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Preface

The present work is intended to provide some materials for participants of the
forthcoming TICMI Advance Courses (September 22-25, 2019) on ”Mathemat-
ical Models of Piezoelectric Solids and Related Problems”. This work is ori-
ented mainly on the lecture course of the same name ”Piezoelectric Viscoelastic
Kelvin-Voigt Cusped Prismatic Shells”, foreseen in the prospective programme
of the above-mentioned Advance Courses. It mainly contains unpublished re-
sults of the author concerning piezoelectrics. Some auxiliary materials, which
make the work self-contained, are provided as well.

The aim of the present work is also to draw the attention of scientists, par-
ticularly of young researchers, to problems to be solved, connected with cusped
shell-like elastic and viscoelastic piezoelectric bodies with voids and with re-
lated nonclassical BVPs and IBVPs for partial differential equations with order
and type degeneracy. The development of the corresponding numerical meth-
ods and numerical calculations on computers are especially challenging.

George Jaiani
Tbilisi, Georgia
November, 2018
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Abstract. The present work is devoted to construction of hierarchical models
for piezoelectric nonhomogeneous porous elastic and viscoelastic Kelvin-Voigt
prismatic shells on the basis of linear theories. Using I. Vekua’s dimension
reduction method, governing systems are derived and in the Nth approximation
of hierarchical models boundary value problems (BVPs) and initial boundary
value problems (IBVPs) are set. In the N = 0 approximation, considering,
e.g., elastic, plates of a constant thickness, governing systems mathematically
coincide with the governing systems of the plane strain corresponding to the
basic three-dimensional (3D) linear theory up to a separate equation for the
out of plane component of the displacement vector.

The ways of investigation of BVPs and IBVPs, including the case of cusped
prismatic shells, are indicated and some preliminary results are presented.
Antiplane deformation of piezoelectric nonhomogeneous materials in the three-
dimensional formulation and in N = 0 approximation is analysed.

Well-posedness of Dirichlet and Keldysh type problems (BVP) are studied
in the N = 0 order approximation of hierarchical models for cusped prismatic
shells. Some BVPs are solved in explicit forms in concrete cases.
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prismatic shells, Porous elastic prismatic shells, Materials with voids, Partial
differential equations and Systems with order degeneracy.
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1 Introduction

In 1955 Ilia Vekua [1] published his models of elastic prismatic shells. In
1965 he offered analogous models for standard shells [2]. In both papers he
considered a very important investigation of well-posedeness of boundary value
problems (BVPs) of peculiar types which could arise in the case of cusped
shells.

Cusped prismatic shells considered as 3D bodies may have non-Lipschitz
surfaces as the boundaries and their thicknesses may vanish at the edge. Using
I. Vekua’s dimension reduction method, complexity of the 3D domain, occupied
by the body will be transformed into the degeneracy of the order of the 2D
governing equations of the constructed hierarchy of 2D models on the boundary
of the 2D projection of the 3D bodies under consideration.

Consideration of BVPs and initial boundary value problems (IBVPs) within
the framework of hierarchical models for elastic cusped prismatic shells leads
to investigation of nonclassical BVPs and IBVPs for the governing elliptic
and hyperbolic systems of equations of the second order with order degener-
acy on the boundary of the domain under consideration in the case of two
spatial variables [1]-[4]. We easily reduce this case to the case of systems of
singular equations, i.e., to systems of equations with unbounded coefficients.
Initial conditions (IC) for the so called weighted mathematical moments of
displacements remain classical, while the boundary conditions (BC) for them
are nonclassical, in general. It means that in certain cases the Dirichlet BCs
should be replaced by the Keldysh BCs (i.e. some parts of the boundary, where
the order of the equations degenerates, should be freed from the BCs) and in
certain cases weighted BCs should be set (see [4]).

The present work is devoted to construction of hierarchical models for piezo-
electric nonhomogeneous porous elastic and viscoelastic Kelvin-Voigt prismatic
shells on the basis of linear theories [5]-[10]. Using I. Vekua’s [1] (see also [2])
dimension reduction method, governing systems are derived and in the Nth
approximation of hierarchical models BVPs and IBVPs are set. In the N = 0
approximation, considering, e.g., elastic plates of a constant thickness, govern-
ing systems mathematically coincide with the governing systems of the plane
strain corresponding to the basic three-dimensional (3D) linear theory [1]-[4]
up to a separate equation for the out of plane component of the displacement
vector.

The ways of investigation of BVPs and IBVPs, including the case of cusped
prismatic shells [4], are indicated and some preliminary results are presented.
Antiplane deformation of piezoelectric nonhomogeneous materials in the three-
dimensional formulation and in N = 0 approximation is analysed. Some BVPs
are solved in explicit forms in concrete cases.

The aim of the present work is also to draw the attention of scientists, par-
ticularly of young researchers, to problems to be solved connected with cusped
shell-like elastic and viscoelastic piezoelectric bodies with voids and with re-
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lated nonclassical BVPs and IBVPs for partial differential equations with order
and type degeneracy. The development of the corresponding numerical meth-
ods and numerical calculations on computers are especially challenging.

