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Abstract

In the present paper we consider a isotropic homogeneous plate with constant
thickness. We consider stretch-press equations for second approximation using of |.
Vekua method and solve some problems. Obtained results is compared to the results
obtained by plane elasticity theory .
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As well-known the displacement vector u of I. Vekua’s plate theory for
approximation N = 2 can be written as follows

2
(m) 3\ 0 w3 (323 1\ ©
“ZZ_“Pm(z)Z“W“*(w‘ﬁ u,

m=0

where P, (%) is Legendre polinom, 2h is a thicknes of plate.

The stretch-press equations system in the components of stress tensor
has the form
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(2) (2)
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where A, o are Lame constants,
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The systems (1) in components of displacement vector have the following
complex form
( 5 0)
(0) 0
A U +~|—2()\+u)—2—|-

0
1 3 (0) (2) 3(A+2u) 1 1)
uA(u)g—E(AQ—uQ)—%(U) 3+ F 3=0,

200 (’LIL) (0)
3

= [ o=0,
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0 0 0) (2 2 2 (0) 0 0 (2) 2 2
(u)+ _ (u)1+i(u)2,(u)+ _ (u)1+z‘(u)2, 0 — 82(u)++82(u)+, 0 — 8z(u)++8g(u)+.

The general solutions of system (2) can be written as the following
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4aeoh?(1 — v) N B
T&?XQ(Z’ Z) +10:x3(z, 2),
(1) l/h / —F h, 1—v _ _
oty = 2 (@ +7E) + M 0,2 4 ke )

where &* = 1;]/, ©(2) and ¥(z) are analytic functions of complex variable
v
z; x1(2,2), x2(z,2) and x3(z,z) are the general solutions of Helmholtz’s
equations correspondingly
Axi —n"x1 =0,
Axz —7*x2 =0,
Axz —7x3 =0,

n2:8€2:3(1+\/10y—4) 72:%1:3(1—\/101/—4) #:E .
(1 —v) R2(1—v) h?
Complex combinations of stresses are represented as follows

(0) (0) ’ — 7 _ _
Futon = 2(¢(E)+FE )+ al2),

Ot — Ooy 421015 = -2 (") + V() +
b ohuln) + ot
(3)11 + (C27)22 = % (1x1(2, 2) + &2x2(2, 2))
@H—?m+%?m=:2(a%§5575+%i%%;ﬁgﬁﬂ&@+
+ W@gzm(z, 2) +i02.x3(z, 2)) ,
%)13 + Z'%)23 = V}lj%azXl(Z, zZ) + V}llilazm(% zZ) + i%@x:a(za z),

(0) _ _
033 = 2 (X1<Z>Z) + X2<Z,Z)) ;

(2) 2h%(1 — v ~ ~
033 = 3(%2”)) (ee1x1(2, Z) + eaxa(2, 2)) -

Let’s consider the infinite plate with the circular hole. Assume stresses
are bounded at the infinity. The boundary conditions can be written as the

following

¢ (0 0
(U) rr _Z(U) rd — Oa
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at the infinite the following conditions are given

0) 0) o ) 1)
o =P =const, 0 3="FP=const, 05=0i#j o 2=0.

Hence
.

0 (2) + ¢ (2) + x1(2, 2) + x2(2, 2)

— (iM + iM + 290”(2’) + @ZJ/(Z)) 20 — 0,

®y 020z ®, 020z
R*(1 —v) _ _ 4vh? .,
(a2 4 e ) + |09

+4aelh2(1 —v)Px1(z, 2) n 4aeoh®(1 — v) 0%xa(z, 2)

3oV 020z 3; v 020z
0Px3(2,2)| 2
! 020z } e =0,

12 aX1<Z,Z) + 12 8X2(Zaz)+ 3 8X3<Z Z) efié
vhes  0Z vhe, 0% 2h 0z

12 0xi1(z,2) 12 Oxa(2,2) . 3 Oxs(2,2)] 44
\ * [Vhaeg FEE vhe, 0z ETECE =0

The unknown functions are expressed by the series

o0 o0 ’

