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Preface

The present Lecture Notes contains extended material mainly based on the lec-
tures presented at the Workshop on Mathematical Methods for Elastic Cusped
Plates and Bars (Thilisi, September 27-28, 2001).

The work consists of the list of notation, introduction, three chapters and refer-
ences.

The Introduction contains a survey of results related to the subject and a brief
presentation of results of the present work.

In Chapter 1 some auxiliary materials are given which are used in Chapters 2
and 3.

Chapter 2 deals with the problems of cylindrical bending and bending vibration
of a cusped plate. Bending problems of cusped plates fall outside of the limits of
classical bending theory. The aim of this chapter is to study the problem of well-
possedness of boundary value problems and initial boundary value problems in case
of cylindrical bending of shells with two cusped edges and in some cases to solve
these problems in explicit forms.

Chapter 3 is dedicated to the interface problem of the interaction of a plate with
two cusped edges and a flow of an incompressible fluid.

Acknowledgments. The author is very grateful to Prof. G. Jaiani, Prof.
S. Kharibegashvili, and Prof. D. Natroshvili for their useful discussions.
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List of Notations

{ ’ '}7
{ ' '}7
R” dlmensional Euclidean space (n € N)
= {(a:l,xg,asg) —00 <z <00, 0<mxg<l, wg=0} - the projection of a plate
n the plane z3 =0
f = {[ 1] x {0}}

Of {xl, Ty, 23 : 11 =0, 1y 1= (12, 73) € R?2\I} - space which occupies the fluid

(+) (=) . .
2h(z) :== h (x) — h (z) - thickness of a plate at point x
w - oscillation frequency
D(z5) - flexural rigidity
p - density of a plate
w(za,t) - deflection of a plate
q(z2, 1) - lateral load
Ms(zo,t) - bending moment
Q2(x9,t) - intersecting force
E - Young’s modulus
o - Poisson’s ratio
F := (F;, F3) - plane volume forces
d;; - Kroneker Delta
p! - density of a fluid
u = (uy, us, ug) - displacement vector of a fluid
v := (v1, vg,v3) - velocity vector of a fluid
p - pressure of a fluid

(+) )
p(za, h (z2),t) (p(xe, h (x2),t)) - the value of the pressure on the upper (lower)
surface of the plate
U300(t), Poo(t) - values of the velocity vector component and pressure at infinity

ov;  Ov
I = —pbp+p | =+ =) - stress tensor of a fluid
ik POk T H Oz, Ox;
v, - coeflicients of viscosity
02 0?
- — 4+
oxi  Ox3
ow
Wy = —
T ot
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W,; =

c™(]0, 1)) ( "([0,1])) - n-times continuously differentiable functions in ]0, [ (on [0,])
C™(Q)) - n-times continuously differentiable functions in 2/ with respect to x5 and

(9w
1=1,2,3
a )=

T3

C(t > 0) - continuous functions with respect to ¢ for t > 0
H([0,1]) - class of Holder continuous functions

L5(]0,1]) - class of square integrable functions on [0, /]



Introduction

In 1955 I.Vekua [95]-[97] raised the problem of investigation of cusped plates, i.e.
such ones whose thickness on the part of the plate boundary or on the whole one
vanishes. The problem mathematically leads to the question of setting and solving of
boundary value problems for even order equations and systems of elliptic type with
the order degeneration in the statical case and of initial boundary value problems
for even order equations and systems of hyperbolic type with the order degenera-
tion in the dynamical case (for corresponding investigations see the survey [35] and
also I. Vekua’s comments in [97, p.86]). There exists a wide literature devoted to
the theory of degenerate and mixed type equations (see, e.g., [5], [30]), which was
developed intensively in the period from early 50-ies till early 70-ies but it could not
cover the above equations and systems because of distinct peculiarities of the latter
caused by the geometry of the mechanical problem.

The first work concerning classical bending of cusped elastic plates was done by
E. Makhover [67], [68] and S. Mikhlin [71].

In 1957 E. Makhover [67], [68], by using the results of S. Mikhlin [71], had
considered such a cusped plate with the stiffness D(x1,x5) satisfying

Dias' < D(x1,29) < Doxs*, Dy, Dy, k1 = const > 0, (1)

within the framework of classical bending theory. She particularly studied in which
cases the deflection (k; < 2) or its normal derivative (k; < 1) on the cusped edge
of the plate can be given. In 1971, A. Khvoles [62] represented the forth order Airy
stress function operator as the product of two second order operators in the case
when the plate thickness 2h is given by

2h = hoz5?, hg, ke = const > 0, x5 > 0, (2)

and investigated the general representation of corresponding solutions. Since 1972
the work of G. Jaiani in [36]-[51] is also devoted to these problems. By using more
natural spaces than E. Makhover, G. Jaiani in [48] has analyzed in which cases
the cusped edge can be freed (k; > 0) or freely supported (k1 < 2). Moreover,
he established well-posedness and the correct formulation of all admissible princi-
pal boundary value problems (BVPs). In [41], [42], [47] he also investigated the
tension—compression problem of cusped plates, based on I. Vekua’s model of shallow
prismatic shells. G. Jaiani’s results can be summarized as follows.



INTRODACTION 7

Let n be the inward normal of the plate boundary. In the case of the tension-
compression problem on the cusped edge, where

oh
0< < +oo(in the case (2) this means ko > 1),
n
which will be called a sharp cusped edge, one can not prescribe the displacement
vector; while on the cusped edge, where

oh

on
called a blunt cusped edge, the displacement vector can be prescribed. In the case
of the classical bending problem with a cusped edge, where

oh
— = 0(d" Yasd — 0, k = const > 0 (3)
on
and where d is the distance between an interior reference point of the plate projection
and the cusped edge, the edge can not be fixed if x > 1, but it can be fixed if

3
0< k< %; it can not be freely supported if x > %, and it can be freely supported

if0 <k < %; it can be free or arbitrarily loaded by a shear force and a bending

moment if x > 0. Note that in the case (2), the condition (3) implies that dy = x5

and K = Ky = 7.

For the specific cases of cusped cylindrical and conical shell bending, the above
results remain valid as it has been shown by G. Tsiskarishvili and N. Khomasuridse
[89]-[92]. These results also remain valid in the case of classical bending of or-
thotropic cusped plates (see [51]). However, for general cusped shells and also for
general anisotropic cusped plates, the corresponding analysis is done.

The problems involving cusped plates lead to correct mathematical formulations
of BVPs for even order elliptic equations and systems whose orders degenerate at
the boundary (see [47], [52]-[53]).

Applying the functional-analytic method developed by G. Fichera in [28], [29]
(see also [21], [22]), in [47] the particular case of Vekua’s system for general cusped
plates has been investigated.

The classical bending of plates with the stiffness (1) in energetic and in weighted
Sobolev spaces has been studied by G. Jaiani in [48], [50]. In the energetic space
some restrictions on the lateral load has been relaxed by G. Devdariani in [20].
G. Tsiskarishvili [90] characterized completely the classical axial symmetric bending
of specific circular cusped plates without or with a hole.

In the case (2), the basic BVPs have been explicitly solved in [43] and [53] with
the help of singular solutions depending only on the polar angle.

If we consider the cylindrical bending of a plate, in particular of a cusped one,
with rectangular projection a < 7 < b, 0 < x5 < /, then we actually get the
corresponding results also for cusped beams (see [49], [43], [93], [73]-[77], [12], [13],
[54], [55]).

+oo(in the case (2) this means ko < 1),



8 INTRODACTION

In 1999-2001 two contact problems were considered by N. Shavlakadze [86], [87],
namely, the contact problem for an unbounded elastic medium composed of two
half-planes x1 > 0 and z; < 0 having different elastic constants and strengthened
on the semi-axis 2 > 0 by an inclusion of variable thickness (cusped beam) with
constant Young’s modulus and Poisson’s ratio. It was assumed that the plate is
subjected to plane deformation, the flexural rigidity D had the form

D = Dyz, Dgy, » = const > 0,

and the cusped end x5 = 0 of the beam was free.

At the same time (in the fifties of the twentieth century), I.Vekua [95] introduced
a new mathematical model for elastic prismatic shells (i.e., of plates of variable
thickness) which was based on expansions of the three-dimensional displacement
vector fields and the strain and stress tensors in linear elasticity into orthogonal
Fourier-Legendre series with respect to the variable plate thickness. By taking
only the first N + 1 terms of the expansions, he introduced the so—called N-th
approximation. Each of these approximations for N = 0,1, ... can be considered as
an independent mathematical model of plates. In particular, the approximation for
N =1 corresponds to the classical Kirchhoff plate model. In the sixties, I. Vekua
[96] developed the analogous mathematical model for thin shallow shells. All his
results concerning plates and shells are collected in his monograph [97]. Works
of I. Babuska, D. Gordeziani, V. Guliaev, I. Khoma, A. Khvoles, T. Meunargia,
C. Schwab, T. Vashakmadze, V. Zhgenti, and others (see [2], [31], [33], [61], [62],
[69], [84], [85], [94], [100] and the references therein) are devoted to further analysis
of I.Vekua’s models (rigorous estimation of the modeling error, numerical solutions,
etc.) and their generalizations (to non-shallow shells, to the anisotropic case, etc.).

In [56] variational hierarchical two-dimensional models for cusped elastic plates
are constructed. With the help of variational methods, existence and uniqueness the-
orems for the corresponding two—dimensional boundary value problems are proved
in appropriate weighted functional spaces. By means of the solutions of these two—
dimensional boundary value problems, a sequence of approximate solutions in the
corresponding three-dimensional region is constructed. This sequence converges in
the Sobolev space H! to the solution of the original three-dimensional boundary
value problem. The systems of differential equations corresponding to the two-
dimensional variational hierarchical models are explicitly given for a general orthog-
onal system and for Legendre polynomials, in particular.

Recently N.Chinchaladze, R. Gilbert, G. Jaiani, S. Kharibegashvili and D. Na-
troshvili have studied the well posedness of boundary value problems for elastic
cusped prismatic shells in the Nth approximation of I. Vekua’s hierarchical models
under (all reasonable) boundary conditions at the cusped edge and given displace-
ments at the non-cusped edge and stresses at the upper and lower faces of the shell
[19].

For the last decades the direct and inverse problems connected with the inter-
action between difference vector fields have received much attention in the mathe-
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matical and engineering scientific literature and have been intensively investigated.
They arise in many physical and mechanical models describing the interaction of
two different media where the whole process is characterized by a vector-function of
dimension k in one medium and by a vector-function of dimension n in the other (for
example, fluid-structure interaction where a streamlined body is an elastic obstacle,
scattering of acoustic and electromagnetic waves by an elastic obstacle, interaction
between an elastic body and seismic waves, etc.).

A lot of authors have considered and studied in detail the direct problems of
interaction between an elastic isotropic body occupying a bounded region  with a
three-dimensional elastic vector field to be defined, and some isotropic medium (say
fluid) occupying the unbounded exterior region, the compliment of ) with respect
to the whole space, where a scalar field is to be defined. The time-harmonic depen-
dent unknown vector and scalar fields are coupled by some kinematic and dynamic
conditions on the boundary 92, which lead to various type of non-classical interface
problems of steady oscillations for a piecewise homogeneous isotropic medium. An
exhaustive information in this direction concerning theoretical and numerical results
can be found in [4], [6], [7], [24], [25], [59], [60], [32], [34] [26], [27], [78], [84].

Some particular cases where the elastic body under consideration is anisotropic
have been treated in [57], [58], [79].

Various authors dedicated their works to the solid-fluid (see e.g. [79], [83], [98]-
[99], [80]-[82], [9]-[11]), [14]-[18] contact problems. The present work is devoted to
the interaction problems when profile of an elastic part is cusped on some part
boundary.

Bending problems of cusped plates fall outside of the limits of classical bending
theory. The aim of the dissertation is to study the problem of well-possedness of
boundary value problems and initial boundary value problems in case of cylindrical
bending of shells with two cusped edges and in some cases to solve these problems
in explicit forms.

The work consists of the list of notations, introduction, three chapters and bib-
liography.

The Introduction contains a survey of results related to the subject and a brief
presentation of results of the present work.

In Chapter 1 some auxiliary materials are given used in Chapters 2 and 3.

Chapter 2 deals with the problems of cylindrical bending and bending vibration
of a plate.

Let us consider the plate whose projection on x3 = 0 occupies the domain (2

O ={(z1,29,23) : —00 <21 <00, 0<x9 <, w3=0},
and where the thickness of the plate are given by the equation
2h(xs) = hoad*(1 — 22)°/3, ho, I, a, B = const, hg, 1 >0, a,>0.

When o? + 32 > 0 a plate is called a cusped plate. A profile of the plate under
consideration has one of the forms shown in Figures 4-12.
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The equation of cylindrical bending of the plate has the form (see, e.g., [88])

(D(z2)w, 2 (72)),20 = q(x2), 0 <29 <1, (4)
where w(zy) is a deflection of the plate, g(z3) is a load, D(x3) is a flexural rigidity
ow
of the plate, and by w,; we denote w,; := Ero
T
In general,
2Eh3<$2)
D ="
(22) = 33— 2

where E is a Young’s modulus, o is a Poisson’s ratio. Let E =const, 0 =const, and
D(x3) = Doz (1 — xz)ﬂ, Dy = const > 0.

In the case of cylindrical bending of an isotropic plate, the bending moment
Ms(x9) and the intersection force (Qa(x2) are given by the formulae (see [88])

MQ(IQ) = —D(SL’2>U),22 (Ig), QQ(SL’Q) = MQQ(IQ). (5)

Section 2.1 is devoted to the investigation of properties of equation (4) and
formulation of all admissible classical bending boundary value problems (BVPs).
If ¢(xs) € C([0,1]) then

My(x2), Q2(r2) € C([0,1]),

the behaviour of the w,; (22) and w(zy) when z9 — 04 and 25 — [_ depends on «
and (. As a result of the corresponding analysis we obtain that, e.g., at the point
29 = 0 the following classical bending boundary conditions are admissible

1. w(0) = w'(0) = 0 iff(if and only if) a < 1; (6)
2.w'(0) =Q2(0) =0 iff a<1; (7)
3. w(0) = Ma(0) = 0 iff a < 3; 8)

(9)

4. M5(0) = Q2(0) =0 for any o. 9

Similar conditions we have at the point x5 = [, under the same restrictions on
5. All BVPs are solved in the explicit integral forms. Using these integral represen-
tations and the difference equation corresponding to (4) by means of MATLAB we
get numerical results for the deflection, the bending moment and the intersecting
force for different materials (see Figures 13-16).

