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ABSTRACT. We consider the Riemann—Hilbert problem formulated as fol-
lows: define a function ¢ € K?()(D;w) whose boundary values ¢ (t) sat-
isfy the condition Re[(a(t) + ib(t))¢T (t)] = c(t) a.e. on the I'. Here D
is the finite simply connected domain bounded by a simple closed curve
I, and KP0)(D;w) is the set of functions ¢(z) representable in the form
#(2) = w(2)(Kre)(z), where w(z) is a weight function and (Kt¢)(z) is
a Cauchy type integral whose density ¢ is integrable with a variable expo-
nent p(t). It is assumed that I" is a piecewise-Lyapunov curve without zero
angles, w(z) is an arbitrary power function and p(t) satisfies the Log-Holder
condition. The solvability conditions are established and solutions are con-
structed. In addition to the weight w and functions a, b, ¢, these solutions
largely depend both on the values of p(t) at the angular points of I' and on
the values of angles at these points.
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1. INTRODUCTION

Let D be the simply connected domain bounded by a simple closed rectifiable
curve I'; a, b, ¢ be the real functions given on I'. The Riemann—Hilbert problem is
formulated as follows [1, p. 144]1: Find an analytic in D function ¢ from the given
class A(D) that possesses boundary values ¢*(t), t € T, which satisfy the condition

Re [(a(t) +ib(t)) ¢T(t)] = c(t), teT. (1)

This problem is a particular case of the quite general problem posed by Riemann [2]
and considered for the first time by Hilbert [3] The survey of the available results
on this problem can be found in [1] and [4].

N. Muskhelishvili indicated an effective way of solving problem (1) by reducing
it to the well studied problem of linear conjugation [1,§§ 40-43]. This method was
generalized in [5] for the case where A(D) is the class of functions representable
by a Cauchy type integral with density from the Lebesgue class LP(T"), p > 1, and
also ¢ (¢) in (1) is understood as an angular boundary value of the function ¢ at
a point ¢ and the equality in (1) is assumed to hold almost everywhere. It should
be mentioned that for multi-connected domains the Riemann-Hilbert problem for
analytic functions was firstly investigated by D. Kveselava. For generalized analytic
functions this problem in multi-connected domains was studied by I. Vekua, B.
Bojarski and I. Danilyuk.

In the recent time, an intensive development of the theory of Lebesgue spaces with
a variable exponent has made it possible to investigate boundary value problems
of analytic functions and mathematical physics formulated in more advantageous
terms, taking into account the local behavior of the given functions and the functions
we want to define (see, e.g., [6]-[10]).

Let us recall the definition of weighted Lebesgue spaces with a variable exponent
Let t = t(s), 0 < s <, be the equation of a simple rectifiable curve I' with respect
to the arc abscissa. Let, further, p : I' — R be a measurable function with the
condition.

p— =essinfp(t) >1 and esssupp(t) = ps < 0.
tel’ tel

For the measurable, a.e. finite function p = p(t) we assume

LP(')(F;p) = {f : ||f||LP(')(F;P) < OO}’
where

p(t(s))
ds<15,. (2)

l
||f||LP(‘)(F;p):in )\>0:/‘f(t(8)))\,0(t(8))
0

The space Lp(')(F; p) is a Banach space. For the investigation of these spaces see,
e.g., [7].

In this paper, the Riemann—Hilbert problem is considered in the class of functions
representable in the form ¢(z2) = w1 (2)(Kr¢)(z) , where (Krg)(z) is a Cauchy type
integral with density from the class LP()(I"), and w(z) is an arbitrary function of the

form
14

wz) =z -t)*, thel, aeR (3)

k=1
We call the set of all such functions ¢ the weighted class of Cauchy type integral
with density from LP()(T') and denote it by KP()(D;w) as different from the set
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of Cauchy type integrals with density from LP()(I';w) denoted by KP()(I';w) [9).
When a weight function w € Wp(')(F), i.e. a singular Cauchy operator is continuous
in LP()(T;w), we show that KP()(D;w) and KP()(T;w) coincide for the wide class
of curves I" and functions p(t) (see Theorem 1 and its corollary below). Thus the
results obtained in the paper extend to the case of the problem considered in the
class KPO)(I';w), w € WPO(T). In [12], problem (1) is considered for an arbitrary
power weight when p(t) = p = const.