F)=3"" Y=Y "

+oo
= ZKn(yr)b;eme, x3(z, 2) ZK Tr)

The boundary conditions have the form

> 1+n o—inf an i _ — 0, —i(n—2)0
ape "+ n

+00 +oo
320D Ry + 3 2 D Ry =0
T]R n n < ’YR n n )

—0o0

Vzhz(l_”)mf( R) + (1 — 20)K,_5(nR)) bye™
mg( n(MR) + (1 = 2v) K, »(nR)) bye
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”2h2(1_”)+001< R)+ (1 — 20)K,_o(vR)) b e
+m§( n(YR) + (1 —2v) Ky, _5(vR)) b,e

awh? Enn+1)
mH —inf __
—z— § K,_o(TR)b T _E gz e =0,

—Z ni1(NR) + Kno1(nR)) bpe™

+% ; (Kns1(YR) + Ko 1(YR)) b, e™ + ﬁ J:Z.OnKn(TR)b;;emo = 0.
Introduce following symbol
K, = K,(nR), K,:=K,(vR), K, :== K,(TR).
Taking into account simple conditions of displacement vector
&'ar +a; =0

we can determine all the coefficients:

a :p1+p2 a/:_pl—pg
0 4 ; 0 2
/ " ! R2
bOZbOZbOZO’ a2:—<p1+p2)
2
(p1 — p2) R? . 9612(1 — 2v) Ky m
g = ———_|1-— -
; 2 8l s )

3(p — p2) R (1 | 1922(1 2) Ky
v

K+ Ky) (2K(K + (1= 20) Ko) — y(Ky + Ky)(2K3(Ky + (1 = 2u>Ko>>>

S )
by = _P1— D2
Y
| 2AnR2(1 = 20) Ko[ 2K (K + (1= 20) Ko) + yR(1 = v) (K, + K) Kol
S
/ P1— D2
b, =
? n

L 2AyRY(1 2W) I [2K5(Ks + (1 — 20)Ko) + nR(1 — v) (K, + K3) Ky
S
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b” pl p2q
ny S
where

m = 20K, K1 (Ka + (1 — 20)Ky) — 29K (Ko + (1 — 20) K)
‘|’77’YR(1 - V)E)(Klf}; - Kgf{z)
g = 96R* V(1 — ) Koy (I, + K3) (K + (1 — 20) Ko)
—n(Ky + K3)(Ky + (1 — 20) Ky)]
s =4nyR*(1 —v*)(1 — 2y)l/(\2
x [Ko(fé + (1= 20)Ky) — Ko(Ko+ + (1 — 20) Ky)]
+2nyRY (1 —v)(1 — Vz)f(\z [U(Kl + K3) [f(\() <I?; +(1— 21/)[?:1>
1 (Fot (1= 20)0)] = 2By + )
X | Ko + (1= 20)Kq) + Ka(Fa + (1 - 20)Ko) |
—961%(1 — 1)Ky [nﬁ(z(m +(1—20)K,) — nR(1 — v)Ky)
—yK1(2(Ka + (1= 20)Ko) = 7R(1 = 1)Ky)|

when n > 3, an:a;:bn: ;L:O.
For the components of stress tensor we obtain

0) a, [4 A
g TTZQGO_E+|:ﬁa2_a0__+

772 (K1 (nr) — 3K3(nr))ba + j (Ki(yr) — 3K3(fyr))b'2} cos 20

!/

(0) a 2
U%:&W+ﬁ+{o+ St (2Ea)

+Ko(nr) + Ka(nr))bs + (2Ka(y7) + Ko(yr) + Ka(y7))by } cos 20

) [2 ,oay
rd — | o

772 (K1 (nr) + 3K3(nr))bs + j (K (yr) + 3K3(fyr))b'2] sin 26

@ 8uh? 22(1 _ 1
O o= [ Bl >(2K2(77r)

