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Many safety-relevant composite laminate parts in air- and spacecraft are connected by bolted
joints. To ensure a safe and lightweight optimal design, precise structural analysis tools are
crucial. Based on analytical methods, this work provides an efficient assessment framework
to determine sustainable stresses of finite dimensions composite bolted joints, for which net
section failure mode is triggered. First, the stress field is determined using Airy stress functions.
Finite dimensions are modelled using auxiliary functions based on a novel period arrangement
technique. Then, a failure analysis is conducted by the nonlocal prediction concepts of Finite
Fracture Mechanics and the Theory of Critical Distances. The hole size effect is modelled and
the influence of finite-width on the stress concentrations as well as the failure load reduction in
the context of the size effect is discussed.
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1. Introduction

The connection of safety-critical parts in air- and spacecraft can be done by bolted
joints, which is advantageous in terms of inexpensive manufacturing and the possi-
bility to disassemble, for instance. However, holes must be placed in the structure.
This reduces its cross-section causing stress concentrations and precise means for
structural assessment are crucial to ensure a safe and lightweight optimal design. Of
special interest are connections with composite laminates as plate material, which
provide advantages in terms of high stiffness and strength values relative to the
material density, for example. In regard to structural assessment, the following five
bolted joints failure modes shall be taken into account [1]: net section, shear-out,
bearing, cleavage and pull-through failure depicted in Fig. 1. Which of the five mode
occurs is influenced by many parameters. To name a few, these comprise joint ge-
ometry, clamping pressure as well as the composite laminate’s stacking sequence
and fibre orientation if such a plate material is used. Corresponding tests have been
conducted by [2, 3] and a review regarding the parameters’ influence on the failure
modes can be found in [4]. Further, a summary concerning the mechanical modelling
including stress and failure analysis as well as experimental validation is given by
[5]. In general, bolted joint connections should be dimensioned such that bearing
failure is likely to be triggered as this mode involves a gradual and fail-safe failure
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Figure 1. Bolted joint failure modes.

process. Corresponding experimental studies are, e.g., [6, 7]. For connections with a
width-to-hole diameter ratio w/d ≤ 4 (Fig. 2), net section failure is likely to occur
[8] and the connection is instantaneously destroyed. This mode must be avoided
in safety-critical parts under any circumstances and accurate means for stress and
failure analysis are crucial for prevention. Focus of the present work is the devel-
opment of such means using analytical methods, which are beneficial in terms of
computational effort and should be documented in technical handbooks in the ideal
case.
Generally, the structural assessment begins with a mechanical idealisation. Then,

the corresponding stress field is determined, which is followed by a failure analy-
sis, lastly. The load transfer of bolted joint connections is quite complex as it is
characterised by a nonlinear contact problem and a three-dimensional stress state.
Moreover, the sustainable load is affected by many parameters, e.g. width-to-hole
diameter ratio w/d, hole size effect and lay-up [2, 3, 8]. Modelling all failure mecha-
nism factors is expensive and hardly feasible when an analytical modelling approach
shall be pursued. To reduce the complexity, let us idealise the bolted joint as a
two-dimensional plane problem, which is still capable of capturing the main relevant
effects of the load transfer and failure mechanism. This can be done for joints with
an overall symmetrical setup with respect to the midplane so that no secondary
bending effects exist. This is provided if the number of plates is uneven and the
layup without bending extension coupling.
The stress analysis of this in-plane idealisation is often referred as pin-loaded