Below problem (1) is considered in classes KP()(D;w), where D is the finite
domain bounded by simple piecewise-Lyapunov curve with angular points Ay, at
which the angle values with respect to D are equal to wry, 0 < v < 2. The weight w
is assumed to be an arbitrary power function of form (3), while the coefficients a, b are
piecewise-Holder with the condition inf(a?(t)+b%(t)) > 0 and ¢(t)w(t) € LPO(T). Of
the function p(t) it is required that it satisfy the Log-Holder condition. Under these
assumptions, we obtain a complete picture of the solvability — the conditions for the
problem to be solvable are derived and solutions are constructed. These conditions,
the number of linearly independent solutions and solutions largely depend both on
the values of p(t) at the angular points of I" and on the angle values at these points.

2. SOME DEFINITIONS AND AUXILIARY STATEMENTS

We denote by Cr(Ai,..., A v, ..., ;) the set of simple closed piecewise-
Lyapunov curves I" with angular points Ay, whose angle values with respect to the
finite domain D bounded by I' are equal to v,m, k = 1,1.

Let z = z(w) be a conformal mapping of the circle U = {w : |w| < 1} onto D, and
w = w(z) be its inverse function. Assume v = {7 : || = 1}, 7, = w(tx), ap = w(Ag).
It is known that

2(w) = 2(ap) = (w = ap)*zo(w), 2'(w) = (w—ap)* 21, (4)

where 2z, 21 are nonzero continuous functions [14] belonging to the Holder class
([15], see also [13, p. 155]).

Definition 1. A real function p(t) given on I' belongs to the class Q(T') if:
(i) there exists a constant A such that

A

Vi, ty €T |p(ty) — plty)] < ————
1,62 p(t1) — p(t2)] Tl —ta|

()

(i) p- =minp(t) > 1. (6)

Proposition 1. Let I' € Cp(A1,..., Aiv,..,14), 0 < vy, <2, k = 1,4, p(t) €
Q(I), then the function {(T) = p(z(T )) belongs to Q(vy) (see [10, Lemma 1]).
)

Definition 2. We denote by R the set of pairs (I'; p(t)), for which operator

Svef - Sef, (SeD m/f”d ter, @

is continuous in LPO)(I).

Definition 3. W?()(I) is the set of all those weight functions w, which the operator
T: f— wSr(w tf) is continuous in LPO)(T).
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Proposition 2. ([12]). If p € Q(I), then a pair (I';p(t)) belongs to R if and only
if I' is a regqular curve, i.e. for the measure defined by the arc abscissa of the set

I'N B(z;r) we have sup M < 00, where B(z;r) is the circle with center at

r>0,zel’
the point z and of radius r.

Since piecewise-smooth curves are regular, a pair (I'; p(t)), where T is a piecewise-
smooth curve and p € Q(T'), belongs to R.

Definition 4. We denote by KP()(D;w) the set functions ¢, analytic in D, repre-
sentable in the form

o(2) = 1 l/go(t)dt:

w(z) 2mi t—z
r

) (Krp)(2), z€D, ¢eIPO(I), (8)

and by K?()(T';w) the set of functions, analytic in D, representable in the form

qb(z):% ];(t_)czlt’ z€D, fELp(')(I‘;w). (9)
r

Lemma 1. If a pair (T;p(-)) belongs to R, then for almost allt from T each function
¢ € KPO)(D;w) has an angular boundary value ¢t (t) and

ot (w(t) € LPOT), e ¢t e LPO(T;w). (10)

Definition 5. An analytic function ¢ in the simply connected domain D bounded
by a simple rectifiable curve I" belongs to the Smirnov class E?(D), ¢ > 0, if

sup / 16(2)[|dz] = sup / |3(=(w))|7]2 (w) |duw] < oo,
pe(0,1) pe(0,1 ‘w‘ -

where I', is the image of the circle |w| = p for a conformal mapping U onto D.

Lemma 2. If D is the Smirnov domain, ¢ € E°(D), § > 0, and ¢+ € Lp(')(I‘;p),
where infp > 1 and p~' € LPO(T), p/(t) = PO then ¢ € KPO(T;p).

p(t)—1’
Proposition 3. ([12]). If T is a regular curve and p € Q(T'), then the function
w(t) = H [t —tr|*, tp € T, g € R, belongs to WPO(T) if and only if ——~ <
Q< (tk)

3. CONDITIONS OF THE COINCIDENCE OF THE CLASSES
K?)(D;w) AND KPO(T; w)

Theorem 1. Let a pair (T;p(-)) belong to R, p_ > 1, w™(z) € E°(D) and w* €
WP(T). Then the equality

KPO(D;w) = KPO(T;w) (11)
is fulfilled.