(1+ l/)7“4a2+ 3v(l —2v)
+(1 = 2v)(Ko(nr) + Ka(nr)) ) b
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+—7§Vh<21(1__2:>) (28(yr) + (1 = 20)(Ko(yr) + Ka(nr))) by

15 "

—ZW(KO(T?”) — K4(77))bs | cos26
@ 8vh? v2h*: (1 —v)
M R I e R
—(1 = 2v)(Ko(nr) + Ka(nr))) be

2h2(1 —
L —v)
3v(l —2v)

(2K (nr)

(2K (yr) — (1 = 2v) (Ko (yr) + Ka(nr))) by

15 "
+ ZW(KO(TT’) — Ky(771))by | cos 26

(2) { 8vh? V2h2(1 —v)
r —
(

Loy 5, ) = Kolnr)) be

2h2 1 —
LR —v)
3v(l —2v)

(1) |:,3K2(TT’)
0 r3= |1
hr

(Ky(yr) — Ko(yr)) by + i41—h52(K0(7'7“) + K4(7‘7“))b/2/] cos 20,

6( K nr) + K3(m“))b N 6(K 1 (nr) + Ks(nr))
vhn 2 vhy

by +

b;] cos 20,

7 33 =4 [KQ(TIT)bz + Kg(w)b/z] cos 20,

2) 4h%(1 — v)

0 33= o7\
3(1—2v)

It’s intresting that the components of stress and displacements obtained

by means of the plane theory are dependend on radiis and material, while
the corresponding components obtained by 1. Vekua’s theory are depended

|:EE1K2<777’)b2 + aegKg(’yr)b;] cos 26.

such as on material as on quantity W
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o7

If P, =P, P,=0 at the boundary of hole we get

(0)
g g9 = P I; [4+

5762 (1 =20) KE (04 K) (R (1=20) Ko) = (R K (K +(1=20) Ko )

5 +

1 (2K2+Ko+K4) 48nRv>(1-2v) Ko [2Ka (K2 +(1-2v) Ko)+yR(1—v) (K1 +K3)Ko]

~

S

_ (2K3+Ko+Ka) 48vRv2(1-20) Ko [2 Ko (K2 +(1-2v) Ko) +nR(1—v) (K1 +K3) Ko c0s 20

n

o
7 00= "Rz |1rv ny

_ Ph? [4_y (1 962 (1—20) Ko

S

X

% MK K1 (Ka+(1—20) Ko )=y Ko K1 (Ko +(1—20) Ko )+nyR(1—v) Ko (K1 Ks— K3 K1)

_|_

S +

8v(1—v)nyR3K2[2K5—(1—2v) (Ko+K4)|[2Ka (Ka+(1—2v) Ko)+yR(1—v) (K1 +K3) Ko

- ] cos 20.

The coeflicient of concentration has the form

K =
P

(UQG)max

:K(E,V) — 3.
h B0

Let’s consider the infinite plat6e with the circular hole when the absolute
rigid body put in. The boundary conditions has the following form

p

(0)

u =0,
%)r:o7
7 g =0,
7 rg =0,
\ (&)3:0’
(g)‘f{:pl = const, (g)ggngzconst, (g)fgz(o)giz(g)gg:(g)ggzo.
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We get
3—v - a - a
2a0R n —inb n inf
ot (2 X e S )
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~—
3
l\D
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2 .
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. 15 2 fp > " in
i S (R R =0
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We can determine all the coefficients

IR I S

4 0 2

ag =

P1+ P2 VK, po— P + D2 VK,

2(1 = 1?) 3K Ky — PPK, Ko ’ 2(1 = 1?) 3K, Ky — PK, Ko
F pAp (L= ARPKK — P K Ko) — 2K, KA (2 — )
To2(1-) VK 1Ko — 1K Ko
(p1 —p2)(1 —*)1°

25
(K3 — K))(24K5 — —y*R* (Ko — K4))}

b():