The work is organized as follows. Introduction is devoted to motivations of
our research and the main targets of the work are indicated as well. Section 2
contains 3D field equations for nonhomogeneous piezoelectric Kelvin-Voight
materials with voids in the case of the general anisotropy. In Section 3 the
hierarchical models are constructed and in the Nth approximation BVPs and
IBVPs are set in the case of noncusped prismatic shells. Section 4 deals with
the analysis of Dirichlet and Keldysh type problems for the general governing
system of the N = 0 approximation for nonhomogeneous piezoelectric Kelvin-
Voight materials with voids and general anisotropy. To this end results of
Section 8 are exploited. In Section 5 we consider transversely isotropic elastic
piezoelectric nonhomogeneous bodies in the case when the poling axis coincides
with one of the material symmetry axises. Namely, time-harmonic motion un-
der conditions of anti-plane piezoelectric state is discussed. In Section 6 we
study an antiplane deformation of piezoelectrics in N = 0 approximation of
hierarchical models for prismatic shells, in particular, with cusped edges. In
Section 7 we treat BVPs for porous isotropic elastic cusped prismatic shells.
In Section 8 we examine well-posedeness of BVPs for systems of elliptic equa-
tions of the second order with an order degeneracy, covering systems of elliptic
equations arising in previous sections. In Section 9 for the convenience of the
reader we repeat the relevant material, concerning H-weak solutions of BVPs
for a single second order equation with an order degeneracy, from [15] with
proofs in a slightly changed form, thus making our exposition of the present
work self-contained. Section 10 provides some useful formulas for construct-
ing the hierarchical models. Section 11 is devoted to conclusions, concerning
mainly mechanical meaning.

2 Field Equations for Piezoelectric

Kelvin-Voigt Materials with Voids

Let a piezoelectric solid occupy a reference configuration Ω ∈ R3. Under the
quasi-static conditions, when the rate of change of the magnetic field is small
and there is no electric current, i.e., the electric field E and magnetic field M
are curl free, the governing equations have the following form.

Motion Equations

Xji,j + Φi = ρ
..
ui(x1, x2, x3, t), (x1, x2, x3) ∈ Ω ⊂ R3, (2.1)

t > t0, i = 1, 3;
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Hj,j +H0 + F = ρkφ̈, (2.2)

Dj,j = fe, Bj,j = 0, Ω×]0, T [, (2.3)

where Xij ∈ C1(Ω) is the stress tensor; Φi are the volume force components;
k is equilibrated inertia, ρ is the mass density; φ := ν − ν0 ∈ C2(Ω) is the
change of the volume fraction from the matrix reference volume fraction ν0
(clearly, the bulk density ρ = νγ, 0 < ν ≤ 1, here γ is the matrix density);
ui ∈ C2(Ω) are the displacements; Hj ∈ C1(Ω) is the component of the equi-
librated stress vector, H0 and F are the intrinsic and extrinsic equilibrated
volume forces; Einstein’s summation convention is used; indices after comma
mean differentiation with respect to the corresponding variables of the Carte-
sian frame Ox1x2x3 (throughout the work we assume existence of the indi-
cated (continuous) derivatives unless otherwise stated); dots as superscripts
of the symbols mean derivatives with respect to time t; χ : Ω×]0, T [→ R1

and η : Ω×]0, T [→ R1 are electric and magnetic potentials, respectively, i.e.,
E = −gradχ, M = −gradη, fe : Ω×]0, T [→ R1 is electric charge density,
pkij are the piezoelectric coefficients, qkij are the piezomagnetic coefficients, ςjl
and ξjl are the dielectric (permittivity) and magnetic permeability coefficients,
respectively, ãjl are the coupling coefficients connecting electric and magnetic
fields. D := (D1, D2, D3) : Ω×]0, T [→ R3 is the electrical displacement vector,
B := (B1, B2, B3) : Ω×]0, T [→ R3 is the magnetic induction vector.

Kinematic Relations

eij =
1

2
(ui,j + uj,i), i, j = 1, 3. (2.4)

Constitutive Equations

Xji = Xij = Eijklekl + E∗
ijklėkl + b̃ijφ+ b∗ijφ̇+ dijkφ,k +d

∗
ijkφ̇,k

+pkijχ,k + p∗kijχ̇,k +qkijη,k + q∗kij η̇,k , i, j = 1, 3, (2.5)

Hj = dkljekl + d∗klj ėkl + djφ+ d∗j φ̇+ α̃jiφ,i + α∗
jiφ̇,i, j = 1, 3, (2.6)

H0 = −b̃ijeij − ξ̃φ− diφ,i−b∗ij ėij − ξ∗φ̇− d∗i φ̇,i , (2.7)

Dj = pjklekl + p∗jklėkl − ςjlχ,l − ãjlη,l, j = 1, 3, (2.8)

Bj = qjklekl + q∗jklėkl − ãjlχ,l − ξjlη,l, j = 1, 3, (2.9)

where eij ∈ C1(Ω) is the strain tensor; the constitutive coefficients Eijkl, E
∗
ijkl,

b̃ij, b
∗
ij, dklj, d

∗
klj, di, d

∗
i , α̃ji, α

∗
ji, ξ̃, ξ

∗, pkij, p
∗
jkl,, qkij, q

∗
jkl, ςjl, ãjl, ξjl satisfy

the following relations

Eijkl = Ejikl = Ejilk = Eklij; E∗
ijkl = E∗

jikl = E∗
jilk = E∗

klij;
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b̃ij = b̃ji, dijk = djik, α̃ij = α̃ji;

b∗ij = b∗ji, d∗ijk = d∗jik, α∗
ij = α∗

ji; pjkl = pjlk, qjkl = qjlk, ςjl = ςlj,

ãjl = ãlj, ξjl = ξlj, p∗jkl = p∗jlk, q∗jkl = q∗jlk.