hole or pinned hole. Its analytical stress field determination has been the subject
of many researches with different level of complexity. A corresponding review is
done by [1, 9], whereas [10] gives an overview about a variety of plate problems
with holes and notches. In the context of the pinned-hole problem, the bolt contact
is commonly idealised by radial tractions of sinusoidal shape along half of the hole
boundary and friction is neglected [11]. This has been done also in the following pub-
lications. Regarding isotropic plates, [12] covers infinite dimensions and [13] finite
width but infinite height both using the Airy stress function. The following works
treat orthotropic plate material using complex potential method in the formalism
by Lekhnitskii [14]: [15] deal with infinite and [16] finite plate dimensions. This is
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achieved using correction factors, which heuristically scale the infinite domain solu-
tion such that its constant far-field stresses equilibrate the external load along the
finite width. However, the stress-free conditions are violated at the edges parallel
to the load direction. Hence, the results may be acceptable for connections with
wider width-to-hole diameter ratios w/d containing slight finite-dimensions effects
only. The stress calculus is implemented in an overall bolted joint assessment tool
by [17]. Therein, the circumferential stresses reveal good agreement to a finite ele-
ment analysis (FEA) for the layup [0◦/± 45◦/90◦]s(50%/40%/10%) and the rather
large relative dimensions w/d = 8, e/d = 9. The latter geometry ratio represents
the relative end distance (Fig. 2). By assessing the stress concentrations, it is fur-
ther deduced that the analytical stresses are sufficiently accurate for the parameters
e/d = 9 and w/d > 4. To lower the computational effort, the authors of [18] modify
the heuristic solution by [16] using the first terms of the series for the stress field
representation only. The derived concentrations are validated against the original
calculus. However, there is no comparison of neither the stress concentrations nor
their decay to that of the actual boundary value problem, which is vital to assess
the method’s capabilities when a failure analysis using nonlocal concepts shall be
conducted. The following works implement finite dimensions by solving the actual
boundary value problem. The authors of [19] approximate the rectangular plate ge-
ometry as an ellipse and good results in comparison to FEA in the circumferential
stresses for [±45◦]s laminates and w/d = 3 as well as for [0◦/90◦]s laminates and
w/d = 5 are achieved. Bending extension coupling is modelled by [20] showing good
agreement to FEA for w/d = {15, 45}, which is a ratio leading to slight or even van-
ishing finite-width effects. The authors of [21] extend this method to multilayered
composite bolted joints with interference-fit and thermal load. An approach continu-
ously fulfilling the load transfer relevant stress boundary conditions is given by [22].
Therein, quasi-isotropic bolted joints are investigated using Airy stress functions.
However, the stress boundary conditions along the straight edges perpendicular to
the load direction are not covered and slight deviations in comparison to FEA arise.
The present work shall cure this drawback by adapting the calculus of [23] for open
holes, which is documented in [24]. Then, the derived stress field serves as input for
the subsequent failure analysis conducted by nonlocal concepts.
The failure analysis for structures with brittle fracture can be conducted by means

of local and nonlocal criteria. The former require to evaluate the stress concentration
directly at the hole edge and has been used to assess many problems [25–28]. Con-
trary, the latter criteria require the stress evaluation at or averaged within a certain
hole distance. Beneficial is the capability of capturing the size effect. Be referred to
[29–34] for literature regarding this phenomenon. The Theory of Critical Distances
[35–39] as well as the recent state of the art concept Finite Fracture Mechanics [40–
42] are frequently used nonlocal criteria. Regarding bolted joints, the first criterion
is applied by [22, 43] and the second by [22, 44]. In both, the failure concepts are
validated against experimental test data published by [44]. In this work, based on
an enhanced stress solution, both concepts are used to model the size effect. In this
context, the finite-width influence on the failure load reduction for increasing defect
sizes is investigated.
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2. Stress field determination

In the following, a methodology to determine the stress field of the bolted joint
with finite dimensions (Fig. 2) is developed. Therein, the quantity Py denotes
the external force per plate thickness, which is applied in the vertical direction.

Figure 2. Bolted joint with
finite dimensions.

Furthermore, w is the plate width, e the plate end
distance and d the hole diameter. The bolt contact is
idealised by a sinusoidal radial traction distribution
along the upper hole boundary. This study shall be
dedicated to quasi-isotropic composite laminates and
the Airy stress function is used to represent the stress
field. Once the present approach has proven feasible,
the more general case of orthotropic plate material
may be treated. Note that the overall methodology
would stay the same. Only complex potentials [14, 45]
instead of Airy stress functions, then, are to be used.

2.1. Airy stress function

In the following, let us neglect any influence by clamp-
ing pressure. Then, a two-dimensional plane stress
state is given and with linear elastic and isotropic ma-
terial behaviour in addition, the governing equations for equilibrium, compatibility
and Hooke’s law can be ensured using one single differential equation. In doing so,
use is made of the Airy stress function F , which requires to obey the biharmonic
equation [46, 47]

∆∆F = 0 with

∆ =
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This is satisfied when using biharmonic functions [48]. The corresponding stress
components can be derived using
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Task is now to determine the stress functions such that the stress boundary con-
ditions of the bolted joint idealisation are fulfilled. By assuming no friction and
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sinusoidal radial tractions [11], these read

σr(R,φ) =


− 2

π

Py

R
sinφ for 0 ≤ φ ≤ π,

0 for π ≤ φ ≤ 2π,

τrφ(R,φ) = 0 for 0 ≤ φ ≤ 2π.