In Section 2.2 a dynamical problem is investigated for the above cusped plate.
The corresponding equation has the following form

0*w(wg, t)

(D(@2)w, 22 (22,1)),22= q(@2,8) — 2pl(w2) —5 5,

0 <o <, (10)

where p is a density of the plate.
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We solve equation (10) under the following initial conditions (IC)

w(x2,0) = p1(x2), wy (x2,0) = wa(x2), 2 € [0,1], (11)

where ¢1(x2), ¢1(z2) € C([0,1]) are given functions.
In this case the bending moment and the intersecting force are given by the
expressions

Mg(xg,t) = —D(l‘g)w,gz(l‘g,t), (12)
Q2(xa,t) = Myo(xa,1t). (13)

Since of (10) is not degenerate equation with respect to t = 0, taking into account
(6)-(9), the following initial boundary value problems (IBVPs) are admissible

Problem 11 Let 0 < a < 3,0 < 8 < 1. Find a function w(xs,t), which satisfies
the following smoothness conditions

w(-t) € C*J0, 1)) N C([0,1) N CH(J0,1)), Ma(-,t) € C([0,1]), @a(t) € C([0,1]),
w(zq, ) € CHt > 0)NC(t > 0),
w(xe,t) € C(0 < a9 <1, t>0),
equation (10), the BCs
w(0,t) = My(0,t) = w, (I,t) = Q2(1,t) =0, t >0,
and ICs (11), where

pi(x2) € C(J0,1[) N C(J0, 1) N C([0,1]),

0i(0) = —D(22)9] (v2)|z=0, = ¥(1)
= (=D(x2)@!(2)) |op=t_ = 0,i =1,2.

Problem 12 Let 0 < o, 8 < 1. Find a function w(xs,t), which satisfies the follow-
g smoothness conditions

w(-,t) € ¢Y(J0,1[) N C([0,1]),
w(xg, ) € CLE>0)NCt > 0), w(ze,t) € C(0< 29 <1, t>0),

equation (10), the boundary conditions (BCs)
w(()?t) = W,2 (07t> = w<l7t) = W2 (lat) = Oa > 07

and ICs (11), where
pi(w2) € CH(0,1[) N CH([0,1]),

i(0) = ¢i(0) = @i(l) = ¢i(1) =0, i=1,2.



12 INTRODACTION

Problem 13 Let 0 < a, 8 < 1. Find a function w(xs,t), which satisfies the follow-
g smoothness conditions

w(-t) € CHJ0, 1)) N CH([0,1]), Q2(- 1) € C([0,1]),
w(wy, ) € CHE>0)NC%*t > 0), w(we,t) € C(0< a9 <1, t>0),

equation (10), the BCs
w(ovt) = W2 (07t) = W2 (lat) = QZ(lat) = 07 > 07

and ICs (11), where
pi(2) € C*(0,1) N C([0,1]),

©i(0) = ¢i(0) = ¢i(1) = (= D(x2) ¢ (22)) loymt_ =0, i =1,2.

Problem 14 Let 0 < a,< 1, 0 < 3 < 3. Find a function w(xs,t), which satisfies
the following smoothness conditions

w(-t) € CHJ0, 1)) N CH([0, 1)) N C([0,1]), Ma(-,t) € C([0,1]),
w(ze,-) € CHt > 0)NC%t > 0), w(xg,t) e C(0<xy <1, t>0),

equation (10), the BCs
w(0,t) = w5 (0,8) = w(l, t) = My(l,t) = 0, ¢ >0,
and ICs (11), where
pi(22) € CH(J0,2)) n ([0, 1)) N C([0,1]),
i(0) = ¢i(0) = @i(l) = (= D(2)¢} (22)) lap=1. =0, i =1,2.

Problem 15 Let 0 < o < 1, 8 > 0. Find a function w(xs,t), which satisfies the
following smoothness conditions

Qa(-, ) € C([0,1]),

w(-t) € CH(J0, 1)) N CH([0,1]), Ma(-t) € C([0,1]),
, w(zg,t) € C(0<xy <, t>0),

w(zs, ) € CI(t > 0) N C2(t > 0)
equation (10), the BCs
w(0,8) = s (0,8) = My(L) = Qa(l,t) = 0, ¢ >0,
and ICs (11), where
wi(x2) € C1(J0,1[) N C([0,1]),

2il0) = G(0) = (~D(w2)p! (2)) lrami_
= (~D(@2) (@) et =0, i=1,2.
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Problem 16 Let 0 < a, 8 < 1. Find a function w(xs,t), which satisfies the follow-
g smoothness conditions

w(-t) € (0,1 N CH[0,1]), Qa2(-t) € C([0,1]),
w(wy, ) € CHE>0)NC%(t > 0), w(we,t) e C(0<zy <1, t>0),

equation (10), the BCs
W2 (Oat) = Q2(07t) = w(l?t) = W2 (lat) = 07 t> 07

and ICs (11), where
pilx2) € C*(10,1[) N C([0,1]),

¢1(0) = (—D(x2)¢ (22))’ lsa=0, = @i(l) = ¢j(1) =0, i =1,2.

Problem 17 Let 0 < a < 1, 0 < § < 3. Find a function w(xs,t), which satisfies
the following smoothness conditions

w(-,t) € C4(]0,1) N CH([0,I) N C([0,1]), Ma(-,t) € C([0,1]), Q(t) € C([0,1]),
w(zq, ) € CHt > 0)NC?*(t > 0), w(xg,t) e C(0< 2y <1, t>0),

equation (10), the BCs
w2 (0,1) = Q2(0,t) = w(l, t) = My(l,t) =0, t >0,
and ICs (11), where

pi(x2) € €10, 1) N CH([0, 1) n ([0, 1]),

0i(0) = (=D(22)9](2)) |ea=0, = @i(l)
= (=D(@2)¢](22)) lsp=1- =0, i =1,2.

Problem 18 Let 0 < o < 3, 0 < 3 < 1. Find a function w(xs,t), which satisfies
the following smoothness conditions

w('7t) S 04(]0’”) N Cl(]oal]) N C([Oa l]), M?('vt) € O([O’ l])a QQ('vt> S C([O,l]),
w(ry, ) € CHE>0)NC%(t > 0), w(we,t) e C(0<zy <1, t>0),

equation (10), the BCs
w(0,8) = My(0,8) = w(l,t) = wps (I,t) =0, t >0,
and ICs (11), where
pi(x2) € C*(J0,1[) n C*(]0,1]) N C([0,1]),

#i(0) = (=D(22)#] (2)) lra=0, = @i(l) = ¢i(1) =0, i =1,2.
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Problem 19 Let 0 < a, 8 < 3. Find a function w(xs,t), which the satisfies follow-
g smoothness conditions

w<'>t) € 04(]0’”) N C([O>l])> MQ("t>
w(ze,-) € CHt > 0)NC%t > 0), w(xg,t) e C(0<ay <1, t>0),

equation (10), the BCs
w(0,t) = My(0,t) = w(l,t) = My(l,t) =0, t >0,
and ICs (11), where
pi(z2) € C*(J0, 1) N C([0.1)),
0i(0) = (=D(x2)¢}(%2)) lay=0, = @i(l)
= (_D(xQ)Sogl(xQ)) |I2:l7 =0,1=1,2.

Problem 20 Let a > 0, 0 < B < 1. Find a function w(xs,t), which satisfies the
following smoothness conditions

w(-,t) € C4(J0,I[) N C(J0,1]), Ma(-,t) € C([0,1]), Q2(-t) € C([0,1]),
w(wy,+) € CHt>0)NC%(t > 0), w(we,t) e C(0< <1, t>0),

equation (10), the BCs
M5(0,t) = Q2(0,t) = w(l,t) =wys (l,t) =0, t>0,
and ICs (11), where
pi(2) € C*(0,1) N C*(]0,1]),
(=D(22)¢}(x2)) = (=D(x2)¢(22))" losmo..
= will) =¢il)=0,i=1,2.
Let ¢ = 0. Using the Fourier method, we look for w(zs,t) in the following form
w(xe, t) = X (x9)T(t),
where T'(t) and X (x2) are satisfying the following equations
T"(t)+ \T'(t) = 0,

and
l
X(2) = A / 9(E)K (2, )X (E)E, g(ra) = 2ph(xs). (14)

where K(z2,£) € C([0,1] x [0,(]) is constructed explicitly and it depends on the
coefficients of equation (10) and the type of boundary conditions in Problems 11-20.
We denote by A, and X, the corresponding eigenvalues and eigenfunctions of
(14).
The following propositions hold.
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Proposition 2.2 K(xy,£) is symmetric with respect to xo and &.
Proposition 2.3 Number of eigenvalues A, of (14) is not finite.
Proposition 2.4 All )\, are positive.

The solution of equation (10) under the initial conditions (11) and one of the
boundary conditions (see Problems 11-20) can be written as follows [15]

w(xs, t ZX To <b sin(y/Ant) + b2 cos( \/_t) (15)

where
l !

bt )\ /g n(2)p2(x2)dxs, b /g n(T2)@1(72)ds. (16)

Let us consider one of the IBVP. For the sake of simplicity we consider Problem
11.

Further, if we suppose that ;(z3) := (Dw(y)/; € C([0,1]) (i = 1,2), we can prove
g(x2

the following theorems [15]

Theorem 2.5 The series (15) converges absolutely and uniformly on [0,1]. More-
over, the series

W,y (e, t ZX x3) (b"cos \/_t bgsin(\/)\_nt)>

and

W,y (T2, ZX To)A (b? sin(v/Ant) + b5 cos(y/ )\nt)>
converge absolutely and uniformly on any |a,b] C|0,1[ if the functions

%(@)
vV 9(x2)

U;(z9) ==

fori = 1, 2satisfyBCsgiveninProblem11 (17)

and the functions
Xi(2)V g(22) := (D(22)¥/(25))", i=1,2, are integrable on ]0,I] (18)

(For this, e.g., it is sufficient that djgoz(xg) = O(z37), vij = const > 7 — j — %O‘,

x9 — 0, %%gpi(a:g) = O((I — 2)%), 51] =const > 7 —7j — B, To — I, i =1,2;
j=2,8).
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Theorem 2.6 The series

) (b’f sin(y/Ant) + 00 cos(\/)\_nt)> ,i=1,2,3,4,

-7327

d ’L

are convergent absolutely and uniformly on any [a,b] C|0,1[, while the series

ai—l o di—l
W(D(:cg)w,xm(xg,t)):ZW(D(;@)X” ) (blsm (v t)+
n=1

+b5 cos(vApt)), i=1,2
are convergent absolutely and uniformly on [0,1].

Thus, (15) is the solution of the Problem 11 for ¢(z2,t) = 0.

Let us consider the case when q(x,t) Z 0, p; = 0, and let t) € Ly(0,1).

N
Then ¢(x2,t) can be represented as a convergent series in Lo (0, 1):

l

Zg 22X, (2)a(0), anlt) = [ aloa, )X, (22)drs

0

Further, we look for the solution in the form w(xse,t) = > w,(z2,t), where
n=1

wy (2, t) is a solution of the equation (10) under the homogeneous initial conditions
and under the boundary conditions given in Problem 11 with ¢(zs,t) replaced by
g(x2) X, (22)qn(t). Now, using the method of separation of variables we can write

W, (ZEQ, t) = Xn(l'Q)Tln(t>,

where
Tlﬂn(t) + /\nTln(t) = Qn(t)'

Therefore, w(xq,t) can be expressed as follows

w(xg, t Z \/_X / sin — 7)) qn(7)dr. (19)

Similarly to Theorems 2.5 and 2.6, if the following conditions are fulfilled

o 1 . q(za,t)
Tt = (D( ) (4 )) =0

T(x9,1)

vV g(z2)

(20)

and satisfies the BCs given in Problem 11
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(For this, e.g., it is sufficient that %q(@,t) =O0(xy) wp — 04, 7 > T—j — 2,
%q(xg,t) =O((l —29)%) 29 — 1,7, >T7—7j— %ﬁ, 7 =0,8) we get the absolute
3

and uniform convergence of the series (19) and

g

ai o g .
(D(x2)w,$2$2 (I27 t)) - ;d 12(D<IQ)X;L,)T1n(t)7 i=0,1,

i
ox},

T

on [0,], and absolute and uniform convergence of

i

i
dzt,

_Z'wxz (.IQ, t) =

oxly

Xn(JTQ)Tln(t), 7 = 1, ...,4,

n=1

ai 00 dz‘ ‘
%m@ﬁzgkumagmmz:Lz

on any [a,b] C]0,1].
Now, let q(x2,t) Z 0, p;(x2) # 0. If conditions (20), (17), and (18) are satisfied
then the solution of Problem 11 can be expressed as follows

w(x, t) = an(xz, t),
n=1

where
wn(x% t) = Xn<x2)(T1n(t) + Tn(t))a

wh(zg,t) := X, T1,(t) is given by the formula (19) and w?(zy,t) := X, T,,(t) is given
by the formula (15).

Remark 1 Similarly are solved IBVPs corresponding to the Problems 12-20.
We can avoid the restrictions (20) if we consider harmonic vibration. In this case

wt

w(l'g,t) =ec wO(xQ); Q<x2a t) = ethQO(I2>7

where w = const is an oscillation frequency, g¢o(z2) € C([0,1]) is a given function.
E.g., in the case of Problem 11, for wg(zs) we get the following problem

(D(z2)wy(12))" = qo(w2) + 2w’ ph(x2)wo(2), (21)
wo(0) = Mp(0) = w'(l) = Qall) =0, 0<a <2 0<8<1,
wolza) € C(0,1[) N C([0,1]) N C(10,1)).

This problem is equivalent to the integral equation

!
woli) — ? / K (2,€) 9(€) wol€)d€ = F(z), (22)
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where l
Paa) = [ Kl &) n€)de.
0

K(x9,&) has the same form as in integral equation (14).
If w? # A, the unique solution of (22) can be written as follows (see, e.g., [66])

wy(r2) = F(x2)v/9(x2)
I

D> o FOVIEI | Vil (23)

0

It is shown that the series in the right hand side of (23) is absolutely and uniformly
convergent on [0, (], because of ¢y € C([0,1]).