The constitutive equations also meet some other conditions, following from
physical considerations (see [5], [8], and the references given there). With a
view to apply I. Vekua’s dimension reduction method, we require the consti-
tutive coefficients to be independent of x3.

Let us consider the general BVPs and IBVPs with the following mixed BCs

ui = fi on Γ0, Xijnj = gi on Γ1 = ∂Ω\Γ0, i = 1, 3, (2.10)

φ = fφ on Γφ
0 , Hjnj = gφ on Γφ

1 = ∂Ω\Γφ
0 , i = 1, 3, (2.11)

χ = f
χ

on Γ
χ
0 , Djnj = g

χ
on Γ

χ
1 = ∂Ω\Γχ

0 , i = 1, 3, (2.12)

η = f η on Γη
0, Bjnj = gη on Γη

1 = ∂Ω\Γη
0, i = 1, 3, (2.13)

and the standard ICs in the case of dynamical problems

u(x, 0) = u0(x), u̇(x, 0) = u1(x), φ(x, 0) = φ0(x), φ̇(x, 0) = φ1(x), (2.14)

x ∈ Ω;

here n := (n1, n2, n3) is the outward unit normal vector to ∂Ω, (f1, f2, f3), f
φ,

fχ, f η are the given displacement vector, volume fraction, electric and magnetic
potentials, respectively, (g1, g2, g3), g

φ, gχ and gη are the given stress vector,
normal components of the equilibrated stress, electric displacement and mag-
netic induction vectors, respectively, while u0 and u1 are the initial mechanical
displacement and velocity vectors, whereas φ0 and φ1 are the initial volume
fraction distribution and its rate. Note that the sub-manifolds Γ0, Γφ

0 , Γχ
0 ,

and Γη
0, of the boundary ∂Ω in boundary conditions (2.10)-(2.13) are different,

in general, from each other and depending on the physical problem, some of
them may be empty.

3 Construction of Hierarchical Models.

Nth Approximation

Now, we construct hierarchical models for piezoelectric Kelvin-Voigt prismatic
shells. First a few words about prismatic shells.

Let us consider prismatic shells (see, e.g., Figure 3.1 and [4], [11]), occu-
pying 3D domain Ω with the projection ω (on the plane x3 = 0) and the face
surfaces

x3 =
(+)

h (x1, x2) ∈ C2(ω) and x3 =
(−)

h (x1, x2) ∈ C2(ω), (x1, x2) ∈ ω.
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x1

x2

x3

x3=  ( , )h x x1 2

(-)

x3=  ( , )h x x1 2

(+)

Figure 3.1: A prismatic shell of constant thickness. ∂Ω is a Lipschitz boundary

x3

x2

x1

x3=  ( , )h x x1 2

(+)

x3=  ( , )h x x1 2

(-)

G
0= g

0

Figure 3.2: A sharp cusped pris-
matic shell with a semicircle pro-
jection. ∂Ω is a Lipschitz bound-
ary

x3=  ( , )h x x1 2

x3=  ( , )h x x1 2

(+)

(-)

x3

x2

x1

g
1

g
2

Figure 3.3: A cusped plate with
sharp γ1 and blunt γ2 edges, γ

0 :=
γ1 ∪ γ2. ∂Ω is a non-Lipschitz
boundary

2h(x1, x2) :=
(+)

h (x1, x2)−
(−)

h (x1, x2) > 0, (x1, x2) ∈ ω,

is the thickness of the prismatic shell. A part of ∂ω, where the thickness
vanishes, i.e., 2h = 0, is said to be a cusped edge. If ∂Ω contains it smoothly,
we shall call it a blunt edge, otherwise, i.e., the points of the cusped edge are
points of nonsmoothness of ∂Ω, we shall call it a sharp edge (see Figures 3.2,
3.3).

Let

2h̃(x1, x2) :=
(+)

h (x1, x2) +
(−)

h (x1, x2), (x1, x2) ∈ ω.

x
3

Figure 3.4: Comparison of cross-
sections of prismatic and standard
shells

Figure 3.5: Cross-sections of a pris-
matic (left) and a standard shell
with the same mid-surface
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In the case of the symmetric prismatic shell, i.e., when

(−)

h (x1, x2) = −
(+)

h (x1, x2),

evidently
2h̃(x1, x2) ≡ 0, (x1, x2) ∈ ω.

Distinctions between the prismatic shell of a constant thickness and the
standard shell of a constant thickness are shown in the Figures 3.4, 3.5, where
cross-sections of the prismatic shell of a constant thickness with its projection
and of the standard shell of a constant thickness with its middle surface are
given in red and green colors, respectively, with common parts in blue. In
other words, the lateral boundary of the standard shell is orthogonal to the
”middle surface” of the shell, while the lateral boundary of the prismatic shell
is orthogonal to the prismatic shell’s projection on x3 = 0 (see [4]).