(4)

Furthermore, the given finite dimensions are taken into account by

σx(±w/2, y) = τxy(±w/2, y) = 0,

σy(x, e) = τxy(x, e) = 0.
(5)

The overall calculus starts with determining the stress field of the infinite dimensions
bolted joint. This requires to find a stress function satisfying the hole boundary
conditions in Eq. (4) only. Then, auxiliary functions are developed and superimposed
such that the boundary conditions in Eq. (5) are fulfilled in addition and finite
dimensions are modelled.

2.2. Infinite domain solution

The radial tractions are applied along the upper half of the hole edge, whereas the
remaining lower half remains unloaded. This can be analytically expressed using
Fourier series expansion. Using the reference stress σ0 = Py/d the hole boundary
conditions then read

σr(R,φ)/σ0 = − 2

π
sinφ− 4

π2
−
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4
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1 + cos 2nπ

1− 4n2
cos 2nφ︸ ︷︷ ︸

cosine Fourier series of |−2/π sinφ|

,

τrφ(R,φ)/σ0 = 0.

(6)

This stress distribution modelling the bolt load introduction (LI) is produced by the
stress function

FLI = FLI,1 + FLI,2. (7)

Therein, the first term models a full sine and the second the cosine Fourier series
part of the radial hole tractions. In particular
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R
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The corresponding stress components can be derived by Eq. (2), (3). Equating the
coefficients of the radial hole tractions produced by the stress function FLI,2 with
the Fourier series expansion in Eq. (6) reveals

b2 =
f2,0
2
, A2,n = −2n− 1

2n+ 1
B2,n, B2,n =

1

2

f2,2n
n(2n− 1)− (n+ 1)(2n− 1)

,

f2,n =


− 4

π2
1 + cosnπ

1− n2
for even n,

0 for odd n.

(10)
Refer to [22–24] for further details.

2.3. Finite domain solution

To implement finite dimensions by satisfying the stress-free boundary conditions in
Eq. (5) in addition, use is made of the following three types of auxiliary stress func-
tions. The first function aims to eliminate nonzero shear tractions τxy(±w/2, y) as
well as normal tractions σy(x, e). These tractions show in load direction and their
cancellation is crucial to equilibrate the external bolt force by the net section stresses
alone (ref. Fig. 3 for illustration). The second function cancels nonzero normal trac-
tions σx(±w/2, y) acting perpendicularly to the load direction and lastly the third
function cures violated hole boundary conditions. These may arise due to the other
two correction stress functions. In general, each of them is dedicated to a certain
set of stress boundary conditions and even may interfere with others. To fulfil each
simultaneously nevertheless, the three different types of correction functions are ap-
plied iteratively until violations are negligibly small. The different auxiliary stress
functions are now further specified.

2.3.1. Elimination of tractions in load direction

The first auxiliary stress function cancels the nonzero tractions τxy(±w/2, y) and
σy(x, e) of the infinite domain solution FLI. These tractions show in load direction
and are cancelled using auxiliary stress fields, which are created by taking the infinite
domain solution and arranging it periodically as illustrated in Fig. 4. Along the finite
boundaries, the stresses addressed have the same magnitude but a reversed sign
enabling elimination. The position and orientation of each auxiliary stress function
is determined by

FLI
ij (x, y) = (−1)i+1

Tension/
Compression

· FLI
(
(−1)i+1xj , (−1)i+1

load shifting along hole

yi

)
, (11)

with [xj ] = [x1 x2 x3 x4 ...] = [x x− w x+ w x− 2w ...] , (12)

[yi] = [y1 y2] = [y y − 2e] . (13)
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Figure 3. Free form body showing the stresses affecting the equilibrium in load/y-direction only. The shear
tractions τxy(±w/2, y) need to be negligibly small such that the net section stresses σy(x, 0) transfer the
whole bolt load alone.