Using the difference equation corresponding to (21), by means of MATLAB we
get numerical and graphical results for harmonic vibration problems.

Chapter 3 is dedicated to the interface problem of the interaction of a plate with
two cusped edges and a flow of a fluid.

We assume that the flow is independent of xq, parallel to the plane Ozsx3, i.e.
v = 0, and generates a bending of the plate. Let at infinity, for pressure we have

p(2, x3,1) = Poo(t), when |z| — oo, (24)

and let for the velocity components conditions at infinity be either

/UQ('I27 €3, t) - O(1>7 U3(l‘2,$3,t) - v300(t)7 (25)

or
Uj<x2a x37t) = 0(1)7 ] = 27 3a (26)
where v := (v, v3) is a velocity vector of the fluid, p(xq,x3,t) is a pressure, and

U300(1), Poo(t) are given functions.
Let us introduce the following notations

I :={]0,1] x 0},
Q= {Jfl,xg,l‘g cx1 =0, x:= (19,23) € RQ\I}.

If the middle plane of the plate lies in the plane 0zixy and the flow of moving
fluid involves bending of the plate then transmission conditions could have the form:

Onsg | T1,T2, h (‘TlaxQ)at — On3 | L1,722, h ($1,$2),t ZQ(x17x2at)7 (27)

(+) (+) (+)
vz | x1— h (xluxQ)wﬂ (ZEl,ZL’Q,t>,[E2 — h (xlaxQ)wﬂ (Ilax%t)u h (171,(1}2)
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(=)
h (1, x2)w,1 (21, T2, 1), o

+w(x1,x2,t),t> = Vs <$1 —

) =) ow(xy, Ta,t
— h (@1, 22)w,e (21,22, 1), h (T1,72) +w($1’x2’t)’t) - %’

(28)
(the first of the last pair of equalities is valid since deflection of plate w is independent
of z3).

After corresponding analysis we arrive at the conclusion that, for the normal
component of the velocity vector and the pressure in the case of an ideal fluid, we
have the following transmission conditions (compare with [65], [99], [83])

Ow(xa,t)

03<x2707t) = ot

, L2 E]O,l[, t>0. (29)

— p(a, B (@2), £) cos(T (w2, B (w2)), 23)
(+) (+)
— plag, h (22),t) cos(T (xa, h (22)),x3) = q(x2,t), x5 €]0,1].

(30)

In the case of a viscous fluid we add to (29) the transmission condition for the
tangential component of the velocity vector

UQ(ZEQ,O,t) = O, T2 6]0, l[, t>0. (31)
In Section 3.1 the solution of the interaction problem in the case of an ideal fluid
is given [2].
For the potential motion of the flow there exists a complex function & = —1)+ip
such that

dp(xa, 23,1) — Op(x2, T3, ) = vy(T9, T3,1)

6.CE2 8273
(32)
a@(x%x?nt) 8¢($2a$3,t)
= — = t).
O3 975 v3(w2, 13,1)
The pressure is given by the formula
2
_ Ve P 000 O L s s
p(Ian&t) =p 2 + pf + ot ot 2(U2+US> : (33)

We calculate w(zs,t) from the equation (10).

Problem 21 Find a function w(-,t) € C*(]0,1]) (and additional smoothness condi-
tions indicated in Problems 11-20), also the functions vy(zo, x3,t) € CHQHUCH(t >
0), vs3(wa,23,t) € C?*(Q)UCHt > 0) and p(xq, x3,t) € C(Q)UC(t > 0) which
satisfy the system of equations (10), (32), (33), transmission conditions (29), (30),
conditions at infinity (24), (25) and one of the BCs given in Problems 11-20.



20 INTRODACTION

For & (w9, 23,t) = v3 + ivg, in view of (25) and (29), we get the following
expression [72]

!
1
B, = / \/ (& +iws)(&g +ixs — )w’t (60, 1)dEs
m\/ Ty + ix3) (e +ixg — 1) ) (& — w2) —ix3
+izg —1/2
+V300 2 1 / (34)

V(@ +ixs)(vy +izg — 1)
Let
w(xo,t) = e“two(12), q(aa,t) = “qo(s),
p(xg, z3,t) = “'po(x2, x3),

ug(x2, x3,t) = ei“’tug(mxg), us (2, x3,t) = €“'ud(xq, 23),

(9, 23,t) = wo(w2,x3), (22, x3,1) = 1™ 1ho(22, x3),

zwt

Uy(29, 23, ) = i€y (19, 3), v3(w2, w3, 1) = i€ v (g, 13),

Poo(t) = ezwtpgo? U3e0(t) = Z.(#lujt'ug%)cxn pgo’ Ugoo = const,
where w = const > 0 is an oscillation frequency, vy = ugy (vs = usy).

After separating real and imaginary parts of (34), we obtain the expressions for
ve and v3. By means of the latter, in view of (32), we can calculate ¢ and then
substitute it into (33). Then substituting the obtained expression for p(zs, 3, t)
into (30), we get the expression for ¢(x2). Therefore, all the mechanical quantities
in the fluid part and the lateral load are calculated by means of deflection. In the
case of harmonic vibration for deflection we get the second order Fredholm type
linear integral equation [2]

l

wn(az) = [ Kz, un(€)dE = filza). (35)
0
where Ki(z2,&) € C([0,1] x [0,1]) and fi(x2) € C([0,1]) are defined explicitly.
They depend on the coefficients of the equation (21), on the type of the boundary
conditions in Problems 11-20, and the conditions at infinity (24)-(25).
The following proposition is valid

Proposition 3.2 Problem of the harmonic vibration corresponding to the Problem
17 has a unique solution when
1
2
w? < —,
Ml
where

M = max {|Ki(x3,§)[}.

T2 ,56 [0 ”
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Remark 2 If the plate thickness is sufficiently small, we can assume that:

1. the fluid occupies R*\I;

2. the plate occupies I (its geometry depending on the thickness is taken into account
in the coefficient of the bending equation);

(£)
3. h can be neglected. Since the normals of I are (0,0,1) and (0,0,—1), (30) can
be rewritten as follows

—p(22,04,t) + p(x2,0_,t) = q(xo,t), x5 €]0,1].

In Section 3.2 an interaction problem for the case of an incompressible viscous
fluid is solved [3]. We consider the case when the motion of the fluid is sufficiently
slow, i.e., v; and v, (4, k = 2,3) are so small that linearized Navier-Stokes equations
can be applied

OV 1 Op

2 __ 2 L UA

ot pf Oy +vav,

(36)

81}3 1 8}9

— =————+4VvA

ot pl Oxs + VA,

here v /p’ is a coefficient of viscosity, A > + >
w = viscosi = — + =—.

We add to the (36) the following equation
divo(xg, x3,1) =0, (z9,23) € QS, t>0.
Let us consider the problem of harmonic vibration.

Problem 22 Find a function wo(x2) on I, which satisfies the equation (21), one

of the boundary conditions given in the Problems 11-20, and also find functions

ud (29, 3), po(Ta, T3), qo(x2) on QF, which satisfy the following system of equations

Apo(z2,23) =0,

10
—w2ug = ——fﬂ + l/z'wAu?, Jj=2,3,
P 8xj

smoothness conditions

u € CHANNCMR)NC(t>0), i=2,3;
Po € CQ(Qf);
40,2 (7t) S C'Y([[)?”)? 0 < Y S ]-7

following conditions at infinity
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and transmissions conditions as follows

—po(x2,04) + po(z2,0-) = go(2), 22 €]0,1[,
u3(w2,0) = wo(x2), uy =0, x5 €]0,1],

where q(x2,t) = e“!qo(xs).

In this case all the mechanical quantities in question are calculated by means
of the lateral load ¢y, for which we obtain a second order supersingular integral
equation

l

!
/ Dol 5 d& + 2mw? f/K2(332,§2)Q0(f2)d52 = fa(w2),
0

52—$2
0

where the supersingular integral is defined in H’adamard’s finite part sense, Ks(x2, &2)
€ C([0,1] x [0,1]) and fo(z2) € C([0,1]) are quite definite functions. If gg,2 (22) €
C7([0,1]) 0 < v < 1, this equation is solved by a method developed by Boikov, I.V.,
Dobrynin, N.F., Domnin, L. in [9] (see also Chapter 1, section 1.3).



Chapter 1

Preliminary Materials

1.1. Cusped Plates

Let Oxyxoxs be the Cartesian coordinate system, and 2 be a domain in the plane
O0z12o with a piecewise smooth boundary.
The body bounded upper by the surface

(+)
T3 = h (131,1'2) Z Oa (131,1'2) € Q?

lower by the surface

(=)
xr3 = h (IIJxQ) 2 OJ (IIJxQ) S Q?

and from the side by a cylindrical surface parallel to the xs-axis, will be called a
cusped plate.

(+) (=)
2h(z1, ) := h (x1,22) — h (x1,22), (21,72) € Q,

is the thickness of the plate.
The points P € 0f2, at which plate thickness 2h(z1, x2) = 0, will be called plate
cusps. If h € C1(2), obviously,

0<L:= lim 02h(Q)

Q—P On

<400, QEN, Pecoq,

provided that the finite or infinite limit L exists; if P is an angular point of the
boundary 0f) under the inward to 9€) normal n we mean bisector of angle between
unilateral tangents to 92 at P. € will be called a projection of the plate. 0) will
be called a plate boundary. On the figures 1-3 are represented the possible normal

(+) -)
sections (profiles) of a symmetric plate ( b (z1,22) = — h (21, 22)) at the point P in
its neighborhood.

23
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(+) (+) (+)

T3 = h 3= h T3 = h

/w/..,. ‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
— - PR - R -

o - -)

3= h r3= h r3= h

L=+ 0< L <40 I =
fig.1 fig.2 fig.3

Let us now consider an isotropic cusped plate.
The equation of the classical bending theory for an isotropic plate has the fol-
lowing form (see [88], p.364)

(Dw,i1 )11+ (Dw,az )02 +v(Dw,ga )11 +v(Dw,in )22
+ 2(1 —v)(Dw,12 )12 = q(x1, 22), (1.1)
where D € C?(Q), and
2ERh3
3(1—wv?)’
where F is Young’s modulus and v is Poisson’s ratio.
We recall (see [88]) that

Ma = _<Daaag+D3waﬁﬁ)> a#ﬁa «, ﬁ: 1a27
My = —Msy =2Dsw,i2, (1.2)
Qa = Ma,g+M12,ﬂ7 a#ﬁa «, ﬁ: 1727
QZ = Qa+M21,ﬁ7 a#ﬁa «, 62172a
where M, are bending moments, M,3, o # 3, are twisting moments, (), are shearing
forces and @7, are generalized shearing forces (bars under repeated indices mean that
we do not sum with respect to these indices).

At the points of the boundary, where the thickness vanishes, all quantities will
be defined as limits from inside of 2.

D =

1.2. Hilbert-Schmidt Theorems

Recall the following three Hilbert-Schmidt theorems (see [1], [66], [70])

Theorem 1.1 If u(xs) has the form
!

u(a) = A / Ry, €) F(€) e,

0
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with f(x9) piece-wise continuous on [0,1], and a symmetric kernel R(x9,&) € C([0,1]x
[0,1]), then

[e.e]

u(as) =Y (1, Y)Y (), (1.3)

n=1

where

(u,Y,) = /u(:pg)Yn(xg)dmg,

Y, is an eigenfunction of R(xq,&), and the series on the right-hand side of (1.3) is
convergent absolutely and uniformly on [0,1].

Theorem 1.2 [f the number of eigenvalues A, of the symmetric kernel is finite then

R, = Y 2l

n=1

Theorem 1.3 If f(z2) € C([0,1]), then

[ rn s =3 Ly,

and the series is convergence absolutely and uniformly, here R(xo,§) is a symmetric
kernel with respect to x4, &, Y, are eigenfunctions of R corresponding to eigenvalues
A

Definition 1.4 Kernel R(xz2,£) € C([0,1] x [0,1]) is called positive (negative) defi-
nite if for any f(xy) piecewise continuous function the following integral form

J = /l/lR(wz,f)f(xz)f(E)déde

is positive (negative).

Theorem 1.5 R(z9,&) is a positive definite if and only if all eigenvalues N, of
R(z2,€) are positive.

Theorem 1.6 If R(x9,&) € C([0,1] x [0,1]) is positive definite kernel, then it can
be represented as follows

R, = Y 2l (1.49)

n=1

where Y, are eigenfunctions of R(x2,§), and A\, are eigenvalues of R(x2,£). The
series in the right-hand side of (1.4) is convergent uniformly on [0,1].
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Let us consider the following integral equation

o(2) — A / Ry, €)p(€)d€ = f(z), (1.5)

where R(x9,&) € C([0,1] x [0,1]) and f(z2) € C([0,1]).
The solution of (1.5) has the following form

plw) = flwa) +AY %Yn(@),
n=1""
where

fu= [ s
Proposition 1.7 If R(xy,€) is a positive definite kernel then

[(z2,&50) = Z —Yng\?)_yg(g)y

n=1

where I'(z2,&; N) is a resolvent of the equation (1.5)

1.3. Singular and Supersingular Integral Equations

Definition 1.8 We say that a function ¢(z) satisfies the condition H () (Hélder
continuous function) on [0,1], if for arbitrary points x1,xs € [0,1] we have

lp(1) — @(x2)| < Almy — 22|,

where A, u = const > 0, 0 < p < 1. A is a coefficient, u is an exponent of the
condition H ().

Let us denote
S :=R*\L,

WhereL:ULj = Gjbj, ajbj EOxQ,j:m, a; < by <as <by <....
Problem (Dirichlet Problem). (see [72]) Find such a harmonic function u(zs, x3),
which is a bounded function everywhere on S and satisfying the following conditions

qu :f+(x2)7 u- :fi(x2>7 on L7



1.3. SINGULAR AND SUPERSINGULAR INTEGRAL EQUATIONS 27

where fT(xg) and f~(xs) are given real functions and f(x3), f~(x2) € H.
Solution. We assume that derivations of f*(z3) and f~(x2) exist and we denote
by ®(z) the analytic function whose real part is u(xs, z3),

D(2) := u(xe, x3) + iv(x2, T3),

. Ou(wy, w3) | .Ov(wy,73)
o = .
<Z> 0xo T 0z

The solution of the Problem is given by the following formulae

o1 V R(E)(§)de g azr '+t
v miy/R(2) ] c—¢  mi) e—¢ R0 (1.6)

where

q

R(z) =]z =), ¢ ={ab;}, a=2p,

=1

2f (w2) := fT(wa) + f(w2), 29(x2) := fT(x2) — [~ (22).