Y

ay9 — —

[w@ {R(f?o + K (AnKs + v*R(K, + K3))

—nk, {R(f(o+ Ky)(49Es + P R(K; + K3))
—y(Ks — K1)(24K, — n*RY (K, — fh))}] :

(p1 — p2)V°nR
9

. { R(Ky + K))(47Ks + 1 R(K, + K3))

1)2:

S
(K — K)(24K, — PRA(Ky — KJ)) }

S

(p1 — p2)V*nR
2
{ R(Eo + K4)(4nKs + v R(K, + K3))
5

(s — Ky (24K, — 2R3 (Ko — K.)) }

S
a, = 2R4a£) + 2R2a2 — (K4 — K())R4b2 — ([?4 — I?())Rllbé,
where
S = |10 = V) = 5)Rs + 202 | [R(R + Ky) (40 + 7*R(K + K))
—(Ks — K1) (24K, — y* R (K, — m))} — [n(1 = v)(v = 5) Ky + 2K,17]
X |R(Ko + K4)(4v7K, + nR(K, + K3))

(R — R))(24Ks — ?R? (K — 1?4))] ,



60 Narmania M.
. 2k 8v 7 — V) (K, + K3),  202(1—v)(K; + K3) .

by =1— | ———= b by | .
AT (3(1 + V)R3a2 i 3nv 2 3w 2

For components of displacement vector we get

0
20 (u) r

0
2M (u) 0

1
20 (u) 3

2
2u (u) r

2,&1,69

+

2(1 — 1, 2K 2K /
( V)Tao + a4 1<777’) bo -+ 1(/774) bO
1+v T n
4 p 1
1+ T = 350
2K () + Ks(r) - 20K (o) + K?’(W))b;} cos 20,
i Y
2(1 —v) / L,
(1+ V)rao et ﬁa‘l

2(K1(yr) — Ka(nr)), - 2(Ka(yr) — Ks(yr))
Ui ’ o

2vh h(l —v )
ao + %(Ko(m)bo + Ko(yr)b))

b;] 5120,

1+v
vh 4h(1 — v ,
[(1 oy L2 (R + Kﬂw)%)] cos 20,
2h*y*(1 — v) Ky (nr) 2h* 0% (1 — v) Ky (qyr)
bo + bO
3nv 3yv
8vh? . 2022 (1 — v)(Kq(nr) + K3(m«))b
3(1+v)r? " 3nv 2
2hP(1 = v) (K (yr) + Ks (7))
3yv 2
. 15 "
Zﬁ(K?)(TT) — Ki(77))by | cos 26,
Svh” 2h*7%(1 — v)
K - K
3(1+v)rd @2F 3nv (K5 (r) 101m))b2
20 (1 —v) ,
S ) — K ()

X 15 " .
22—h2(K1(TT) + K3(771))by | sin 26.

Now consider the infinite plate with the circular hole, when the rigid
body put in and soldered. In infinite stress are limitary. The boundary
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conditions has the following form

(i = [ e - P - T
4 (%83(1-0(;7 2 % 3X2a(j Z))] Y
Wity = {?)(Liy—fy)go”—(z)nt Qh;)g;y_ 2 aXl{;j %)
N 4n2h;12y— v) 8X2a(;,5) g 8X3§§ z)} e =0,
| Vo= -2 (¢ +7@) + 2 0, 2) + 0z, 2) =0

) o ) o
0 {1 =p1 =const, 0 55 = py = const.

The boundary condition will have following form

/ o0 [e.9] —
3—v Qn —in An  ng ' 99
= (‘“JR*ZH a—nh° ) 2 e e

n=0

[e'e) _ +oo
B Z Zn z(n 2)6 4+ =z Z KnJrl nR)b

4v 2\ na, . 0 21 -v)
in Kn R
3(1 + V) ;_:1 Rn—i—le 3]/,,7 _2: +1 77

1 — V
3y’y Z Kng em? 4 z— Z Kng e

[e.e]

an 71110_’_2 CLn zn@

We can determine all the coefficients

_ p1+D2 P P1— P2
ap = A y Qo = — 2 )

(ZK (nR)b, m"+ZKbe ):o.