In particular, let ω be a domain bounded by a sufficiently smooth arc
(∂ω \ γ0) lying in the half -plane x2 > 0 and a segment γ0 of the x1−axis
(x2 = 0). Let the thickness look like (see Figures 3.2, 3.3)

2h(x1, x2) = 2h0x
κ
2 , h0, κ = const > 0, (3.1)

which corresponds to the case

(±)

h (x1, x2) =
(±)

h0x
κ
2 ,

(±)

h0 = const,
(+)

h0 >
(−)

h0 , 2h0 :=
(+)

h0 −
(−)

h0 .

In this case we have to do with a blunt edge for κ < 1 and with a sharp edge
for κ ≥ 1, respectively.

In Figures 3.6-3.20 (φ̂ is the angle at the cusp between tangents
(+)

T and
(−)

T , ν is an inward normal at O to ∂ω) we show some characteristic (typical)
profiles (cross-sections) of cusped prismatic shells (see also figures in [1], [11],
[4]).

First we consider the general case of ω and of positive thickness. In such a
case the prismatic shell under consideration has not cusped edges.

T

T

(-)

(+) h

(+)

h

(-)

x
3

O v

( )v

( )v

Figure 3.6: A cross-section of a blunt
cusped prismatic shell (φ̂ = π

2
). It

has a Lipschitz boundary

T

T

(-)

(+) h

(+)

h

(-)

x
3

O v

( )v

( )v

Figure 3.7: A cross-section of a blunt
cusped prismatic shell (φ̂ ∈]0, π

2
[). It

has a Lipschitz boundary
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TT
(-)(+)

h

(+)

h

(-)

x
3

O v

( )v

( )v

Figure 3.8: A cross-section of a blunt
cusped prismatic shell (φ̂ = 0). It
has a non-Lipschitz boundary

T

T

(-)

(+)

x
3

O v

h

(-)
( )v

h

(+)
( )v

Figure 3.9: A cross-section of a blunt
cusped plate (φ̂ = π). It has a Lips-
chitz boundary

T

T

(-)

(+)
h

(+)

h

(-)

x
3

O v

( )v

( )v

Figure 3.10: A cross-section of a
blunt cusped prismatic shell (φ̂ =
π
2
). It has a Lipschitz boundary

T

T

(-)

(+)

h

(+)

h

(-)

x
3

O v

( )v

( )v

Figure 3.11: A cross-section of a
blunt cusped prismatic shell (φ̂ ∈
]π
2
, π[). It has a Lipschitz boundary

x
2

T
(+)

T
(-)

Figure 3.12: φ̂ = π

T
(+)

T
(-)

x
2

Figure 3.13: Wedge, φ̂ ∈]0, π[

T
(+)

T
(-) x

2

Figure 3.14: φ̂ = 0
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T
(+)

T
(-) x

2

Figure 3.15: π
2
< φ̂ < π

T
(+)

T
(-) x

2

Figure 3.16: π
2
< φ̂ < π

T
(+)

T
(-)

x
2

Figure 3.17: φ̂ = π
2

T
(+)

T
(-)

x
2

Figure 3.18: 0 < φ̂ < π
2

T
(+)

T
(-) x

2

Figure 3.19: 0 < φ̂ < π
2

T
(+)

T
(-)

x
2

Figure 3.20: 0 < φ̂ < π

rth order moments of the following quantities are defined as the integrals(
uir, Xijr, eijr, Φjr, Hir, H0r, φr, Fr, Djr, Bjr, χr, ηr, fer

)
(x1, x2, t)

:=

(+)

h (x1,x2)∫
(−)

h (x1,x2)

(
ui, Xij, eij, Φj, Hi, H0, φ,F , Dj, Bj, χ, η, fe

)
(x1, x2, x3, t)

×Pr(ax3 − b) dx3, i, j = 1, 3, (3.2)

where

Pr(ax3 − b)

a(x1, x2) := 2
(+)

h −
(−)

h

=
1

h
, b(x1, x2) :=

(+)

h +
(−)

h
(+)

h −
(−)

h

=
h̃

h

 ,

r = 0, 1, · · · ,
are the rth order Legendre polynomials.

Under the well-know restrictions (see, e.g., [1]) the following Fourier-Legendre
series(

ui, Xij, eij,Φj, Hi, H0, φ,F , Dj, Bj, χ, η, fe

)
(x1, x2, x3, t) =

∞∑
r=0

a
(
r +

1

2

)
×
(
uir, Xijr, eijr,Φjr, Hir, H0r, φr,Fr, Djr, Bjr, χr, ηr, fer

)
(x1, x2, t) (3.3)

×Pr(ax3 − b)
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are convergent.
Therefore on the upper and lower face surfaces of the prismatic shell under

consideration

(±)
u i := ui(x1, x2,

(±)

h (x1, x2), t) =
∞∑
s=0

a
(
s+

1

2

)
uis(±1)s

=
∞∑
s=0

(±1)s(2s+ 1)