Thus, from (1.6) we get

z

B(2) = /q)/(z)dz—ka (1.7)

c1,...,Cp, c are real constants. We define ¢; from the conditions at infinity, and
C, ..., Cp, ¢ from the following conditions (see [72])

ag

Re/q)'(z)dz + ek = flag).

0

the last system is uniquely solvable.
Let ¢'(x) € H([0,(]) and let us consider the following integral

l

I(a:o):/(gp(ﬂ, n = const > 2,

x — )"

which we define as H’adamard integral as follows (see [8], [3])

— lim / SO(IO) :
e—0 (x — xo)" €

where L, := [0,]]\Q(g, x0), Q(g, x0) To — €, %o+ €).
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Let us consider the following supersingular integral equation

[X() ] _
_/1(T—ZL‘)2dT +_[K(I,T)X(T)dT—f($), (1.8)
where K (z,7) € C([-1,1] x [-1,1]), f(z) € C([-1,1]

)-
The approximate solutlon of (1.8) is given in book 8] for X'(z) := (dX(x)/dx) €
H([—1,1]). Below we briefly state this result.
Let us divide interval [—1, 1] into N parts as follows

2k — 2k +1
XN = (X<y0)7 ...,X(le)),

we will call Xy an approximate solution of (1.8). For Xy we get the following
system of linear equations

, k=0,N —1,

1
—2N X (y;) X (y; {
Z ! y]+z yl y; - y’L
#z
N—
2: (i 95)X () = f(y), i=0,N—T. (1.9)

7=0

The system (1.9) is uniquely solvable [8].

Let us denote by X* the solution of (1.8), by X% the solution of (1.9) and let X%
be a projection of X on y,. In order to get the error estimate of the approximate
solution of the equation (1.8), we consider

—2N(X}@m—<YE@0)—- {X}@ﬂ—aX;@ﬂ}{ '1 - ’1 }

Yivi =Y Y; —Yi

=

)

J
VE

=b/@?gi%df‘QNXW@W‘F%fXE@”{ — - ,1_}

=0 Yivi — Yi yj —Yi
JF#i

Yit1
X* i X*
s(/ yd£+§j/ %Mf L+ 1.

J#l
Therefore, since X'(x) € H([0,!]), we have that there exist A = const > 0, and
a1 = const 0 < a; < 1 such that

1 X" (y1) — X' (92)] < Alyr — w2
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Using the following expression

we obtain

L, = d&
' 4 (5 - yi)2
Yi
Yiriaxe(e)  dx:(e) | o
d¢ T de l&=w N
= sl < A (—) , 1.10
4 §—Yi 2 ( )
Yi
Analogously, we get
N\ ™™
I, < AN —1) (5) ) (1.11)

From (1.10) and (1.11) we obtain that the error of this method might be too
large. For getting the most better results instead of the system (1.9) we consider
the following system

N-—1
/ 1 1
asz(yZ> - X(yj) / o
=0 Yivi =Y Y;—Yi
9 N-—1
+ N K(ymy])X(yJ) _f(y1)7 i:O7N_1' (1'12)
=0

where

ITRES —2]\7/L A= [-1,1]n [y; — Evy;—i-l + ﬁ] ;
(&

2
L

n::\/ﬁ Z/Z:

j:
In this case, after repeating the above calculations, the error of the approximate
solution of (1.8) will be

0
i, i+1

| X" — Xj| < An71,
where X* and X} are the solutions of equations (1.8) and (1.12), respectively.



Chapter 2

Bending of a Cusped Plate

2.1. Cylindrical Bending of a Cusped Plate

In this chapter we will consider a plate, whose projection on x3 = 0 occupies the
domain

Q:{(:Elax?ax?)): _OO<.T1<OO7 O<x2<l’ Qj’3:0}

The equation of the cylindrical bending of plates has the following form [see,
Chapter 1, equation (1.1)]

(D(xz)w,gz (l’g)),QQ = Q(l’g), O<ao < [. (21)

In general D(x9) is given by the equation

2Eh3<l’2)
D = 2.2
(@) = S (22)
We consider the case when E =const, v =const, and
D(z5) = Doz (I — 23)°, Dy, v, f = const, Dy >0, «, §>0. (2.3)

Then
2h(x3) = hor"* (1 — 22)?/*,  ho = const > 0.

If o+ 3% > 0, equation (2.1) becomes degenerate one. Such plates are called cusped
plates.

The profile of the plate under consideration has one of the forms shown in Figures
4-12.

In case under consideration [see Chapter 1, formulas (1.2)]

MQ(ZEQ) = —D(Ig)w,22<$2), (24)
Qa(z2) = Maa(zs), (2.5)

30



2.1. CYLINDRICAL BENDING OF A CUSPED PLATE

Fig.8 Fig.o

X o>3;p<3

4 4

N4 4
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where Ms(x9) is a bending moment, (Q2(x2) is a shearing force.
Obviously, if we assume that g(z2) € C([0,1]), w(z2) € C*(]0,1]), for Qaa(x2),
Ms5(x3), w,a (x2), and w(xe) we have

T2

Qolin) = - / 2(€)dE — e, (2.6)
My(r)) = — / (22 — €)q(€)dE — vy — 2.7)
o 13 ¢
ws (2s) = / - / na(n)dn + ;| + ¢ / d)dn+ | YD @ (28)
+ 0237 2 2
o £ 3
w(zy) = / (-6 |- / na(mdn + ca| + ¢ / al)dn o | b D7(E)de
+  Cc3T2 + ¢4, fL’g 6]0, l[ (29)

At points 0, [ all above quantities are defined as the corresponding limits when
ro — 04 and x9 — [_.
Obviously,

Q2(x2), Ma(z2) € C([0,1]),

w(za), w2 (x2) € C(]0,1]),
the behavior of the w5 (x2) and w(zy) when 25 — 0, and 9 — [_ depends, in view
of (2.8), (2.9), on «, S.

As a result of the corresponding analysis we arrive at the admissible classical
bending BVPs:

Problem 1 Let o < 1, f < 1. Find w € C*(]0,1[) N C*([0,1]) satisfying (2.1) and
the following boundary conditions (BCs):

w(0) = g11, w,2(0) = g1, w(l) = g1z, wy2(l) = goo; (2.10)

Problem 2 Let o < 1, 3 < 1. Find w € C*(]0,1[) N C*([0,1]) satisfying (2.1) and
BC(Cs:

w(O) = 011, W,2 (0) = g21 W,2 (l) = g22 QQ(Z) = hay;

Problem 3 Let 0 < a <1, 0<f<2. Findw e C*]0,1[) nC([0,1[) nC([0,1])
satisfying (2.1) and BCs:

w(0) = g11, w,2(0) = g21, w(l) = gr2, Ma(l) = hyo;
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Problem 4 Let 0 < a <1, 3> 0. Find w € C*(0,1[) N C([0,1]) satisfying (2.1)
and the following BCs:

w(0) = g11, w,2(0) = ga1 Mso(l) = haz, Q2(l) = hao;

Problem 5 Let 0 < o, 3 < 1. Find w € C*(]0,1[) N C*([0,1]) satisfying (2.1) and
the following BCs:

w,2 (0) = ga1 Q2(0) = ha1, w(l) = g12, w,2 (I) = goa;

Problem 6 Let 0 < a < 1,0 < 3 < 2. Find w € C*]0,1[) nC([0,1]) n C([0,1])
satisfying (2.1) and the following BCs:

w,2 (0) = g21, Q2(O) = hay, w(l) = 012, M2(l) = hqa;

Problem 7 Let 0 < a <2, 0< < 1. Findw e C*]0,1]) nC'(]0,1]) n C([0,1])
satisfying (2.1) and the following BCs:

w(0) = g11, M2(0) = hy1, w(l) = g2, w2 (1) = goo;

Problem 8 Let 0 < a < 2,0 < 8 < 1. Find w € C*(]0,1[) n C([0,1]) n C*(]0,1])
satisfying (2.1) and the following BCs:

w(0) = gi1, Mz(0) = hi1, wya(l) = gao, Qa2(l) = hao; (2.11)

Problem 9 Let 0 < a, 3 < 2. Find w € C*(]0,1[) N C([0,1]) satisfying (2.1) and
the following BCs:

w(O) = d11, Mz(o) = hi w(l) = G12, M2(l) = hyo;

Problem 10 Let a > 0, 0 < 3 < 1. Find w € C*(]0,1[) N C'(]0,1]) satisfying
(2.1) and the following BCs:

M5(0) = hy1, Q2(0) = hae w(l) = gr2, w,2(l) = goo.

In all these problems g;;, hi; (i,j = 1,2) are given constants.

All above problems are solved explicitly. Let us solve typical ones. For the sake
of simplicity we consider homogeneous BCs.

Solution of Problem 1:

By virtue of (2.8) and homogeneous boundary conditions for w,, we have

o9 [ ¢

¢ = (m)a(n)dn + ca + Ec1 | D™HE)dE, (2.12)
[\
29[ ¢

3 = (& —n)g(n)dn + ¢y + Eci | DH(E)dE. (2.13)
[\
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Taking into account of (2.9) and homogeneous conditions (2.10) for w, we obtain

9 3

ey = — [€ (& —n)g(n)dn + ca + & Dil(f)dfa (2.14)
[<|/ |
9 [ ¢ ]

o = —/5‘/@—nmmﬂn+@+fq D). (2.15)
E ]

Obviously, from (2.12)-(2.15), for ¢; and cowe have the following system

l l

cl/lé“D‘l(é)dé + Cz/lD‘l(f)d£= —/Q(n)dn/(ﬁ—n)D‘l(é)dﬁ

0

T /ﬁmm¢/@—m01@ms:dh (2.16)

i /ﬁmmy/as—mD*@mg:d} (2.17)

0

The determinant of this system is equal to

Ay = /é“D_l(é)dé —/D_l(é)d£/€2D_l(§)d€ <0 (218)

The last assertion follows from the Holder inequality which is strict since £D*%(£ )
and D~2(€) are positive on ]0,1[, and £2D71(¢) and D~1(¢) differ from each other
by a nonconstant factor £2.

Further,

l l
dy Of sw(lé—g)ﬁdg — dy Of &”‘(ll—f)f’dg
Cl == Al )
l 3 l €2
ds g saa—@ﬂdg —d { fa(l—f)5d5
AN '
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After substitution the ¢; and ¢ into (2.12) and (2.14) we get the expressions for c3
and ¢4. It is obvious, that the last integral of the expression ¢; exists if and only if
a<l, /<l

Solution of Problem 8: From (2.6), (2.7) and BC we get

l

o = — / (O)de, e = — / £q(€)de, (2.19)

0
Tg

hence

l x9 l

Qulis) = [ a(€de, Maos) = [ €al€)de + 2 [ a1

9 0 9

Substituting (2.19) in (2.8) and (2.9) and taking into account BCs, after using
Dirichlet formula we have

c3 —/l [jnq(n)dn+€/q(n)dn

0 3

D (€)de + / £4(¢) / 0D~ () dnde

_/lq(g)/l(n — &) D (n)dndé + fq(f)/lD‘l(n)dndi,
29 3 0 3

0
l To

er= [ a© j o =D (n)dnds + [ a(6) [ 2D a)dndg

T3

and

w(wy) = (2.20)
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It is easy to see that w(xs) and w,s (z4) belong to C([0,1]), since

¢
d
- Of nq(n)dn . £a(®)
N (e T (S L R (eI
q(§)

Qe ) Y S T S

Solution of Problem 9:
i

Qulis) = [ a(ede - ; /l cal6)de.

My(s —u/ d€+/€q df——/é ).
/@l— d“l/%d&

/sal— - /f“

ﬁ R1(§)
L) il —¢)y
0

dg,

where
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w,y and w are bounded as zy — 04 if

3¢@=2 " such that 5lir(r)l q=2(&) # o, liI(I)l " =0, i=3,[a], a>3,
— —> +

is fullfiled since

'3
S na(n)dn ) 4(©)

M eai e el — 8 el —oP ]

For homogeneous BCs solutions of all the above problems can be represented as
follows [14]

l
/K 9, )q(€)dE, (2.21)
0
where
Kiwd) :{ égfg 2;6;;;.7 (222)
K3(z2,€) has different forms for different problems, e.g.,
Problem 1.
Ka(wa €)= [ = 22)(n = D"
0
£ z2
+¢ [ (E=n)D  dy [ (23 —n)nD ™ (n)dn
[eomn]
l
£ @2 J 0D~ (n)dn
+ [ n(&—=n)D " (n)dn [ (x2—n)D~ (n)dn p °
/ / s
l
¢ @2 J D=1 (n)dn
/(5 nnD~ ()dn/(@ D~ (n)dn* A
0 0
l
¢ @2 [ n*D~ (n)dn
+ [€=wD dn [@e-nD i, 2
0 0

where A is given by (2.18).
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Problem 2.

Ky(rs,€) — / (22— )€ — m)D~"dn

x / (22 — ) D" (). (2.24)

Problem 3.

Ka(rs,€) — / (22— m)(€ — m)D(n)d

- (2 — ) =)D ()
Of(l —n)2D~Y(n)dn o
£
x / (€ — )1 —n)D" (n)di. (2.25)
Problem 4.
Ka(rs,€) = / (€ — )22 — m)D~"(n)dn. (2.26)
Problem 5.

Ka(en,€) = / (22— m)(€ — m)D~(n)dy

!
< [te=nD 2:27)
3
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Problem 6.

Ki(rn,6) = —(1— 1) / 0D~ (n)dn + / 2D ()

3
0
+ (=2 [ D man (2.28)
3
Problem 7.

l
Ky(en,€) = / (22— n)(€ =)D\ (n)dy

l
< [ €= D njan. (2.20)
£
Problem 8.
Ky(9,8) = —xz/nDl(n)dn+/n2Dl(n)dn
13 0
!
+ / D~ (n)dn. (2.30)
3
Problem 9.