Figure 4. Virtual periodic auxiliary functions.FLI = FLI
11 . C =̂ Compression, T =̂ Tension.

The periodic arrangement (PA) is implemented using the operator

PA
(
FLI

)
=

ny=2∑
i=1

nx∑
j=1

FLI
ij , (14)

where ny is the number of auxiliary stress functions aligned in vertical/y-direction
and nx that of the auxiliary stress functions in the horizontal/x-direction. The latter
quantity is obtained by the demand of less than 0.5 % inaccuracy in the load transfer,
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which is expressed by the condition

ψτLI
xy

=
2

Py

∣∣∣∣ ∫ e

0

ny=2∑
i=1

nx,min∑
j=1

τLIxy,ij(±w/2, y) dy
∣∣∣∣ ≤ 0.5 %. (15)

Refer to Fig. 3 for illustration how to derive this condition. Refer to [22–24] for fur-
ther details concerning the overall stress calculus including the periodic arrangement
concept for implementation of stress-free straight edges of finite domain problems.

2.3.2. Elimination of tractions perpendicular to the load direction

To cancel the nonzero stresses σx(±w/2, y) perpendicular to the load direction
along the vertical edges (VE), the correction stress function FVE⊥

k is introduced.
When investigating the periodic arrangement in Fig. 4 the superimposed stress field
contains the antisymmetry axis y = e. In accordance to the nomenclature in [23, 24],
let k be a placeholder for any stress field with this symmetry characteristics contain-
ing these deviating (dev) stress boundary conditions to cure. Then, the violations
fulfil

σdevx,k (±w/2, y∗) = −σdevx,k (±w/2,−y∗) with y∗ = y − e, (16)

and can be expanded using a Fourier series of the form

σVE⊥
x,k (±w/2, y∗)/σ0 =

Nk∑
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f σx

k,n sinαn y
∗ with

αn =
2nπ

l
, f σx

k,n =
2

l

∫ lk

0
σdevx,k (±w/2, y∗) sinαn y

∗ dy∗.

(17)

Therein, the Fourier wave length l should be chosen sufficiently long, e.g. l = 40 d.
The stress functions capable of modelling those Fourier series expansions in Eq. (17)
are of the general form [46, 49]

FVE⊥
k /σ0 =

Nk∑
n=1

ϕn(x)A
VE⊥
k,n sinαn y

∗ with

ϕn(x) = Cϕn

1 coshαn x+ Cϕn

2 sinhαn x+ Cϕn

3 x coshαn x+ Cϕn

4 x sinhαn x.
(18)

Equating the coefficients of the stresses produced by FVE⊥
k using Eq. (2) with those

of the stress deviation’s Fourier series representation in Eq. (17) and the requirement
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of any shear tractions τVE⊥
xy,k (±w/2, y) = 0 by the correction stress function leads to

AVE⊥
k,n = −
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k,n

α2
n

, (19)
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2 sinhw/2αn + αnw coshw/2αn

sinhwαn + wαn
, C ϕn

2 = C ϕn

3 = 0, (20)

C ϕn

4 = − 2αn sinhw/2αn

sinhwαn + wαn
. (21)

2.3.3. Mitigation of violated hole boundary conditions

Be reminded that each of the correction stress functions addresses only a certain
set of stress boundary conditions and may even interfere with another. By the first
two correction stress functions introduced the sinusoidal bolt load introduction in
Eq. (4) may be disturbed and a corresponding mitigation stress function is required.
Let us expand the deviating hole boundary conditions (HBC) using the Fourier series
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With the deviating hole tractions σdevrk (R,φ) and τdevrφk(R,φ) to be cancelled, the
Fourier coefficients are
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Taking into account that the present bolted joint problem is symmetric to the y-axis,
only the even coefficients f σr

k,n, g
τrφ
k,n and the uneven coefficients g σr

k,n, f
τrφ
k,n are nonzero.
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Then, the stress function modelling the violated hole tractions has the general form
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The corresponding coefficients are determined by ensuring single-valued displace-
ments [12, 46] yielding
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k
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k
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1
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and then deriving the hole tractions produced by FHBC
k using Eq. (3) and equating

them with the Fourier series expansion in Eq. (23). Eventually, we obtain
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(28)

With this all correction stress functions are determined and applying them itera-
tively will lead to the satisfied addressed boundary conditions. Note that the present
calculus does not cover vanishing shear stresses τxy(x, e) = 0. The negligible effect
of this is discussed in the next chapter.