2h
uis,

whence

(+)
u i − (−1)r

(−)
u i = −

∞∑
s=0

r
a3suis, i = 1, 3,

(+)
u i

(+)

h ,α −(−1)r
(−)
u i

(−)

h ,α =
∞∑
s=0

r

a∗αsuis, i = 1, 3, α = 1, 2,

where

r

a∗αs =
r
aαs, s ̸= r,

r

a∗αr = (2r + 1)
h,α
h
,

r
aαs := (2s+ 1)

(+)

h ,α −(−1)r+s
(−)

h ,α
2h

, s ̸= r,
r
aαr := r

h,α
h
,

r
a3s := −(2s+ 1)

1− (−1)s+r

2h
.(r

bjs := − r
ajs, s > r;

r

bjs = 0, s < r;

r

bαr :=
r
aαr −

r

a∗αr = −(r + 1)

(+)

h ,α −
(−)

h ,α
2h

,
r

b3r = 0
)
.

Using (see formulas (10.4), (10.5) of Section 10)

(+)

h (x1, x2)∫
(−)

h (x1, x2)

Pr(ax3 − b)f,α dx3 = fr,α +
r∑

s=0

r
aαsfs −

(+)

f
(+)

h ,α + (−1)r
(−)

f
(−)

h ,α,

α = 1, 2,

(+)

h (x1, x2)∫
(−)

h (x1, x2)

Pr(ax3 − b)f,3 dx3 =
r∑

s=0

r
a3sfs +

(+)

f − (−1)r
(−)

f ,
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from (2.1)-(2.3), after multiplying them by Pr(ax3 − b) for r = 0, 1, · · · , and

then integrating within the limits
(−)

h (x1, x2) and
(+)

h (x1, x2) with respect to the
thickness variable x3, we obtain the following formulas in ω:

Xαir,α +
r∑

s=0

r
ajsXjis +

r

Xi = ρ
∂2uir
∂t2

, i = 1, 3, r = 0, 1, · · · , (3.4)

Hαr,α +
r∑

s=0

r
aisHis +H0r +

r

H = ρk
∂2φr

∂t2
, r = 0, 1, · · · , (3.5)

Dαr,α +
r∑

s=0

r
aisDis +

r

D = fer, r = 0, 1, · · · , (3.6)

Bαr,α +
r∑

s=0

r
aisBis +

r

B = 0, r = 0, 1, · · · , (3.7)

where

r

Xj :=
(+)

X3j −
(+)

Xαj

(+)

h,α + (−1)r
[
−

(−)

X3j +
(−)

Xαj

(−)

h,α

]
+ Φjr

= X(+)
n j

√
1 +

((+)

h,1

)2

+
((+)

h,2

)2

+ (−1)rX(−)
n j

√
1 +

((−)

h,1

)2

+
((−)

h,2

)2

+ Φjr,

j = 1, 3, r = 0, 1, 2, · · · ,

X(+)
n j

and X(−)
n j

are components of the stress vectors acting on the upper and

lower face surfaces with normals
(+)
n and

(−)
n , respectively,

r

H :=
(+)

H3 −
(+)

Hα

(+)

h,α + (−1)r
[
−

(−)

H3 +
(−)

Hα

(−)

h,α

]
+ Fr

=
(+)

Hi

(+)
ni

√
1 +

((+)

h,1

)2

+
((+)

h,2

)2

+ (−1)r
(−)

Hi

(−)
ni

√
1 +

((−)

h,1

)2

+
((−)

h,2

)2

+ Fr,

r = 0, 1, · · · ,
(+)

Hj and
(−)

Hj are components of the equilibrated stress vectors on the upper and

lower face surfaces with normals
(+)
n and

(−)
n , respectively,

r

D :=
(+)

D3 −
(+)

Dγ

(+)

h,γ + (−1)r
[
−

(−)

D3 +
(−)

Dγ

(−)

hγ

]

=
(+)

Di

(+)
ni

√
1 + (

(+)

h,1)2 + (
(+)

h,2)2 +
(−)

Di

(−)
ni

√
1 + (

(−)

h,1)2 + (
(−)

h,2)2,
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r

B :=
(+)

B3 −
(+)

Bγ

(+)

h,γ + (−1)r
[
−

(−)

B3 +
(−)

Bγ

(−)

hγ

]

=
(+)

Bi

(+)
ni

√
1 + (

(+)

h,1)2 + (
(+)

h,2)2 +
(−)

Bi

(−)
ni

√
1 + (

(−)

h,1)2 + (
(−)

h,2)2

(in the above calculations we have used formulas (10.13) and (10.14) of Section
10 corresponding for Xαi and X3i, Hα and H3, Dα and D3, Bα and B3 instead
of f).

Using (10.5), (10.6) of Section 10 for ui instead of f and the Fourier-
Legendre expansions of ui on the upper and lower face surfaces

(±)
u i =

∞∑
s=0

(±1)s(2s+ 1)

2h
uis, i = 1, 3,

from (2.4), similarly to (10.10), (10.11), we obtain

eijr =
1

2

(
uir,j + ujr,i

)
+

1

2

∞∑
s=r

r

bisujs +
1

2

∞∑
s=r

r

bjsuis, (3.8)

i, j = 1, 3, r = 0, 1, · · · ,

θr := eiir = uγr,γ +
∞∑
s=r

r

bksuks, r = 0, 1, · · · .