N (I —z2)(I = &) /7]2D1(77)d77' (2.31)

Problem 10.

K2, €) = — / (22— ) — €)D" (n)dn. (2.32)
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Obviously, taking into account (2.23)-(2.32), we have (see (2.22))

C([0,1] x [0,1]), in case of Problems 1—3, 5—9;
0,{]), in case of Problems 10; (2.33)
0,1[), in case of Problems 4,

and

C([0,1] x [0,1]), in case of Problems 1, 2, 5;
K' 5 (x9,€) € < (C(]0,1]x]0,1]), in case of Problems 7, 8, 10; (2.34)
0,1[x[0,1[), in case of Problems 3, 4, 6;

Remark 2.1 Problems 1-10 are not correct for the different from the indicated in
Problems 1-10 values of o and (3. It is evident from the fact that in the above cases,
in general, the limits of w and w,s as o — 04, [_ do not exist. The last assertions
easily follow from the general representations (2.9) and (2.8) of w and w,, with

(2.3).

Using integral representations and the difference equation corresponding to (2.1)
by means of MATLAB we get numerical results and corresponding graphical results
for deflection, bending moment and intersecting force for different materials. These
numerical results coincide up to 1073. In Figures 13-17 is shown graphical results
taking into difference equation corresponding to (2.1), In Figure 18 is shown the
graphical results for deflection using integral representation corresponding to Figures
13-17.
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Problem, 1 Alumimum
o=0.3, p=0.3
=27, g=cos(x,)

0 20 40 &0 80 o 120

140 160 180 200

hdix, ]

0

2

_4 1 1 | | | 1 1 | 1

0 20 40 B0 B0 100 120 140 180 180 200
@, ()

2 T T T T T T T T T

| 20 40 &0 B0 100 120

Fig. 13

140 180 180 200
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Problem 8, Iron

o=1.5, p=0.1;
I=1; g=const
x 10 Wixy)
0 T T T T T
0.5 -
_1 1 1 | 1 1 | 1 1 1
0 20 40 60 80 100 120 140 160 180 200
M(x,)
O T T T T T T T
021 -
04 | | | | | | | 1 |
20 40 60 80 100 120 140 160 180 200
Q2(X2)
1 T T T T T T T 1
0 [ -
_1 1 L | L L 1 L | L
0 20 40 60 80 100 120 140 160 180 200

Fig. 14
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Problem 10, Aluminium
o=3, f=0.1;

I=1; g=h(x)
E WX,
x 10° Y
0 T T T T T T T T
2 _
_4 1 | 1 | 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
M(x,)
0 T T T T T
-0.02 b
_004 L L 1 | | 1 | | |
0 20 40 60 80 100 120 140 160 180 200
Q,(x,)
02 T T T T
0 [ —
02 | | | | 1 | 1 1 1
0 20 40 60 80 100 120 140 160 180 200
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Problem 10, Aluminium
o=3, p=0.1;
=37, g=sin(x,)

W(X,)
0 T T T T T T T T
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M(x,)
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0 W
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Fig. 16
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WiX,)
x 107
5 T T T T T T T T T
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WX
x 10 4 ( 2)
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05| / i
1 1 1 1 1 1 L I 1 1
0 20 40 60 80 100 120 140 160 180 200
w(x,)
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-0.01 N\ b
.0.02 | 1 | | 1 I ! I |
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Fig. 17
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2.2. Vibration of the Plate with Two Cusped Edges

The equation of bending vibration has the following form

0?w(xo,t)

(D(x2)w, 02 (72,1)),20 = q(w2,1) — QPh(Iz)T,

0<xo <, (2.35)

where p is a density of the shell.
In this case we have to add to the BCs of Problems 1-10 the initial conditions

w(w2,0) = @1(z2), W, (T2,0) = pa(72), (2.36)

where p;(z2) € C*(]0,1[), i = 1,2, are given functions..
Let us consider the following initial boundary value problem (IBVP):

Problem 11 Let 0 <a<2,0< < 1. Find

w(-t) € C*(10,1)) N C([0, 1) N C(]0,1]), Ma(-,t) € C([0,1]), Qa(-t) € C([0,1]),
w(zq, ') € CHt > 0)NC*(t > 0), w(zy,t) e C(0<xy <1, t>0)

(2.37)
satisfying equation (2.35), the BCs
w(0,8) = My(0,1) = w,s (I, 1) = Qu(l,t) = 0, (2.38)
and ICs (2.36), where
pi(r2) € C40,1) N C([0,1) N C1(0,1]), i=1,2. (2.39)
0i(0) = —D(z2)¢] (22)]as=0, = ¢3(1) = (2.40)

= (—D<x2)<ﬂ§/($2))/ lep=t_ = 0,1 =1,2.

Solution. In this section all quantities, in particular, in (2.4), (2.5) depend on x9
and t.
Using the Fourier method, we will look for w(xs,t) in the following form

w(xg,t) = X (x0)T(1). (2.41)
Let firstly q(z2,t) = 0. Then from (2.35) we get

(D(z2) X"(x2))" __T"(1)

g(x) X (z0)  T(t) = A = const.

Hence,
T"(t) + XT'(t) = 0, (2.42)

and
(D(w2) X" (2))" = Ag(2) X (22), (2.43)
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where g(x2) := 2ph(xs).
From (2.38) for X (z,) we obtain the following BCs

X(0) = =D(w2) X" (22)lar=0 = X'(I) = (=D(22) X"(2)) |so= = 0. (2:44)
Now, in view of (2.37), we have to solve the following BVP:
Find
X(x2) € C*(J0,2) N C([0, 1)) N (0, 1)), (2.45)
which satisfies equation (2.43) and BCs (2.44).

If in (2.21) we replace w(zy) and g(z5) by X (z5) and Ag(x2)X (x2), respectively,
then, similarly to Section 2.1, for X (z5) we obtain

X@ﬁIA/ﬂOK@mOX@M& (2.46)
0
h
e e K3(&,x9), 0<E& < mo,
(w2,€) = Ks3(29,€), 29 <€<I
x2 x9 l
K(w0,€) = —as / 0D (n)dn + / ED ()i + ot / D n)dy.  (2.47)
£ 0 13

Proposition 2.2 K(z3,£) is symmetric with respect to xs and .
Proof For z; and zy, such that 0 < z1, 25 <[ we get

B Ks(29,21), 0 <29 < 2,
Kt 22) = { K3(21,22), 21 <29 <1,

_ K3(21722>) 21 S Z9 S l?
Kz, ) = { Ks(22,21), 0< 29 < 2,

ie.,
K(z1,22) = K(22,21), for any 21,2 € [0,].

UJ
(2.46) can be rewritten as follows

l

V(o) = [ Blas Y (e, (2.43)

0

where
Y(z2) = Vg(22) X (22), R(22,€) = v/ g(22) K(22,§)V/ 9(). (2.49)

(2.48) is an integral equation with a symmetric kernel.
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Proposition 2.3 Number of eigenvalues A, of (2.48) is not finite.

Proof Let it be finite, and n = 1, m. Then we can express R(xs,§) as follows (see
Theorem 1.2)

{L'Q, ZYn )

n=1

where Y, (z2) € C4(]0,1]), i.e
R(x9,&) € C*(]0,1[x]0,1[) . (2.50)

On the other hand, by virtue of (2.47),

1
Kalc/;(x%g)'fﬂxz* - K;:/;($2>€)’£Hx2+ = M>
then kernel
R(x2,€) & C*(]0,1]x]0,1[) . (2.51)

But, (2.50) and (2.51) contradict to each other, thus the number of A, is not finite.
0

Proposition 2.4 All of A\, are positive.

Proof Obviously, if we denote by Y,, orthonormalized eigenfunctions (it can be
assumed without loss of generality) of (2.48), then

are eigenfunctions of (2.46) (i.e., of (2.43)). Let us multiply both sides of the fol-
lowing equation

(D(2) X, (22))" = Ang(2) X (2), (2.52)

by X, (z2) and integrate it from 0 to [. Taking into account the first expression of
(2.49), we obtain

l l

/ X () (D () X" (22)) 'z = A, / 0(2) X () X (2) s

0
l

0
= )\n/Yn IEQ lelfg )\
0
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Further,

l l

An = /Xn(xz)(D(b)Xﬁ{(@))"d@ = X (2)(D(w2) X" (22))’

0 0
l

- / X (22)(D (2) X (22) iy =

0

(by virtue of the BCs (2.44))
!

- / X (02) (D (2) X (i) ity = X (2)(D(2) X" ()

0
l l

b [ D)X ey = [ Dlaa) (X (a2 0.

0 0

Hence, A, > 0 for any n, since in non trivial case X,, 0.
The solution of (2.42) can be written as follows

t) = b} sin (\/Ant) + b3 cos (\/)\nt) , b =const, i=1,2.

Now, we can find a solution of the Problem 11 in the form as follows
w(zy,t Z (b” sin <\/ t) + bl cos <\/ t)) (2.53)
or, taking into account (2.49), in the following form

w(wg, t ZX (22 <b sin <\/_t>+b”cos <\/_t>> (2.54)

In view of initial conditions (2.36), we formally have
> Yalw)bs = o1(e2)Vglr2). D VAYa(e2)bi = paw2)V/g(w).  (255)
n=1 n=1

If o;(x9) = Lol ¢ ¢ [0,], (i = 1,2), then after integration of the last expres-

vV 9(w2)

sion, \/g(z2)pi(x2) can be expressed as follows

l

o(@a)pilws) = / 99 (O (22, )0 €,

0
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ie.,
l

G(m)i(xs) = / R, €00n(€)de.

0

Hence, by virtue of Theorem 1.1, since ¢;(§) € C([0,1]) and symmetric R(z3,§) €
C([0,1] x [0,1]), we get absolutely and uniformly convergence of the series

o !
g(x2)pi(2) Z/vg §)wi(€ §)d€ - Y (w2),

n=1 0

i.e., of (2.55) on [0,], and

l l

/ 9(22) X (22) pa(2) s, B = / 9() Xo(w2)pr (w2 drs. (256)

b=
1= .
0 0

Further, taking into account (2.45), X (xq) € C([0,!1]). Then, by virtue of (2.49),
we can rewrite (2.55) as follows

[e.e]

o1(x2) = ZX (22)by,  pa(xs) Z\/_X x9)bY. (2.57)

n=1

Evidently, last series will be absolutely and uniformly nt on ]0,[. Since there
exists positive minimum of eigenvalues, from the convergence of the second series fol-
N
lows absolute and uniform convergence on |0, ([ of the series Y X, (x2)b}. Therefore,
n=1
the series (2.54) is absolutely and uniformly convergent on |0, I[.
After formal differentiation of (2.54) with respect to t we get

(xo,t ZX To) (b” cos(y/Ant) — b2 sin(\/)\_nt)> , (2.58)

Wt (29,1 ZX 22)A (b?sin(\/)\nt)+b§cos(\//\nt)>. (2.59)
Theorem 2.5 (2.57) and (2.54) converge absolutely and uniformly on [0,1], and

(2.58) - (2.59) converge absolutely and uniformly on any [a,b] €]0,1[ if
Yi(w2)

g(2)

Ui(zp) := for i = 1,2, are satisfying BCs 2.40 (2.60)

Xi(z2)V/g(x2) = (D(z2)W!(22))", i = 1,2, are an integrable ones on ]0,1[ (2.61)
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d’ 5
(for this, e.g. it is sufficient that ngi(xz) = O(z3”), vij = const > 7 — j — ?oz
Lo
4’

)
—pi(x2) = O((l - 79)%7), §;; = const > 7 — j — —ﬁ, To — -, 1 =1,2;
dx?, 3

To — 04,

j=2,8).
Proof Substituting in (2.56) the function g(z2)X,(z2) found from (2.52), we get

1
i = o (D@ X)) alas)drs
0

(after integrating by parts 4-times, taking into account BCs, (2.40), (2.44), and
(2.49))

l

1 " / l " /N
W (D(x2) Xy (22)) p2(x2)]o — O/(D(l’z)Xn(l’z)) o (w2)dxs
— )\nxl/A_n {D(xQ)X,’{(xg)go’Q(xg)é + /D(xg)Xg(xg)gpg(xg)dxg}
/i " _ 1
- / X (o) Dlaa)aaldes = 5—e{ Xifead Dl )l
/ 1
/ D(w2)¢h(x2))’ dl“?} =3 \/)\—{ — X (22)(D(2) @5 (22))'[f
!
/ D(z, 902(332))Hd332} = \1/>\—/Xn(332)(D($2)90’2/(1?2>)"dx2
!
Yo (22)1)9(xg)ds. (2.62)
Analogously,
0 1
b2 = )\—n/Yn<JZ2)’¢)1(l’2)de2 (263)

0
In view of (2.61), ¥;(x5) can be expressed as follows

l

w; (x2> :/ x?? \/ XZ dga 1= 1727

0
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and by virtue of (2.60), (2.49) we obtain

[
%@ﬁZ/ﬁ@mﬂmﬁﬂéile
0

According to the Theorem 1.1, the following series

o0

S B Ya(a).

n=1

where
I

B = /Yn($2)¢i($2)dl’2, 1=1,2, (2.64)
0

is convergent absolutely and uniformly on ]0, ], i.e.,

D 18RIV (w2)] < 400, i=1,2. (2.65)

n=1

By view of K(z2,£)+/9(§) € C([0,1] x [0,1]), there exists such M that

M = max
0<zs,£<1

K (22, )V/9(6)| < +o0.

Using (2.48), (2.63), (2.64) we have

l

X, (e2)B] = M/Mm@%ﬁ%ﬁ%%

0

l
_ /Km, Y, (€)ande
0

l
StﬂKm,V JI1Ya(€)]1831de = c,

On the other hand in virtue of (2.65) we obtain
> -
n=1 1

I
< uf
0

[ K (2, )/ g(E)[Ya (&) 55 |dE

1
Cn

WK
—

3
I

e -

Y, (6)|85|dE < MMl < oo.