3. Results of the stress analysis

The stress results are discussed and validated using a Finite Element (FE) model
built in Abaqus. Its mesh contains CPS8 continuum plane stress elements with
8 nodes. A sinusoidal function in the radial tractions is applied along half of the
hole edge to model the bolt contact idealisation. If 72 elements are used therein,
convergence in the stresses is reached. The FE model is shown in Fig. 5 together
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net section path

ξ

Figure 5. Finite Element model for w/d = 3, e/d = 3.
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Figure 6. Circumferential and net section stresses. The stresses depend on the Poisson’s ratio, for which a
value of ν = 0.3 is chosen.

with the dimensionless coordinate

ξ =
x−R

w/2−R
, (29)

where ξ = 0 at the hole edge and ξ = 1 at the free straight boundary. Let us
investigate the characteristic stresses for w/d = {3, 20}, e/d = {3, 10} in Fig. 6 and
let us take the smallest configuration w/d = e/d = 3 with the most pronounced
finite dimensions effect for assessment of the present calculus. Excellent results with
errors |ε| ≤ 1 % within 0 ≤ ξ ≤ 0.2 are obtained. This range of the net section



42 Lecture Notes of TICMI

plane has been roughly assumed to be relevant since [35, 37, 38, 50] concerning open
holes and [22, 44] regarding bolted joints reveal that in regard of failure analysis
by means of nonlocal criteria stress evaluation is needed in the closer hole vicinity.
Concerning w/d = 20, e/d = 3, errors arise due to nonzero tractions τxy(x, e), which
cannot be treated by the present calculus. Within 0 ≤ ξ ≤ 0.2, |ε| ≤ 20 %. However,
connections with dimensions w/d = 20, e/d = 3 are rather unlikely to be designed
since shear-out failure is triggered due to the small relative end distance e/d instead
of the fail-safe bearing failure mode. Furthermore, net section failure likely occurs
for w/d ≤ 4 [51] and for those configurations, the stress concentrations mainly arise
due to finite width and the end distance e plays an insignificant role. This can
be concluded by comparing the characteristic stresses of e/d = {3, 10} both with
w/d = 3. In doing so, a change of the characteristic stresses is hardly noticeable
when reducing the relative end distance.

4. Failure analysis

In this section, nonlocal failure criteria in the frameworks of the Theory of Critical
Distances (TCD) and Finite Fracture Mechanics (FFM) are briefly introduced. Then,
the failure stresses are derived and the hole size effect involving a reduction of the
sustainable load with increasing defect size d is modelled. In doing so, the connection
width is varied in between w/d = {3, 4} with e/d = 4.17 enabling to further study
the effect of finite dimensions. Moreover, the results of the employed assessment
criteria are compared against each other.

4.1. Theory of Critical Distances

In the framework of the Theory of Critical Distances (TCD) using line method
[35], failure is postulated if the net section stresses averaged along the characteristic
distance rc equal the plain material strength XL

T . With x∗ = x−R as the hole edge
distance, this is expressed by

σy(rc) =
1

rc

∫ rc

0
σy(x

∗, 0) dx∗ = XL
T . (30)

The determination of the characteristic distance requires experimentally obtained
failure loads. A value of rc = 1.143 mm is derived in [22], which is achieved by tak-
ing the experiment NT2 done by [44] and inserting the corresponding failure stress
distribution in Eq. (30). The test setting involves a connection with the compos-
ite plate material Hexcel IM7-8552 and the quasi-isotropic layup [90◦/0◦/± 45◦]3s.
The hole size effect can be now modelled as follows. For increasing hole diameter
d, the relative characteristic distance ξrc derived using Eq. (29) decreases and vice
versa. Then, with increasing d, the stress evaluation occurs closer to the hole edge
involving raised concentrations and the failure criterion is fulfilled for a lower value
of σF. The TCD is hence capable of capturing the physical phenomenon hole size
effect. However, the determination of the characteristic distance requires to conduct
experiments for calibration. Further, [5, 50, 52–55] have identified the characteris-
tic distance as a structural and not as a material parameter. Hence, it cannot be
expected that the value determined based on one bolted joint configuration is ap-
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plicable for another but possibly to a certain extent. This matter shall be further
investigated by comparing the predictions by the TCD to those predictions by FFM.
The latter concept is physically motivated requiring standard material parameters
as input data only. Therefore, FFM can be regarded as the more general and sophis-
ticated brittle failure prediction concept. That is why FFM shall serve as reference
to assess the capabilities of the TCD.