In view of
r

b3r = 0, hr+1(h−r−1),α =
r

bαr, α = 1, 2,

we can rewrite (3.8) for
vir := h−r−1uir

as follows

eijr =
1

2
hr+1

(
vir,j + vjr,i

)
+

1

2

∞∑
s=r+1

hs+1
( r

bisvjs +
r

bjsvis

)
, (3.9)

i, j = 1, 3, r = 0, 1, · · · ,

θr := eiir = hr+1vγr,γ +
∞∑

s=r+1

hs+1
r

bksvks, r = 0, 1, · · · . (3.10)

If we apply formulas (10.11), (10.12) of Section 10, using the Fourier-Legendre
expansions of χ and η on the upper and lower face surfaces

(±)
χ =

∞∑
s=0

(±1)s(2s+ 1)

2h
χ
s,

17



(±)
η =

∞∑
s=0

(±1)s(2s+ 1)

2h
ηs,

from (2.5) we obtain

Xijr = Eijkleklr + E∗
ijklėklr + b̃ijφr + b∗ijφ̇r + dijγ

(
φr,γ +

∞∑
s=r

r

bγsφs

)
−dij3

∞∑
s=r+1

r
aγsφs + d∗ijγ

(
φ̇r,γ +

∞∑
s=r

r

bγsφ̇s

)
− d∗ij3

∞∑
s=r+1

r
a3sφ̇s

+pγij(χr,γ +
∞∑
s=r

r

bγsχs)− p3ij

∞∑
s=r+1

r
a3sχs + p∗γij

(
χ̇
r,γ +

∞∑
s=r

r

bγsχ̇s

)
−p∗3ij

∞∑
s=r+1

r
a3sχ̇s + qγij(ηr,γ +

∞∑
s=r

r

bγsηs)− q3ij

∞∑
s=r+1

r
a3sηs

+q∗γij(η̇r,γ +
∞∑
s=r

r

bγsη̇s)− q∗3ij

∞∑
s=r+1

r
a3sη̇s, i, j = 1, 3, r = 0, 1, · · · . (3.11)

Therefore, by virtue of (3.8),

Xijr =
1

2
Eijkl

(
ukr,l + ulr,k

)
+

1

2
Eijkl

∞∑
s=r

( r

bksuls +
r

blsuks

)
+
1

2
E∗

ijkl

(
u̇kr,l + u̇lr,k

)
+

1

2
E∗

ijkl

∞∑
s=r

( r

bksu̇ls +
r

blsu̇ks

)
+b̃ijφr + b∗ijφ̇r + dijγ

(
φr,γ +

∞∑
s=r

r

bγsφs

)
−dij3

∞∑
s=r+1

r
aγsφs + d∗ijγ

(
φ̇r,γ +

∞∑
s=r

r

bγsφ̇s

)
− d∗ij3

∞∑
s=r+1

r
a3sφ̇s

+pγij

(
χ
r,γ +

∞∑
s=r

r

bγsχs

)
− p3ij

∞∑
s=r+1

r
a3sχs + p∗γij

(
χ̇
r,γ +

∞∑
s=r

r

bγsχ̇s

)
−p∗3ij

∞∑
s=r+1

r
a3sχ̇s + qγij

(
ηr,γ +

∞∑
s=r

r

bγsηs

)
− q3ij

∞∑
s=r+1

r
a3sηs

+q∗γij(η̇r,γ +
∞∑
s=r

r

bγsη̇s)− q∗3ij

∞∑
s=r+1

r
a3sη̇s, i, j = 1, 3, r = 0, 1, · · · . (3.12)

Let

vr :=
ur
hr+1

, ψr :=
φr

hr+1
, χ̃

r :=
χ
r

hr+1
, η̃r :=

ηr
hr+1

. (3.13)
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Substituting (3.9) into (3.11), and taking into account (3.13), it follows that

Xijr =
1

2
Eijklh

r+1
(
vkr,l + vlr,k

)
+

1

2
Eijkl

∞∑
s=r+1

hs+1
( r

bksvls +
r

blsvks

)

+
1

2
E∗

ijklh
r+1

(
v̇kr,l + v̇lr,k

)
+

1

2
E∗

ijkl

∞∑
s=r+1

hs+1
( r

bksv̇ls +
r

blsv̇ks

)

+b̃ijh
r+1ψr + b∗ijh

r+1ψ̇r + dijγh
r+1ψr,γ + dijk

∞∑
s=r+1

hs+1
r

bksψs + d∗ijγh
r+1ψ̇r,γ

+d∗ijk

∞∑
s=r+1

hs+1
r

bksψ̇s + pγijh
r+1χ̃

r,γ + pkij

∞∑
s=r+1

hs+1
r

bksχ̃s

+p∗γijh
r+1 ˙̃χ

r,γ + p∗kij

∞∑
s=r+1

hs+1
r

bks
˙̃χ
s + qγijh

r+1η̃r,γ + qkij

∞∑
s=r+1

hs+1
r

bksη̃s

+q∗γijh
r+1 ˙̃ηr,γ + q∗kij

∞∑
s=r+1

hs+1
r

bks ˙̃ηs, i, j = 1, 3, r = 0, 1, · · · (3.14)