3
Il
—
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From the last two uniquality we get

1] < Z | X (22)by| < ch{b < +00.
n=1 n=1

Which means that ¢; can be expressed as absolutely and uniformly convergent

series. Analoguously, we can prove that ¢, converges absolutely and uniformly on
[0, ].
Let, now consider (2.54) series. It is obviously that

w(ws, 1)) <Y [ Xn(@2)bf ]+ Y | Xn(22)b]
n=1 n=1

and from the convergent of ¢, and s we obtain that (2.54) converges absolutely
and uniformly on [0, [].
Further, from (2.58)

(@2, 8)] =[S Xawa)v/ A (b cos(v/Aut) — b5 sin<¢7nt>)|

n=1

IN

5" X, (aa)y/Aatt cos( /At

b XAt s/
< Y0 |XuCan ]+ 30 KtV (2:66)

According to Proposition 2.4, all of A\, are positive. Therefore, we can find \q such
that A\g < 11<ni<n {\:}, and by virtue of (2.49), (2.62)-(2.65), we obtain

> - 1
> ‘Xn(@)\//\nb; = _IZ 'Yn\/)\n)\—ﬁ’f
n=1 2 =

< \/—\/—Z‘Y |87 < oo,
;‘Xn(@)\/?nb? - = A \/_
<+ Z|Y||ﬂ2|<oo 72 €)0,1]

J—

Hence, the series in (2.66) are convergent. Thus, (2.58) is convergent absolutely and
uniformly on 0, [. Similarly, we get the absolute and uniform convergence of (2.59)
on ]0,[[. O
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Let us now differentiate (2.54) formally i-times with respect to x5 and consider
the following expressions

$27

(@) (B sin(VAD) + Beos(VAD) . o

i=1,2,34,

oz} d Z

%(DC@WWM ) = Zdi:_ D(x2) X5, (w2)) (b? sin(v/Ant)
| o (2.68))

+b5 cos(vAnt)) , i =

Theorem 2.6 The series (2.67;) (i = 1,...,4) are convergent absolutely and uni-
formly on any [a,b] €]0,1[. The series (2.68;) (i = 1,2) are convergent absolutely
and uniformly on [0,1].

Proof Obviously, in view of (2.44), after integration of (2.52), we get

l

Xifax) = Ao [ Ralaz, X, (€)de, (2.69)
0
where
{/D n)dn, 0<¢ <z,
R1<ZL’2,§) = <
/ dn—i—f/D n)dn, xe <& <I,
and

Ry (w2, €) € C([0,1] x [0,1]), (2.70)

because of 0 < a <2, 0< 4 < 1.
Substituting (2.69) into (2.71;) for i = 1, we obtain

0 (aat i/\n / (2, €) X, (€)d¢ (b sin(y/Aet) + b cos(v/Mnt) ) =

8!E2

/ (29, & [ZX (b? sin(y/Ant) 4 b2 cos(\/)\_nt)>] de, (2.71)
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since (2.59) is absolutely and uniformly convergent on ]0, [ and in view of (2.70) and
X, (zg) € C(]0,1]) we conclude that the corresponding integral in (2.71) is absolutely
convergent on |0, [[. Similarly, we can prove the convergence of the series (2.67),
(2.673), (2.674), on ]0,[[ and (2.68;) (i = 1,2) on [0,{]. O

Thus, (2.53) is the solution of the Problem 11 for g(x9,t) = 0.

Now, let us consider Problem 11 when ¢(zy,t) # 0, ¢; = 0, 7 = 1,2, and let
\/ig(-, t) € Ly(0,1). Then q(z2,t) can be represented as a convergent series in L (0, 1):

q(z2,1) _ i <Q(5L‘2,t) Yn) Y, = i(q,Xn)Xn\/E,

g(z2) =\ Vo(wa) =

hence,
!

q(xa,t) Zg 29) X0 (22)qn(t), qu(t) := /Q(xz,t)Xn(ﬂsz)dxz-
0
Further, we look for the solution in the form

513'27 E wn x?a

where w, (2, t) is a solution of the Problem 11 with (x5, t) replaced by g(z2) X, (22)gn(t).
Using the method of separation of variables, we can write

Wy (2, 1) = X, (22)T1n (1),

where
17, () + M Tin(t) = ga(2)

and X, (z2) satisfies (2.46).
Therefore, w(xy,t) can be expressed as follows

w(xe, t Z\/_X /SlIl n(t —7))gn(7)dT. (2.72)

Now, similarly to the proofs of Theorems 2.5 and 2.6, if the following conditions

are fulfilled
. o 1 . q(z2,1)
(w2, 8) = g(x2) (D( 2) ( g(x2) ),mm)mm < cl0.d)

T — D(s T(29,1) _ T(29,1)
\@(o,t)— D( 2)< g(“))mm@ ( g(m))’% (2.73)

2=l
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T(.Z'Q,f)
-D ) = 0,
o (5).

L2 lgpo=]_

(for this, e.g., it is sufficient that ajq(:pg,t) = O(xgj) Ty — 04,y > 7T— 5 — 22,

%q(@’ﬂ = O((l — x2)%) w3 — I_, v, > 7—j— 2, j =0,8) we have the absolute

and uniform convergence of the series (2.72) and

o4 = d B ,
(%5 (D<x2)w,962$2(x27t)) - ;dl’% (D(x2)Xn>(x2)T1n(t)7 t= 07 17

on [0,!], and the absolute and uniform convergence of the series

on any |a, b E]O,l[.

Remark 2.7 Let q(xo,t), @i(x2) #Z 0. If conditions (2.60), (2.61) and (2.73) are
satisfying then the solution of the Problems 1-10 can be expressed as follows

:L'2a E wn an

where

’LUn(JjQ, t) = XTL(x?)(Tln(t) + Tn(t))a
X (x2)T1n(t) is given by the formula (2.72) and X, (x2)T,(t) is given by the formula
(2.54).

Remark 2.8 Similarly, we can solve the following initial boundary value problems
which correspond to the Problems 1-7, 9, 10.

Problem 12 Let 0 < «, f < 1. Find a function w(xa,t), which satisfies following
smoothness conditions

w(-, 1) € CH(J0, 1)) N ([0, 1]),
w(ze,-) € CHt > 0)NC%t > 0), w(xg,t) e C(0<ay <1, t>0),

equation (2.35), the boundary conditions (BCs)
w(0,t) = w, (0,t) = w(l,t) =w,n (l,t) =0, t >0,

and ICs (2.36), where
pi(2) € C*(0,1) N C*([0,1]),

i(0) = ¢i(0) = @il) = ¢i(1) =0, i=1,2.
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Problem 13 Let 0 < «, § < 1. Find a function w(xe,t), which satisfies following
smoothness conditions

w(-t) € C*(10,1)) N CH([0,1]), Qa(-t) € C([0,1]),
w(wy, ) € CHE>0)NC%(t>0), w(we,t) e C(0< <1, t>0),

equation (2.35), the BCs
w(0,t) = w,n (0,t) =w,s (I,t) = Q2(l,t) =0, t >0,

and ICs (2.36), where
pilx2) € C*(10,1[) N C([0,1]),

0i(0) = ©i(0) = @l(l) = (—D(22) @} (22)) |apmr. =0, i =1,2.

Problem 14 Let 0 < o, < 1, 0 < 3 < 3. Find a function w(xs,t), which satisfies
following smoothness conditions

w(-,t) € C4(]0,1[) N CH([0,1]) N C([0,1]), Ma(-,t) € C([0,1]),
w(wy, ) € CHE>0)NC%(t > 0), w(we,t) e C(0<zy <1, t>0),

equation (2.35), the BCs
w(0,t) = w5 (0,8) = w(l,t) = My(I,t) =0, t >0,
and ICs (2.6), where
pi(z2) € C(J0,2)) n ([0, 1)) n C([0,1]),
9i(0) = ¢i(0) = @i(1) = (= D(22) ] (¥2)) a1 = 0, i =1,2.

Problem 15 Let 0 < a < 1, 8 > 0. Find a function w(xe,t), which satisfies
following smoothness conditions

w(-,t) € CYJ0,I[) N CH[0,1]), Ma(-,t) € C([0,1]),  Q2(-1) € C([0,1]),
w(wy, ) € CHt>0)NC?(t > 0), w(re,t) e C(O0<L <, t>0),

equation (2.35), the BCs
w(0,t) = w, (0,t) = Ms(l,t) = Q2(1,t) =0, t >0,
and ICs (2.36), where
pi(2) € C*(0,1) N C([0,1]),

2il0) = G(0) = (~D(w2)p! (2)) lrami_
= (~D(@2) (@) et =0, i=1,2.
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Problem 16 Let 0 < «, § < 1. Find a function w(xe,t), which satisfies following
smoothness conditions

w(-,t) € C4(J0,1[) N CH([0,1]), Qa2(+t) € C([0,1]),
w(we, ) € CHE>0)NCt > 0), w(ze,t) € C(0< a9 <1, t>0),

equation (2.35), the BCs
W, (0,t) = Q2(0,t) = w(l, t) =w, (I,t) =0, t >0,

and ICs (2.586), where
pi(2) € C*(J0,1) N C*([0,1]),

©i(0) = (=D(22)} (22)) lap=0, = i) = ¢i(1) = 0, i =1,2.

Problem 17 Let 0 < a < 1, 0 < 8 < 3. Find a function w(xs,t), which satisfies
following smoothness conditions

w(-t) € C1(J0, ) N CH([0,I) N C([0.1]), Ma(-,t) € C([0,1]), Q1) € C([0,1]),
w(wy, ) € CHt>0)NC?*t > 0), w(we,t) € C(0< a9 <1, t>0),

equation (2.35), the BCs
w,2 (0,t) = Q2(0,t) = w(l, t) = My(l,t) =0, ¢t >0,
and ICs (2.536), where

pir2) € C1(0,1[) N CH([0, 1) N C([0,1]),

01(0) = (—=D(22)¢} (22)) |sg=o, = @i(l)
= (=D(x2)¢](2)) lay=i_ =0, i = 1,2.

Problem 18 Let 0 < o < 3, 0 < 3 < 1. Find a function w(xs,t), which satisfies
following smoothness conditions

w(-t) € C4(J0, ) N C(J0, ) N C([0.1]), Ma(-,t) € C([0,1]), Q(t) € C([0,1]),
w(we,+) € CHt > 0)NC(t > 0), w(xe,t) € C(0<L a0 <1, t>0),

equation (2.95), the BCs
w(0,) = M(0,1) = w(l,t) = w,s (I,t) =0, t >0,
and ICs (2.36), where
pi(2) € C*(10,1) N C*(J0,1) N C([0,1]),

#i(0) = (=D(x2)#] (2)) lea=0, = @i(l) = ¢i(1) = 0, i = 1,2.
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Problem 19 Let 0 < «, § < 3. Find a function w(xe,t), which satisfies following
smoothness conditions

w(-,t) € C4]0,I) N C([0,1]), Ma(-t) € C([0,1]),
w(wy, ) € CHE>0)NC%(t > 0), w(we,t) e C(0<zy <1, t>0),

equation (2.35), the BCs
w(0,t) = M(0,t) = w(l, t) = My(l,t) =0, t >0,
and ICs (2.86), where
pi(2) € C*(10,1[) N C([0,1]),
0i(0) = (=D(x2)¢; (%2)) =0, = #i(l)
= <_D<x2)90;/<x2)) |12=l— = 07 L= 17 2.

Problem 20 Let « > 0, 0 < § < 1. Find a function w(xs,t), which satisfies
following smoothness conditions

w('7t> € 04(]0’”) N Cl(]O,l]), M2('7t) € O([Oal])7 Q2(’7t) € C([Ov l]),
w(wg, ) € CHt>0)NC*t > 0), w(wg,t) € C(0< e <1, t>0),

equation (2.35), the BCs
M5(0,t) = Q2(0,t) = w(l,t) =wye (I,t) =0, t>0,
and ICs (2.536), where
pilx2) € C*(10,1[) N C1(J0,1]),
(=D(w2){ (x2)) = (=D(x2)9}(x2)) |ea=0,
= @) =¢i(l) =0, i=12

In all these cases we get integral equations with symmetric kernels.

2.3. Harmonic Vibration

We can avoid the restrictions (2.73) if we consider the problem of harmonic vibration.
In this case

U}((L‘g,t) = eiwtw()(xQ)a Q<x27 t) = ethQO(:LQ)?

where w = const is an oscillation frequency, go(z2) € C([0,(]) is a given function.
Now, for wg(x2) from (2.35) we get the following equation

(D(zo)uwg(@2))" = qo(wa) + 2w?ph(w)wo (), (2.74)
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which we solve under the above BVPs (see problems 1-10), where we replace w(x2)
and w'(x2) by wp(xe) and wj(x2). For bending moment and intersecting force we
obtain

M2($2) = _D(x2)w07227 Qz(xz) = Ms,5 (1U2)

All these problems are equivalent to the following integral equation (which we get
from (2.21) after replacing w(zz) and q(z2) by wo(z2) and qo(z2) + 2w? ph(x)wo ()
respectively),

wo(s) — / K (1,€) 9(€) wol€)dE = B(x), (2.75)

where

Ba) = [ K€ n(6)d (2.76)

Introducing a new unknown function

wi(@2) = wo(w2)V/ g(2) (2.77)
we can reduce (2.75) to the following integral equation

l

wn(g) — / R, €) w1 (£)dE = B(ar2)/g(w2) (2.78)

0

where R(xz9,&) is given by (2.49)
Further, in view of (2.52) we have

l

X, () = A / 9(6)K (22, €)X, (€)de. (2.79)

0

If w? # \,, the unique solution of (2.78) can be written as follows (see, e.g., [66],
Theorem XVIII, p.157)

wi(r2) = P(z2)V/g(x2)
l

Y s [ RO VI ), 8

0

where the series in the right hand side of (2.80) is absolutely and uniformly conver-
gent on [0, ].
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After substituting (2.80) into (2.77) we formally have

wo(r2) = P(2)

+ Ww? i
n=1

l
d(¢

Xo(z2).  (281)

0

We have to prove that (2.81) is a solution of (2.74) under homogeneous BCs.
Let differentiate (2.81) formally i-times with respect to xo and consider the fol-
lowing expressions

d' di

drh o(w2) = dxé(p(@)
e 1 ; d’
') _wg/cb(é)\/g(f)Yn(f)df R n(2), (2.82)

i=1,..,4

Proposition 2.9 The series on the right hand side of (2.81) and (2.82) are abso-
lutely and uniformly convergent on ]0,1].
Proof Let denote by

l

Sn(x2) == )\niuﬂ /(I> V9(8) Y, (£)dEX,, (22).