\nl

p1+ P2 VAP K, o Pitp VY Ky
20— V) PK Ko —1pK0 K, 20— V) 3K Ky — 1P K K

bo = —
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y ()R- V) (YK Ko — 1P Ko) + 2K, K2 (72 — 17%)

2 2(1—12) VK Ky — 13K, K 7
by, = 0.
o — (pl — pz)(l — Z/Q)R3 (77[(2(4’}/},?1[?1 + 7]2R(I?1[?3 + [?1[?3))
9 = —
2 s

_7[?2(4’”(2}?1 + ’YQR([?lK?) + I?S.Kl)))
S )

/ 6R3
a, = 3R2a2 + T

% K3[4’}/[A(/2I?1 + n2R(l/€1K3 + [}1.[?3)) — .[?3(47’]K2[?1 + 72R(I?1K3 + [?3[(1))] b/
K Ky + V2R(K K + K1 K3) >

R S UVQR[471N(2-’?1 + an(f?JN(:s + IN(1-’?3)]
2 — )

2 S
R b ’YVQR[‘U)KQIAQ + ’VQR(I?le + KJ?:;)]
2 2 S )
B _Z_2(p1 — po)VRAH(1 —v)
? 45K,

[772[(2?%1(4[(2[?1 + ’Y2R(IA(1K3 + KJA(B))
S

VK (47 Ky Ky + 2 R(K Ky + K3Ky)))
S b

where
S = 8V2I?1(’}/K1[?2 — 77[?1[(2) + ZVQR(T]QKl([?l}?g + klkg) — ’}/2[}/’1

X (E1K3+K1l?3))—R2(1—1/) (3—V) (773K2(}?1I}3+K1l?3)—VQKQ(E1K3+K1}?3)).

Whenn >3 a,=b,=b,=b =0.
For the components of displacement vactor we get

0) 2(1 — v)r 1, 2K(nr) Ki(yr),, /
U, = 1, a0+;a2+ by + by — (1+V)ra2—|—m0
1, 2K K. 2(K K. /
L 2 K, 20600 £ Kam) )
3r3 n g
(0) 2(1 — v) ;1 2(K(pr) — Ks(nr))
) = |== —a, — b
pto (1—i—1/)7“(12+m0jL 3r3a4 Ui ?
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63

2(K:(yr) — KS(’W"))b'

- o | 820,
~
) Avh 2h(1 — v) ,
2 = — K, K
nu 3 T+ Vao + > (Ko(nr)bo + Ko(yr)by)
2vh 2h(1 — v )
- [(1‘@)7«2 - %Uﬁ(n% + Ka(y7)by) | cos20,
21 - 2h*y*(1 - V>K1(777”)b i 2R (1 — I/)Kl(’YT’)b,
' 3nv ’ 3yv 0
n Svh? . 2h2,y2(1 _ y)(K1(T}T) + Kg(?’]’l"))b
3(1+v)rs " 3nv 2
202 (1 — v)(Kq(yr) + Ks(yr)
+ b,
3yv
. 5 "
+ ig (Ks(rr) = Ki(7r))by | cos2,
2 8uh? 2h22(1 — v)
2 = Ks(nr) — Ki(nr)b
e 3(1+ ) g Balnr) = Ka(nr)be
2h%n%(1 — v )
* %UQW) — Ki(77))by
N 15 " .
+ Z2_h2(K1(7'7“) + K3(77))by | sin 26.

(2) (2) (2) (2)
We have the components of stress tensor ¢ .., 0 .9, 0 g9, 0 33 and

2 2
the components of displacement vector (u) . (u) ¢ different from approxima-
tion N = 1. If % — oo obtained results is coincide to the results obtained
by plane elasticity theory.
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