(because of

(hr+1χ̃
r),γ − hr+1(r + 1)

h,α
h
χ̃
r = hr+1χ̃

r,γ,

and the similar formulas for ψ and η̃).
Analogously, from (2.6) we have (compare with (10.11), (10.12))

Hjr =
1

2
dklj(ukr,l + ulr,k) +

1

2
dklj

∞∑
s=r

(
r

bksuls +
r

blsuks)

+
1

2
d∗klj(ukr,l + ulr,k) +

1

2
d∗klj

∞∑
s=r

(
r

bksuls +
r

blsuks) + djφr + d∗j φ̇r

+α̃jβ

[
φr,β +

r∑
s=0

r
aβsφs −

(+)
φ

(+)

h,β + (−1)r
(−)
φ

(−)

h,β

]
+α̃j3

[ r∑
s=0

r
a3sφs +

(+)
φ − (−1)r

(−)
φ
]

+α∗
jβ

[
φ̇r,β +

r∑
s=0

r
aβsφ̇s −

(+)

φ̇
(+)

h,α − (−1)r
(−)

φ̇
(−)

h,α

]
+α∗

j3

[ r∑
s=0

r
a3sφ̇s +

(+)

φ̇ − (−1)r
(−)

φ̇
]
, j = 1, 3,

and substituting here the corresponding Fourier-Legendre expansions of φ on
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the upper and lower face surfaces

(±)
φ =

∞∑
s=0

(±1)s(2s+ 1)

2h
φs,

we get

Hjr =
1

2
dklj(ukr,l + ulr,k) +

1

2
dklj

∞∑
s=r

(
r

bksuls +
r

blsuks)

+
1

2
d∗klj(ukr,l + ulr,k) +

1

2
d∗klj

∞∑
s=r

(
r

bksuls +
r

blsuks) + djφr + d∗j φ̇r

+α̃jk

(
φr,k+

∞∑
s=r

r

bksφs

)
+α∗

jk

(
φ̇r,k+

∞∑
s=r

r

bksφ̇s

)
, j = 1, 3, r = 0, 1, · · · , (3.15)

i.e. (see (3.13))

Hjr =
1

2
dkljh

r+1(vkr,l + vlr,k) +
1

2
dklj

∞∑
s=r+1

hs+1(
r

bksvhs +
r

blsvks)

+
1

2
d∗kljh

r+1(v̇kr,l + v̇lr,k) +
1

2
d∗klj

∞∑
s=r+1

hs+1(
r

bksv̇hs +
r

blsv̇ks)

+djh
r+1ψr + d∗jh

r+1ψ̇r

+α̃ji

(
hr+1ψr,i +

∞∑
s=r+1

hs+1
r

bisψs

)
+ α∗

ji

(
hr+1ψ̇r,i +

∞∑
s=r+1

hs+1
r

bisψ̇s

)
, (3.16)

j = 1, 3, r = 0, 1 · · · .

From (2.7), on account of combined (10.11), (10.12), evidently,

H0r = −di(φr,i +
∞∑
s=r

r

bisφs)− b̃ijeijr − ξ̃φr

−d∗(φ̇r,i +
∞∑
s=r

r

bisφ̇s)− b∗ij ėijr − ξ∗φ̇r, r = 0, 1, · · ·

and, in view of (3.8),

H0r = −di(φr,i +
∞∑
s=r

r

bisφs)

−b̃ij
[1
2

(
uir,j + ujr,i

)
+

1

2

∞∑
s=r

r

bisujs +
1

2

∞∑
s=r

r

bjsuis

]
20



−ξ̃φr − d∗(φ̇r,i +
∞∑
s=r

r

bisφ̇s)

−b∗ij
[1
2

(
u̇ir,j + u̇jr,i

)
+

1

2

∞∑
s=r

r

bisu̇js +
1

2

∞∑
s=r

r

bjsu̇is

]
− ξ∗φ̇r, (3.17)

while, by virtue of (3.9) and (3.13),

H0r = −b̃ij
[1
2
hr+1

(
vir,j + vjr,i

)
+

1

2

∞∑
s=r+1

hs+1
( r

bisvjs +
r

bjsvis

)]

−ξ̃hr+1ψr − di

(
hr+1ψr,i +

∞∑
s=r+1

r

bisψs

)

−b∗ij
[1
2
hr+1

(
v̇ir,j + v̇jr,i

)
+

1

2

∞∑
s=r+1

hs+1
( r

bisv̇js +
r

bjsv̇is

)]

−ξ∗hr+1ψ̇r − d∗i

(
hr+1ψ̇r,i +

∞∑
s=r+1

r

bisψ̇s

)
, r = 0, 1, · · · . (3.18)