0

Taking into account (2.79), (2.49) we have

Yo (§)dE - Ya(x2)

Sn(l?)

!
d(¢
e G
I’Q WO
l
, N L GRIGR AR A
n 0

- (2.83)

Vol2) M = 2 A

According to Proposition 2.3, the number of eigenvalues is not finite, that means
An — o0 when n — oo, and further

An 1
- -1 (2.84)
Ay —w? 1= &
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l
In view of ®(z3) := / K(22,€) qo(§)d€ and (2.33) we obtain, that the following
0
series
l
o [ P(&) V(&) Yi(§)dE - Yy(an)
0
; 2.85
; )\n ? ( )

is absolutely and uniformly convergent on ]0, [.
Further, in view of (2.83)-(2.85) and (2.33) we get, that

Sosie) = Y / SO (e2,7)

!
( / B¢ (f)df) ()

l

= /Vg K$27 Zl)\n
0 n

X

X

(/ )V 9(&) Y€ ) Y, (n)dn (2.86)

is also absolutely and uniformly convergent on ]0, [, i.e., wo(z2) € C(]0,1]).
Analogously, we obtain

o0

di
dzg Vo) = d /V alK@’ ;An

)52 K aen) € CUOLIKI0.1D,

X

(§)d§) C()dn, i=1,..,4.  (2.87)

o\{\

Because of

we get ®@ € C(]0,1[) and w® € C(]0,1]), i =1,...,4. O
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Proposition 2.10

.

L([0,1]), in case of Problems 1, 2, 5;
1([0,1) N C([0,1]), in case of Problems 3, 6;
(]0,7]) n C([0,1]), in case of Problems 7, 8

wo(72) € ; (2.88)

([0,1]), in case of Problem 9;
(]0,1]), in case of Problem 10;
([0,1]), in case of Problem 4,

QAQQQQ0

\

because of qo(z2) € C([0,1]).

Proof. (2.81) can be rewritten as follows

R J (&) 9(§)Yn
wo(s) = B(xs) + e An_”wgo - Yo(zs).  (2.89)

Taking into account of (2.84), and Theorem 1.3 we have

] oooflé W)Y ()dE - Yy (x2)
\/9(56'2); An

= (because of ®,/g is a continious function on [0,]])

_ / (20, E)D(E)1/g(E)dE = /K:cg, )g(€)de

, in case of Problems 1, 2,
]), in case of Problems 3, 6;
0,1]), in case of Problems 7, §; (2.90)
in case of Problem 10;
, in case of Problem 4;
), in case of Problem 9.

-~

Ve

According to (2.90), (2.89) we have (2.88). O

Similarly, it can be proved that the following series

dz dl U
T Dleufle) = (D) F ()
+ Y {Anl B(€)
d :

7 (D(x2) X;/(22)), 1=1,2

dz,
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are absolutely and uniformly convergent in [0, [].

So, we obtaine that the formal solution (2.81) is a solution of (2.74) under BCs
1-10.

Using the difference equation corresponding to (2.74) by means of MATLAB we
get numerical and graphic (Figures 18-21) results for harmonic vibration problems.
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Problem 10, Aluminium,
a=03 5=03
[ =2m, q(xq,t) = cos(xz) * cos(t), t € 0,2n]

wo(x2)cos(t)

¥ 10

i,
L
=
> #Wfﬂﬁﬂfﬂ%ﬂﬂffjﬁ% dt‘?' *’"‘"ﬁ. 5

% (i
i e e
o s
R ||I:ri.? ,-}E‘r b %'&Q%"ﬂ‘
ity

i tfl;’*ﬁ'{;‘, ﬁ@;ﬂwﬁf i
i
ntdics

A :
"rf.r, e
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My (x2)cos(t)
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Problem 8, Iron,
a=1, =03
[ =2, q(xq,t) = const x cos(t), t € [0,2n]

wo(x2)cos(t)

% 10

N
R
T il
i
o
e
ﬁ"i,ﬁ’rﬁ"fﬁ'
e

P
"f‘l;’ﬂf{;#& -Ifl:f
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My (x2)cos(t)
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Chapter 3

A Cusped Elastic Plate-Fluid
Interaction Problem

Let us consider the interface problem of the interaction of a plate, whose variable
flexural rigidity is given by the equation (2.3), and of a flow of fluid. Let the flow
be independent of xy, parallel to the plane Ozsx3, i.e. v1 = 0, and generates a
bending of the plate. Let at infinity, for pressure we have

p(xe, T3,1) — Poo(t), when |z| — oo, (3.1)
and let for the velocity components conditions at infinity be either
vo(xa, x3,t) = O(1), v3(xa,x3,t) — V300(t), when |z| — 00 (3.2)
or
vj(xg, x3,t) = O(1), j=2,3, when |z| — o0 (3.3)

where v := (vq,v3) is a velocity vector of the fluid, p(xs, z3,t) is a pressure, and
U300(1), Poo(t) are given functions.
In what follows we suppose that the plate is so thin that, we can assume: the fluid
occupies the whole space R? but the middle plane € of the plate.
Let,

I:={]0,1] x 0},
Of = {561,372,373 =0, v := (3727373) € R2\[}'

If the middle plane of the plate lies in the plane Oxix5 and the flow of moving fluid
involves bending of the plate then transmission conditions have the form:

Ons | L1, 22, h <x17I2>7t — On3 | L1, T2, h (xla'%‘?)?t = q<l’1,$2,t)7

69
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(+) (+) (+)
V3 | T1 — h (SUl,.CUQ)'LU,l (.131,.T2,t>,$2 - h (xl,xQ)U),Q (x17x27t)7 h <x17x2>

(-)
+w(x1,xz,t),t> = v3 (xl — h (z1,22)w,1 (21, 22, 1), 29

3.4)

) ) ow(xy, xa,t (

—h (ZEh 172)10,2 (xla Ta, t)a h (1717 l’g) + w(Jfl, T2, t)7 t) = %a
(the first of the last pair of equalities is valid since deflection of plate w is
independent of x3),
Because of incompressibility we have
divv(zg, v3,t) = 0, (29,23) € Q, >0, (3.5)
and (see e.g., [23], p.5)
v, Ov

F— s e k= t=23 3.6
UJ’C p]k—'—M(axk—i—ax])v I cons )9y ( )

where afk is a stress tensor, j is a coefficient of viscosity, d;; is Kroneker delta. In

case of ideal fluid p = 0.
From (3.5) and (3.6) we obtain

Ovs(xa, x3,t)
8333
81)2 (ZL’Q, s, t)

8132

053(1'2,233,15) = —p(ﬂi’g,ﬂ?g,t)—{—Q,u

= —p(xg,x3,t) — 21 (3.7)

In case of ideal fluid in virtue of (3.7) we get

¥ (#) +
0'33(,1’2, h (1'2), t) = p(l‘g, h(xz)a t)

Therefore, the transmission condition for p has the following form

— s, B (22). 1) cos( (2, B (22)). 23
) ) (3.8)
— plwa, h(22),t)cos(T (x2, h (v2)), 23) = q(x2,1), 22 €]0,1[.
Remark. If the plate thickness is sufficiently small, we can assume that:
1. the fluid occupies R*\I;
2. the plate occupies I (its geometry depending on the thickness is taken into

account in the coefficient of the bending equation);

(£
3. h can be neglected. Since the normals of I are (0,0,1) and (0,0, —1), (3.8) can

be rewritten as follows

—p(22,04,t) + p(x2,0_,t) = q(xo,t), x5 €]0,1]. (3.9)



3.1. CASE OF AN IDEAL FLUID 71

4.Further, using (3.4), we can write transmission conditions for vs(xs, x3,t) in the
following form (see [65], [98], [82])

Ow(xa,t)

03<x2707t) = ot

, @2 €)0,1[, t>0. (3.10)

In case of a viscous fluid we add to (3.10) the transmission condition for
V(22,73 1)
U2($2,0,t> = O, ) E]O,l[, t>0. (311)
In virtue of (3.7) and (3.11)

(£)
oly " (22,0,t) = pF (22,0, 1).

Further, taking into account of smallness of the thickness, in case of viscous fluid
we rewrite transmission conditions for p can be (3.9)

3.1. Case of an Ideal Fluid

For the potential motion of the flow there exists a complex function ® = — + i
such that

(@2, 23, 1) — OY(xa, 23, 1) = vy(T9, 3,1)

6.CE2 8273

(3.12)

a@(x%x?nt) o a¢($2ax3at) o
B2y = By = V3(9, T3, 1).

The pressure is given by the formula

2
_ Ve P D 0P L5 s
p(x2, x3,t) = p 5 + o + 5 BT 2(1)2 +v3)| . (3.13)
In case under consideration w(xs,t) is given by the equation (2.35).
Taking into account transmission condition (3.8), we have

2h(z2)p*

(.’,Ug(l - xQ)ﬂw722 (Q]Q, t)) 322 — DO

W, ¢t (.ZUQ,t)+ (314)

(22, (;L)(ZL'Q), t) cos(T (xa, (;L)(QTQ)), x3) + p(xe, (2)(:172), t) cos(T (2, (Z)(xg)), x3)

D ‘
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Problem 21 Find a function w(-,t) € C*(]0,1[) (satisfying additional smoothness
conditions indicated in Problems 11-20), also the functions vy(z,x3,t) € C*(Q/) U
CHt > 0), vs(mg,x3,1) € C*Q)UCLHt > 0) and p(xz,23,t) € C(Q)UC(t > 0)
which satisfy the system of equations (3.12), (3.13), (3.14), transmission conditions
(3.10), (3.8), conditions at infinity (3.1), (3.2) and one of the BCs given in Problems

11-20.

For @,y (w9, x3,1) = v3 + iv, in view of (3.10) and (3.2), we get the following

(1)72 =

expression (see [72])

I
1 —i— 1 +w
\/ 52 3 52 S ) st (527 t)déé
Wz\/x2+zx3)a:2+zx3—l / (& — @o) —ixg
T + il)?g - l/2
+0300 (1) , , : (3.15)
V(@2 +ix3)(zg +ixs — 1)
Let
w(xo,t) = e“two(12), q(aa,t) = “qo(ay), (3.16)
p($27$3,t) = ethp()(mZa [L'g),
(3.17)

Us (w9, 23,1) = e“'ud(re, v3), uz(wa, 23,1) = e™“'u(z, 73),

where w = const > 0, vy = ug; (vs = usy). Further,

(w2, 3, 1) = 1™ po(22, 13), V(T2 13,1) = i€y(x2, x3),

vy(2, T3, 1) = 1€""03 (19, 3), vs(w2, 3, 1) = i€ vy (g, 13),
Poo(t) = €% w350 (t) = ™), p, vl = const.

From (3.15), we have expressions for vy and vs as follows

l
tafona,t) = = [ Ral€a ) (6.0 + v (O Ra(iz, 1)

0
l

v3(xg, T3,1) = %/R2(§,$2,$3)w7t (&,1)dE + V300 (t) Ry(2, x3),

0
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where

VI, 23/ r(fvxi’))

B8, 22, w) = r(xe, T3)

(29 — &) cos[(@(€, x3) — P9, 23)) /2] + w3sin[(P(E, x3) — (w2, 73)) /2]

- (€ — 22)? + 23 7
T(£,$3)

(f,ﬂ?g,(ﬂg) \/m
(22 = &) sin[(G(&, 23) — P(22,23)) /2] + 23 cos[(H(&, 3) — d(z2, 23))/2]
(§ — 22)? + 23

8

Y

Rg(ili'z, :L'3) = {(3;2 _ 1/2) COS ¢<I2, xg) t zgsin §Z5(x2,x3) } 1 7
2 2 (12, 73)

Ry(xo,23) = {(3;2 —1/2)sin (g, x3) + 23 cos ¢(xg, x3) } 1 7
2 2 (12, 73)

here ¢(x9,x3) is defined by either

cosp(ws, w3) = (w3 — a5 — l12) /r(2, 73)

sing(xa, x3) = (2xe — a3 /r(x2, T3)
and
r(zg, x3) = \/(xg — 2% —1x9)? + (222 — )x3)2.

By means of the latter, in view of (3.12), we can calculate ¢ which we have to
substitute in (3.13)

™
0

{v () | Poo(t)

of
_
2

+ (%/ Ry (&, g, x3)w >t(gat)d§+v3m(t)R4(xg,m3)) }

!
f
p(xg, x3,t) = r Wt (f,t)/Rl(&J?z,w?,)dﬂ??,dfﬂLUsoo(t)Pf/R:s(fz,xs)d%
0

N &poo( )]

2
2
(— 1(§, w2, 23)w, (§,)dE 4 V300 (t )33(5627933))
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Then substituting the obtained expression of p(xs, x3,t) in (3.8), by virtue of
(3.16), we get the following expression for go(z2)

l
w?p! (-)
%(562) = P wo(ﬁ) Rl(gax%xfﬂ)'COS(W('xQ; h (Iz)),fs)dx?)df
fuc |

[e=]

+)
h (z2)

l
+ /wD@ / Ru(€, w0, 23) - cos(T (a0, h (22)), ) dvade

(=)

h (x2)
(=)
— o) wp’ Rs3(x9,23) - cos(T (22, h (x2)),x3)dxs
0
(i_z)(wz) )
+ / Rg(l’g, ZL’3) . COS(W(%Q, h (.TQ)), I‘g)d.rg (318)
0

Taking into account (3.16), (3.17), (3.18) from (3.14) after four times integration
with respect to x5 we get the following relation

2

wolws) — 2% / B(E)K (9, €y (€)dE = / (e16 + ¢3) (s — ) D (€)de

2

-+ C3T9 +cq4+ /K($27£>QO<§)d§, (319)

0
Tg

where

z2

€01, K(rn) = / (22— )€ — ) D~ ().
I3

Constants ¢; (i = 1,...,4) should be defined from the admissible boundary
conditions (see Section 2 Problems 1-10).
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Let us consider, e.g., Problem 8. Then for wy(z3) we get the following equation

wo(r2) — w2/K1($2a§)wo(f)d§

- %mﬂ{/ﬁ@ﬂ«m@ﬁwﬁmg+/ﬁ@ﬂq@%®wa®&

0 0

(3.20)

T3 T3

+bﬂ@%%ﬂm@%}

Ko(x0,8) = 5{/x2D1(n)dn/nDl(n)dn} — K(0,¢),

l
Ki(1,€) = xa/nD‘l(n)dn—/UQD‘I(n)dn+wz/(n—f)D‘l(n)dn,
l 0 3
l (ﬁ)(c)

\
=
§

\

Ri(€,C.m0) - cos(T(C. 1 (€)), wa)dadC

=F o
t
ey
o

Ru(€,C,3) - cos(T (G, o (€)), as)dsd

\
=
§

\

>
- o
—~
o~
N2

Ry (&, ¢, w3) - cos(T(C, h(C))7$3)d$3dC

_l’_
—
b
5
o
o



76 CHAPTER 3. A CUSPED ELASTIC PLATE-FLUID INTERACTION PROBLEM

+/K($2, C) / Rl(ga Ca .1‘3) : COS<W(C7 (;)(C)% l'g)dl’gdc 5
0

I l )
f(x2) = 9 (922 + hQQ/fDl(f)df + hn/Dl(f)df) + 911+ h22/52D1(f)df
28 0

0
T2

hny / D (€)de / (haé + hy) (2 — €) D (€)de
0 0

Ra(€.25) - cos(T0 (€, B (€)), as)ds | dé

0

It is easy to show that 2p°h(&) K (x2, &), 2p°h(&) Ko(xa, &), 2p°h(§) K;(xe, &),
Ki(z2,€) € C([0,1]) (inour case 0 < a < 2,0< 5 < 1).
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The integral equation (3.20) can be solved by method of successive approximations
when

MU

where

M = max {[2p°h(§)K (22,8)], |20°h(§) Ko(x2,E)], [20°h(E) K2, )], [Ku(2,€)[}-

:)32,56[0,[]

Remark 3.1 In case of the other boundary conditions (see problems 1-7, 9, 10), the
problem under consideration is solved analogously and in all cases we get integral
equations of type (3.20).

