
where c)j are independent of a.

Proof. Let us prove in advance that

Ak(a'7 b) = !

= b+_k—_1 [(k = 1)Ap—z(a,b) + alg_i(a,b)], (59)

Reb<1—k, ke N\{1}.
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Indeed,

+o0o
Ak(a,b) = / tkfleavarCCOt(ft)d

—00
+oo

1 b
_ _ - /(]C . 1)tk—26a‘arccot(—t) (1 + t2) 2 Jt

(SIS

(1+1¢2)
b

b

“+o0o
_E k—1 _a-arccot(—t) 1 t2 %_1 dt
[ e (1)

—00

E—1
= — Ak,_Q(CL, b + 2) - %Ak—l(a’ b)

b
kE—1 E—1
b

a
Ak(a, b) — —Ak_l(a, b),

Ak_g(a, b) — b

b
since, as it is easy to see,

+oo
b
Ak_2<a,b+ 2) _ / tk—Qea.arccot(—t) (1 + t2>2 dt

—00

+oo
_ / tk—2ea~arccot(—t) (1 + t2>g_1 dt

—0o0

+o0
b_
+ / therarecot0 (1 4 ¢2)271 gt = Ay_y(a, b) + A(a, b).

—00

(59) immediately follows from (60).
Because of (59) we have

__ 1 [Ao(a,b) + ali(a,b)]

b+1
a? Ao(a,d)
Aola,b) — L Ag(a,b)| = — 20
O(av ) b 0(a7 ) b(b+1)
1

T [2A1(a,b) + als(a,b)]

AQ(CL

7b> =
1 2
il (b= a);
A3(CL,b) =
Ao(a,b>

— _b(b (12 [—a(?)b +2)+ a3] ,

i.e., formula (58) is true for k = 2,3. Assuming that it is valid for 2,3, ...

let us prove its validity for k& + 1.
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By virtue of (58) and (59), for Reb < —k we have

1
Ak+1 (CL, b) = _b—I——l [/{ZAk,1<a, b) + CLAk<CL, b)]

_ _——
k— .
Z ( Cglj) a¥ — a7t kE—1¢eNy;
Ao(a,b) k =0
b+ k (bk—1) | =1
k— .
Z (Czjlj-l a4 ah k- 1€eN,,

(k) ;
Coj+1 CL2J+1 + CLk, ke Nl,

k .
Z (CQ)] (1,23 — CLk, ke NQ,

( k-1

2
S e a¥ —dt ke, e, k+1€ Ny
Ao(a,b) 7=0
(bk+1) | k=2

2
k—1
E (CQ)+]_ a2j+1—|—ak+l kENQ, i.e., ]{+1€N1,
\ =0

i.e., formula (59) is valid for k£ + 1. O
Remark 7. It is well known that (see [4], p. 460),

A(0,b) = 2 172D(1 — b)[2 (1 - g) , (61)

where

/ e "7 1dt, Rez >0, (62)
0

is the Euler Gamma function (see [4], pp. 947-951). From (48) we get

_ 2aT(2—b)
13Ty

AO) = =Bt (1-

since (see [4], pp. 951 and 964)

I2—b)=(1—-bI(1—b) and B(a,b) = % = B(b,a).
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From (61) and (63) it is easy to conclude that

*

A(0,0) = gA(Qb), b<1. (64)
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