Corollary. Let T be a regular curve, w(z) be given by equality (7), and at the points
ti the curve T' have the one-sided tangents forming a nonzero angle. If p € Q(T)
and w € WPO)(T), then equality (11) is fulfilled.



V. Kokilashvili, V. Paatashvili. On the Riemann—Hilbert Problem ... 47

4. REDUCTION OF PROBLEM (1) TO A LINEAR CONJUGATION PROBLEM

Let D be the simply connected domain bounded by the curve I' C C (A1, ..., A;
v, ), 0 < v <20k =1,4; a(t), b(t) be the piecewise-Holder functions with
the condition inf(a?(t) + b2(t)) > 0, Furthermore, let w(z) be a weight function of
form (3), p(t) € Q(I') and let ¢(t)w(t) € LPO(D).

Using these assumptions, we will consider the Riemann—Hilbert problem formu-
lated as follows: find a function ¢(z) € KP()(D;w) whose angular boundary values
¢t (t), t €T, satisfy relation (1) a.e. on T.

Let ¢(z) be a solution of the problem posed and

w) = d(z(w)) = 1 o(t) dt p()
¥(w) = 0{:(w) = Z F/t‘z““)’ pe IPO(T) (12
Then ¥(w) satisfies the boundary condition
Re [(A(1) +iB(1)) ¥*(r)] =C(r), 7€, (13)

where A(7) = a(z(7)), B(1) = b(2(7)), C(7) = c(2(7)).
Assuming that

G(r) = = [A(7) —iB(1)] [A(r) +iB(r)] ", e(r) =2C(r) [A(r) +iB(r)] ",
we give from (12) that

V(1) =G(n)¥H(r) +ei(r), 7€M, (14)
where the coefficient G(7) is a piecewise-Holder function. Let by, bo, ..., by be its
discontinuity points, then |G(7)| =1 for 7 # by, and |G (bx%)| = 1.

Let G(br—)[G(bgp+)]7! = exp(2miug). If

+

(’LU - bk)uk? ‘w| < 1) Tk (T)

A
Te(w) = {W, w| > 1. Ry(7) = r,;(T)’T(w) = kl_IlTk(w)- (15)

A
then function G1(7) = G(7) [[ Rk(7) is Holder-continuous on « and different from
k=1

zero. Let X;(w) be a canonical function for Gi(7) , Le.

InGy(7)dr
N CE (2, e, | < 1, »
C(w — wp) ™ exp (ﬁ f,y W), lw| > 1, |wo| <1,

where C' is an arbitrary constant, G1(7) = G1(7) (T —wo) ™™ and 3 = ind G (1) =
(2m)"L[arg G1(7)]r-
Let

A
X (w) = Xy (w)r(w) = Xy(w) [] re(w).
k=1

Following [1, pp. 145, 146]1 it is assumed that

) P(w),  fwl <1,
Q(w)_{qj(;), ol o1 (17)

where, as above, U(w) = ¢(z(w)).
Then Q7 (7) = U+ (7) and the latter boundary condition takes the form

QN (XTI =T (X ()T +aln), elrn) =a@X (O 18)
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It should be as well noted that if for an analytic function f(z) in C\ v we set

felw) = (=), |wl #1,

then f, is analytic in C\ v and (f.). = f.
From definition (17) we see that Q.(w) = Q(w). Therefore we should look for
those solutions €2 of problem (18) for which the latter condition is fulfilled.

g~

5. THE PROPERTIES OF THE FUNCTION Q FOR ¢ € KP()(D;w)
We set
T:{Tk:Tka(tk)}, A:{ak:ak:w(Ak)}, B:{bk},

where w = w(z) is the inverse function to z(w), t; are numbers from weigh (3), A
are angular points of I and by, are the discontinuity points of the function G.
Among the points 7%, ag, br some may coincide.
Let us renumber the points from T'U A U B so as to have