Below we give expressions for kernels Ko and K; under BCs of Problem 1-7, 9, 10.
Problem 1.

l

—K(0,6) + lgf(é — n)D‘l('rz)dn> Ofl'rfD‘l(n)dn

Ko(x2,§) = —K(0,8) + <l l )

Of n?D=Y(n)dn [ D=1 (n)dn — (sz nDl(n)dn)

0
0

J(€— n)D“(n)dnJ{ nD~*(n)dn l
- 5 ’ : / 0 — ) D~ ()dn

bfnle(n)anlel(n)dn _ (OflnDl(n)dn)
J(e = D () 2D ()
+ (- : ’ .

OfnzD—1<n>dnjD—l<n>dn _ (Oan—1<n>dn)

K(0,€) fnD~"(n)dn .
' - R l ot [ @m0 tan,
Of n?D=(n)dn [ D=1 (n)dn — (f nD‘l(n)dn) 0

0

(K(z, 6) + z%hs - n)D—1<n>dn> Ole‘l(n)dn

Ki(z2,6) = — l z 7

Of 772D‘1<77)dnbf D=1(n)dn — (sz nD‘l(n)dn)
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j (e n)D‘l(n)dnfl nD~(n)dn

l 5
[n?*D—( dnfD n)dn — (an d77>
0

!

X /n(xz —n) D~ (n)dn

0

! l
+ {Ka,s) y / (e n>D1<n>dn} / (25 =)D
I3 0

Problem 2.

Ko(wn.6) = —K(0,6)+ / £2(€ — )DL (n)dn — / (€ — D (n)dy
3 £

be‘l(n)dn
- T (s —mD\(n)dn 1
Ki(ws, ) = /n(fvz—n)D ) — L / (€ — D (n)dn
0 fD_1<77)d77 3

:fQ nD‘l(n)dnbf nD~(n)dn

! D=*(n)dn

Problem 3.

0
$2§ = $2/ dn_m 1
13
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K(1.€) fn(es — m)D(n)dn

0
Kiles,§) = ~K(L€)+€ [aD )y - —
2 bf n? D=1 (n)dn

(L= €) oD (n)dy

- — n(z2 —n) D~ (n)dn.
Ofn2D‘1(n)dn 0

Problem 4. .
Ko(z2,€) = —K(0,€) + 2 / (€ — )D~ (n)dn.
3

Ky, €) = / (22— m)(€ — )D(n)d.

Problem 5. N
; fl(ﬂfz - n)D‘l(n)dnle‘l(n)dn
Ko(wai€) = [n(es =)D (n)dn - * —
bl Of D=Y(n)dn
fl(wz —n)D~(n)dn o
_ / (€)D" ()dy

o~

Ki(in.€) = K(LE) — (2~ 1) / (6 —)D " (n)dy

3
l

! [ (2 =)D~ (n)dn
- / (€ —m)D~ (n)dn x
13

Problem 6.

T2 T2

79

Ko(.€) = (22— 1) / 0D~ () — / D (n)dy + (22 — 1) / (n— €)D" (n)dn,
0 3



80 CHAPTER 3. A CUSPED ELASTIC PLATE-FLUID INTERACTION PROBLEM

Ki(s,€) = € { / (2 — YD~ () — / nDl(n)dn} CK(L,e)

0 l

Problem 7.
0
0 [n(zs —n)D~Y(n)dn
o(72,§) = $2/ n)dn — = I
¢ Of n?D~1(n)dn
0
X {K(O,f) +l/(§ n)Dl(n)dn} :
3
0
K(,&) [n(zs —n)D~ (n)dn
Ki(mn6) = —K(L.6) +£/nD n)dn — ——2
Of n?D~Y(n)dn
0
— &) [nD (n)dn o
- = n(z2 =)D~ (n)dn.
{77219‘1(77)6177 x5
Problem 9.

z2

Ko(rai€) =5 [ (0= taz =D an+ S22 [y =D yan

Ki(25,6) = g/77(9:2 —n)Ddn - (=D~ 362)/772D‘1(77)d77
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Problem 10.
I

Ko, €) = — / (22— m)(€ — m)D~"(n)d,

Ky(s,€) = K(1,€) — (22— €) / (€ — D (n)dy,
£

Thus, the following Preposition holds true.

Proposition 3.2 Problem of the harmonic vibration corresponding to Problem 21
has a unique solution when

M’
where

M := max {|2p°h(&)K(x2,8)|, |2p°h(§)Ko(xs,&)|, [20°h(&) K (s, &)|, |Ki(xa,8)|}.

$275€[0’l]

3.2. Case of a Viscous Fluid

Let the motion of the fluid is sufficiently slow, i.e., v; and v;; (j,k = 2,3) be so
small that linearized Navier-Stokes equations (see [65], [82], [98]) can be applied.

Hence,
OV 1 Op
—— A
ot pf Oy + A,
(3.21)
0vs 1 Op
= —— A
ot pf Oz + VA,

where v = u/p/, A = 24 2 Let

0x2 ox2
v; € XA NCRHNC(t>0), i=2,3;
p € C*(Q); (3.22)
q,2 ('7 t) S H([Ov l])
After differentiation of the first equation of (3.21) with respect to x5, of the second

equation of (3.21) with respect to z3 and termwise summation, by virtue of (3.5),
we obtain that p(xq,z3,t) is satisfying the following equation

Ap(xq, z3,t) = 0. (3.23)
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In case of harmonic vibration in the fluid part, from (3.17), (3.21), (3.23) we
obtain the following system

Apo(za,x3) =0, (3.24)
1 Opg )
S i _
wu; = o7 Bz, + mwAu j=2,3. (3.25)

Problem 22 Find a function wo(xs) on I, which satisfies the equation

0?w(xa, t)
o2’

(where F := (0, F3) is a plane volume forces), one of the boundary conditions given in

the Problems 1-10, and also find functions u?(xa, 23), po(w2, 23), qo(z2) on QF, which

satisfy system of equations (3.24)-(3.25), smoothness conditions (3.22), following
conditions at infinity

(D(x2)w, 22 (22,t)),220 = q(xa,t) + F3(x2) — 2ph(z2) 0 <z <l (3.26)

D0l 1400 = O(1), ‘;\MW =0(1), j=2,3, (3.27)

and transmissions conditions as follows
—po(72,04) + po(w2,0-) = qo(z2), 2 €]0,1], (3.28)
u3(w2,0) = wo(za), uy =0, x9 €]0,1], (3.29)

where q(z2,t) = €“'qo(z2), P is a given constant.
Solution. After separating real and imaginer parts from (3.25) we have

0 __ 1 8p0

) — = 5=9273 3.30
UJ prf ax]” J ’ D ( )
Aul =0, j=2,3. (3.31)
From the last equality, taking into account u3 = 0, x5 €]0,1[ we get
8])0
=0, 0,1]. 3.32
6.132 T2 E] ) [ ( )

The solution of the equation (3.24) under condition (3.27), (3.29), and (3.32), has
the following form (see [72])

I
T3 qo(§2)d&2
= —— . 3.33
po(x2, 73) o J (€ — 22)2 + 22 ( )
Substituting (3.33) into (3.30), for u) and u3 we get
!
0 q0(§2)(§2 — @2)d&s
= 3.34
u2<iU2, xS 7T(,U2 f / 52 _ x2 + SC3]2 ) ( )

0
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; | jqo<52>[x§ (& — 1))

W | (G- e (3.35)

Let now consider the following limit, when z5 €]0, ],

@R (G-, w L~z
hm/ (& — 22)? + 23] "= {(Z)(l—xz)“rx%

l

+qo(0 / (&) 62 )d& = hm {QO(Z) e

(& — x2)? + 23 (I — x2)? + 23

— qp(x2)] (€2 — 72)
+q0 1'2 —|—.CC3 / 2 d€2

52—3:2 + 3

l—l’Q
(I — 29)? + 23

—x9)* + 333] } & A& p = zligo {QO(Z)

l

T Q()(l’z)ln(l — 13)* + 73 / — qo(72)] (&2 — l“2)d€2

+40(0 -
! )I%—l—l‘% 2 x3 + a3 &—xz + 3

0
(because of qp € H([0,1]))

o) @0 -z [ (&) — dhx)
(x2)ln —/

52—$2

dés.

On the other hand if we define the following supersingular integral in H’adamard’s
finite part sense, we analogously obtain

[ &) (&) ) 200()
0/ Tt in| [ g [ gloptes

0 xo+te

!
_ qg(:ﬂg)lnl — %2 / q0(&2) — %(552)6152

[l =z T2 T2 §a — To
0

Hence, using transmission condition (3.28) for uJ, we get the following expression

l

q
@UO(JZQ) = 271'(,02 f/ 620— $2 dfz, To 6]0 l[
0

where the supersingular integral on the right hand side we define in H’adamard’s
finite part sense (see [8], [3]).
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Taking into account of Proposition 2.4 and Theorem 1.5 R(x5,£) is a positive
definite kernel. Further, by view of Proposition 1.7 and (2.76), we can rewrite
(2.81) as follows (see, also formula (3.26))

l
U}()(J]Q) = K (L’Q, F3 d§+ K 1'2, )qO(é)dé
/ /

+ w2/ /I‘(mz,n,wg)g(n)K(n,Odn qo(€)dé

l 0 0
— / K (22, €) Fy(€)dé + / K (2 €)0l€) e, (3.36)
0

where I'(z2, &, w?) is a resolvent of the symmetric kernel K (xq,1)+/g(x2)g(n).
Substituting (3.36) into (3.36), for go(x2) we obtain the following supersingular
integral equation

I
(gzqo—(%)g) dé; + 2mw?p O/Kl(l'%f?)%(’&)d&

O\N

— [ Ko O Fi€)de = fia2) (3.87)

We will find approximate solution of (3.37) using the method of solving given in
Section 1.3 (see equation (1.8), where interval [-1,1] should be replaced by [0,]) for
qo(x2) := (dgo(x2)/dx2) € H([0,1]).

Let divide interval [0,!] into N parts as follows

lk — Ik { -
L L k-0 N1
Yy, Na k 07 y Yk N+2N7 k Oa ’

qoN ‘= <QO(y0)7 --wCIo(le)),

we will call gy approximate solution of (3.37).
For qon we get the following system of linear equations [see Chapter 1, system

(1.12)]
— 1 1
aiiqo(yi) — P(y;) v — v U — v
—0 i~ Y YT Y
2mw pfl - [
v Z Ky (yi,y7)q0(y;) = f(y:), i=0,N—1. (3.38)

J=0
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where
4N d&s n n
aij = —— [ 5, Au:= O,ZQ[Q——aQ + 51

l (52 . yz)Q [ ] Y N Y +1 N

) N-1

VR Y= Y

§=0

J#i—1, i, i+l

After repeating the calculation given in Section 1.3, we get

. on\
|€I0 - qONl <A (T) )

where ¢ and ¢, are the solutions of the equations (3.37) and (3.38) respectively.
After calculating gon, from (3.33) and (3.36) we get approximate expressions for
po(z2, x3) and wy(zs), as follows

N-1

3l q0(y;) /
Po($2,x3) - ) ($2>$3) e VY
2N e (yJ — $2)2 + QZ?)’
() 1 0= Y o) [ 1 0.1
wolYi) = —5=—5 7 %i%Yi) — j - ;T e
0 y 27Tw2pf QO y jzo CIO y] y;+l _ yl y; o yz 2

Let us denote by wg(y;) the projection of wy on y; and let estimate the error of the
approximate solution of deflection. If we repeat the above calculation we get

B A on\ M
[Wo (i) — wo(yi)| < 2 ra? (7)

Further, after substituting po(z2, z3) in (3.28) we obtain uf(zs, z3).

0 _ do y] xQ)
U/Q(ZUQ,I'?)) o 77Nw pf Z +x§]27

y] - 1‘2
1 qo(y;) (3 — (y; — 22)%)
0 _ E : J f
u3(x2, 1'3) — 277Nw2,0f (y _ x2> + ZU%P ) <w27 xS) SRS

Proposition 3.3 In case of the harmonic vibration of the plate with two cusped
edges under action of the incompressible viscous fluid all quantities can be expressed
by lateral load (qo(z2)) (see formulas (3.33)-(3.34)) and for the calculating of qo(x2)
we get (3.37) type supersingular integral equation, where supersingular integral is

defined in H’adamard’s finite part sense. This equation has solution in class q, €
H{([0,1]).
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