4.2. Finite Fracture Mechanics

In the framework of Finite Fracture Mechanics [42], the instantaneous initiation of
a crack with finite length ∆a is assumed if both a stress and an energy criterion
are satisfied. This condition is referred as coupled criterion established by [40]. In
general, determining the minimal load and the corresponding crack length leading to
crack initiation is done by solving an optimisation problem. The present bolted joint
problem is characterised by a monotonic decrease of the stresses and a monotonic
increase of the energy release rate with respect to ∆a. With the dimensionless crack
length ∆ξ = ∆a/(w/2−R), the coupled criterion specialises to the conditions

1

∆ξ

∫ ∆ξ

0
σy(ξ, 0) dξ = XT

L

∧
∫ ∆ξ

0
K2

I (ξ) dξ =

∫ ∆ξ

0
K2

IC(ξ) dξ.

(31)

Therein, the quantity KI is the mode I stress intensity factor of a newly initiated
crack and KIC(ξ) the R-curve for which a Gompertz function is used. This enables
to model a crack length dependence of the fracture toughness KIC(ξ), which is im-
portant if the crack length is of the same order as the process zone lpz. In particular,
this occurs for small hole diameters [44]. Regarding the net section stresses, the
results of the present calculus are used. Concerning the stress intensity factor KI,
data provided in the form of polynomial fitting functions by [44] are inserted. With
that a failure analysis can be conveniently reproduced in industry contexts since all
field quantities are available in handy form.

4.3. Discussion

In Fig. 7, we can observe the FFM calculated crack length ∆a reaching a plateau
for both finite-width ratios w/d = {3, 4}. This allows that the crack length may be
approximated using a single constant value. Then, the TCD should yield similar pre-
dictions as FFM if the characteristic distance lies nearby the plateau. This is true for
rc,clb = 1.143 mm, which has been determined based on test data for the geometric
ratios w/d = 1.75, e/d = 5.83. Hence, it can be concluded that the characteristic
distance is applicable to configurations with slightly different geometrical properties.
This is further confirmed by investigating the failure stresses σF in Fig. 8. Therein,
the predictions by TCD are almost the same as the FFM reference. Relative errors
amount |ε| ≤ 3 % for w/d = 3 and d ≥ 3 mm as well as |ε| ≤ 1 % for w/d = 4
and d ≥ 3 mm. Note that the failure bolt load per plate thickness is Py,F = σF · d.
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Figure 7. Crack length ∆a at failure.
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Figure 8. Bearing stresses at failure.
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Figure 9. Failure stress reduction

Also note that the bearing cut-off is
defined as σd ≈700 MPa as in [44].
Above this limit, bearing instead of
net section failure is expected to oc-
cur. However, setting this limit in-
volves a certain arbitrariness since
there exist many definition criteria
from which one may freely select. To
name a few, these comprise a spe-
cific elastic or plastic deformation of
the hole or a particular degradation
level of the laminate stiffness charac-
terised by a nonlinearity in the load-
strain curve. To investigate the finite-
width influence on the size effect, let
us calculate the failure load reduction
factor

ηd =
σF(w/d, d)

σF(w/d, d = 1 mm)
(32)

shown in Fig. 9. Therein, a significant
reduction involving an asymptotic
limit value of about 40 % of the ref-
erence failure stress is revealed. The
reduction is the more pronounced the
wider w/d. The extreme cases of non-
local failure criteria capable of cap-
turing the hole size effect are d → 0
for which the failure load specialises
to the plain material strength and
d → ∞ where the predictions co-
incide with local criteria. The fail-
ure stress of a finite-sized hole lies
in between and for sufficient mate-
rial exploitation in lightweight opti-
mal design, the present work empha-
sizes that nonlocal criteria, which re-
quire precisely calculated net section
stresses and not only stress concen-
trations, are crucial.
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