'w1=7'1=a1=bl,..., wMZT'uZCLMZbM,
Wu+1 = Tp+1 = Qu+ly - ooy Wpdr = Tptr = Quir,
Wytr+1 = Tpgr41 = bpg1, ooy Wpr+q = Tutr+q = butg,
Wptr4+g+1l = Qutr+1 = Optgt1, -y Wutrtgtp = Qutr+p = Dutqips (19)
Wptr+q+p+1 = Tptr+q+1s - -+ 5 Wptr+g+p+m = Tutr+q+m
Wp+r+q+pt+m—+1 = Gutr4pt+1s - -+ 5 Wptr+g+p+m+n = Qutr4ptn,
Wypr4qprm+n+l = Optgipt1s -+ Wpdrtgrp+mtnts = Optqipts:

According to the adopted numbering of points 7%, ag, bx, we have

J
UH(r) = [[(r = we) "% To(r), Wo(r) € L (), (20)
k=1
where

aka+g( ) , k= m7
apVkt+ 7t ; k= p+1, ptr,
ak+uk " k= p+r+1, pt+r+g,

k=19 Ty )+uk v k=pFtr+g+1 ptr+q+p, (21)
Af—p, k= p+r+q+p+1, pt+r+q+p+m,
e k= p+r+q+p+m+1, p+r+q+p+m+n,
Uk—r—m—n> k= p+r+qg+p+m+n+1, p+r+qg+p+m+n—+s.

For a real number = we assume = = [x] 4+ {z}, where 0 < {z} < 1. For all k we
require that

1
{0} # m ) (22)
and let )
516 ’ if 5]4: < T?
— 10} < 7wy (23
[(Sk] +1, if {5k} > K’(wk) .
Then
—L <O — v < ; (24)
) =TS Ty
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Setting
k=1
we have
QI (r)(XT(r) ' € LV (y;p), (26)
where
J
H T — wy) 5’“ e, (27)

By virtue of (24) and using Proposition 3 we conclude that p(r) € W) (~).

Remark. By the assumptions made for I' and G (i.e. by conditions (22)) we obtain

p(r) ~ w(z(r))r(r)|2 (1) Q (). (28)
Here sign o ~ 1 denote that 0 < inf )g‘ < sup (g‘ < 0.
Lemma 3. The following inclusion holds
R(w) = Q(w)é(=(w)) X (w)] ™ € KO (3: ). (20)

Theorem 2. If ¢ € KPV)(D;w) and Q(w) is the meromorphic function defined by
equality (25), then inclusion (29) holds provided that conditions (22) are fulfilled.
Conversely, if (29) holds, then ¢(z) € KPO)(D;w).

The function R(w) = Q(w)Q(w)X ~!(w) is holomorphic in U~ (complemented by
U) everywhere except, perhaps, the point z = co and has, at that point, order

n = xny + ,
where g is the order of Q(w), while s is the order of X ! (w).

Definition 6. The set of functions F' representable in the form

)= 21717,/]0(7——)6127- + Po(w), fe€ Le(')(% p), |w| #1, (30)

where P, is some polynomial of order n, is denoted by K Z(')(v; p;n). We consider
this class for negative n, too, assuming that in that case P, = 0 and (K, f)(w) has
zero of order (—n).

Theorem 3. If ¢(z) € KPO)(D;w), ¥(w) = ¢(z(w)), and the functions Q(w) and
Q(w) are defined in C\ v by formulas (17) and (25), then the function

F(w) = Q(w)Uw) X H(w), |w] #1, (31)
belongs to KO (v; p, »).
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6. SOLUTION OF THE RIEMANN-HILBERT PROBLEM
We multiply equality (18) by Q(w) and rewrite (18) as
FH(r) = F7(1) = e2(1)Q(7), e2(7) = 2C(7)[A(7) +4B(r) X (7). (32)
The solution of this problem is to be sought for in the class K Z(')('y; P, ).
According to Theorem 2, if F(w) € KO (y;p, ), then ¢(z) = F(w(z)) x
X(w(2))Q (w(2)) is a function of the class KP()(D;w). Thus we need a solu-
tion Q(w) of problem (18) representable by the form Q(w) = F(w)X (w)Q~(w),
where F(w) is the solution of (32) from K*)(v; p, ») and

If this condition is fulfilled, then by the restricting of the function Q(w) = F(w) X
X (w)Q H(w) on U we find the function ¥(w) = ¢(2(w)) = F(w)X (w)Q ! (w) and,
eventually, obtain
$(2) = F(w(2) X (w(2))Q ™" (w(z)) (34)

The function ¢(z) is a solution of problem (1) in the class K?()(D;w) by virtue of
Theorems 2 and 3.

Now we may formulate the main results.

Let 1) D be the finite simply connected domain bounded by the curve I' €
CL(Al,...,AZ';I/l,...,I/Z'), 0 <y <2 2) w(z) = H(Z—tk)ak, tr €T, a € R;

k=1

3) a(t), b(t) be piecewise-Holder functions with the condition inf(a?(t) + b%(t)) > 0
such that G(t) = —[a(t) —ib(t)][a(t) +ib(t)]~! has discontinuity points By, k = 1, ),
and also G(By—)[G(Br+)]"! = exp2miug, ur, € R; 4) p(t) be a function from the
class Q(I") given on I' and (1) = p(z(7)).

Assume that 7, = w(ty), ar = w(Ag), by = w(Bg). Further, let co(7) =
20(r)[A(r) +iB(m)] X (1)) L, Fuw) = (K@) (w) and let

Qe(w) =
where Q.(w) = F.(w)X (w)Q ™ (w).

Theorem 4. Let

i) the points 1y, ax, by be numbered according to (19), the numbers oy be defined
by equalities (21) and {63} # [¢'(wy)] ™!, while the integer numbers vy be chosen with
condition (23);

ii) Q(w) be a meromorphic function defined by equality (25) and the order of Q(w)
at infinity be equal to »y;

iii) p(7) be the weight function given by equality (27);

iv) the functions r(w) and Xi1(w) be given by equalities (15), (16); X(w) =
r(w) Xy (w) so that X (w) has, at infinity, order (—);

v) c(t)w(t) € LPO(T).

Assume that »c = 29 + 1. Then

a) if = < 0, then for problem (1) to be solvable in the class KP)(D;w) it is
necessary and sufficient that conditions

JwrRw'(t) _
/X+ )+M»ﬁfakaWL (36)

5 (2(w) + (20).(w)) (3)
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be fulfilled and, upon their fulfillment, (1) has a unique solution given by equality
$(2) = Qe(w(z)).
b) For s > 0, problem (1) is certainly solvable and all its solutions are given by
equality
B(2) = Qw(2)) = Qe(w(2)) + X (w(2)Q " (w(2)) Pulw(2)), (37)
where P,, = hg + hyw + - - - + h,;w” and

J
B = Ah gy, k=036, A= (=1)" [] w). (38)
k=1

7. SOME PARTICULAR CASES

I. The Riemann—Hilbert problem with Hélder coefficients a(t), b(¢) in the
class KPO)(T;w) for w € WPO(I'). Let

wg = N{ar€U{m}: v > l(ax)}

t(ay) 20(ak)
N =ap: ———~ — 7. 39
- {Tk T agt(an) ~ T T+ aglar) (39)
Where N(F) denote a number of the element of the set E.

We have the

Corollary. If problem (1) is considered in the class KPO)(I';w), w € WPO(T') and
a(t), b(t) belongs to the Holder class, the number >y in Theorem 3 is calculated by
equality (39).

II. The Dirichlet problem in the weighted Smirnov class. Let a(t) = 1,
b(t) =0, w(z) = [[ (z = tp)™, w(t) € WPO(D), ¢(t) € LPO)(T';w).We deal with the

Dirichlet problemz_deﬁne a function v for which

Au=0, u=Re¢, ¢eKO(;w),
(40)
ut(t) =c(t), tel, c(t)w(t)e LPO(D).
Then r(w) = 1, X3 (w) = ,_i’ w; i 1’ (we need this to have (X1 ).(w) = X1 (w)).
i, w

»% = 75 > 0 and according to Corollary of Theorem 4 3¢ is calculated by formula
(39).

ITI. The Dirichlet problem in the Smirnov class (i.e. problem (40) for
w = 1). From condition (22) we obtain vy, # p(Ag), k = 1,4i. The order ¢ of Q(w)
at infinity is equal to the number of angular points for which v > p(Ag).
Let i =1, v > p(A1) = {(a1) and ¢(t) = 0. In the case the problem
Au=0, ueReKP)(), peQ(), IeCL(ALv),
ut(t)=0, teT,
has a solution

u(z) = s Re W) T A1) 2) +w(d)

depending on one real parameter.
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If v < p(Ay), then the problem has only a trivial solution.
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