Similarly, from (2.8) it follows

Djr = pjkleklr + p∗jklėklr − ςjγ

(
χ
r,γ +

∞∑
s=r

r

bγsχs

)
+ ςj3

∞∑
s=r+1

r
a3sχs

−ãjγ
(
ηr,γ +

∞∑
s=r

r

bγsηs

)
+ ãj3

∞∑
s=r+1

r
a3sηs, j = 1, 3, r = 0, 1, · · · ,

i.e., in view of (3.8),

Djr =
1

2
pjkl(ukr,l + ulr,k) +

1

2
pjkl

∞∑
s=r

(
r

bksuls +
r

blsuks)

+
1

2
p∗jkl(u̇kr,l + u̇lr,k) +

1

2
p∗jkl

∞∑
s=r

(
r

bksu̇ls +
r

blsu̇ks)

−ςjγ
(
χ
r,γ +

∞∑
s=r

r

bγsχs

)
+ ςj3

∞∑
s=r+1

r
a3sχs

−ãjγ
(
ηr,γ +

∞∑
s=r

r

bγsηs

)
+ ãj3

∞∑
s=r+1

r
a3sηs, j = 1, 3, r = 0, 1, · · · , (3.19)
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while by virtue of (3.9) and (3.13), we have

Djr =
1

2
pjklh

r+1(vkr,l + vlr,k) +
1

2
pjkl

∞∑
s=r+1

hs+1(
r

bksvls +
r

blsvks)

+
1

2
p∗jklh

r+1(v̇kr,l + v̇lr,k) +
1

2
p∗jkl

∞∑
s=r+1

hs+1(
r

bksv̇ls +
r

blsv̇ks)

−ςjγ
(
hr+1χ̃

r,γ +
∞∑

s=r+1

hs+1
r

bγsχ̃s

)
+ ςj3

∞∑
s=r+1

hs+1 r
a3sχ̃s

−ãjγ
(
hr+1η̃r,γ +

∞∑
s=r+1

hs+1
r

bγsη̃s

)
+ ãj3

∞∑
s=r+1

hs+1 r
a3sη̃s, (3.20)

j = 1, 3, r = 0, 1, · · · .

In the same way from (2.9) we get

Bjr =
1

2
qjkl(ukr,l + ulr,k) +

1

2
qjkl

∞∑
s=r

(
r

bksuls +
r

blsuks)

+
1

2
q∗jkl(u̇kr,l + u̇lr,k) +

1

2
q∗jkl

∞∑
s=r

(
r

bksu̇ls +
r

blsu̇ks)

−ãjγ
(
χ
r,γ +

∞∑
s=r

r

bγsχs

)
+ ãj3

∞∑
s=r+1

r
a3sχs

−ξjγ
(
ηr,γ +

∞∑
s=r

r

bγsηs

)
+ ξj3

∞∑
s=r+1

r
a3sηs, j = 1, 3, r = 0, 1, · · · , (3.21)

i.e.

Bjr =
1

2
qjklh

r+1(vkr,l + vlr,k) +
1

2
qjkl

∞∑
s=r+1

hs+1(
r

bksvls +
r

blsvks)

+
1

2
q∗jklh

r+1(v̇kr,l + v̇lr,k) +
1

2
q∗jkl

∞∑
s=r+1

hs+1(
r

bksv̇ls +
r

blsv̇ks)

−ãjγ
(
hr+1χ̃

r,γ +
∞∑

s=r+1

hs+1
r

bγsχ̃s

)
+ ãj3

∞∑
s=r+1

hs+1 r
a3sχ̃s

−ξjγ
(
hr+1η̃r,γ +

∞∑
s=r+1

hs+1
r

bγsη̃s

)
+ ξj3

∞∑
s=r+1

hs+1 r
a3sη̃s, (3.22)

j = 1, 3, r = 0, 1, · · · ;

We remind that
r

bαr := −(r + 1)
h,α
h
,

r

b3r = 0,
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r

bjs :=



0, s < r,

− r
aαs = −(2s+ 1)

(+)

h ,α −(−1)r+s
(−)

h ,α
2h

, j = α, s > r,

− r
a3s = (2s+ 1)

1− (−1)s+r

2h
, j = 3, s > r,

α = 1, 2, j = 1, 3, r, s = 0, 1, 2, · · · .
So, we get the equivalenti to (2.1)-(2.9), infinite system (3.4)-(3.8), (3.12),

(3.15), (3.17), (3.19), (3.21), (3.8) with respect to the so called r-th order
moments Xijr, eijr, uir, Hjr, H0r, φr, χr, ηr. Then, substituting (3.12) into
(3.4), expressions (3.15) and (3.17) into (3.5); expressions (3.19) and (3.21)
into (3.6) and (3.7), respectively, we construct an equivalent infinite system
with respect to the r-th order moments uir, φr, χr, ηr. Namely,

1

2

(
Eαikδukr,δ

)
,α +

1

2

(
Eαiγlulr,γ

)
,α +

1

2

(
Eαikl

∞∑
s=r

r

bksuls

)
,α

+
1

2

(
Eαikl

∞∑
s=r

r

blsuks

)
,α +

1

2

(
E∗

αikδu̇kr,δ

)
,α+

1

2

(
E∗

αiγlu̇lr,γ

)
,α

+
1

2

(
E∗

αikl

∞∑
s=r

r

bksu̇ls

)
,α +

1

2

(
E∗

αikl

∞∑
s=r

r

blsu̇ks

)
,α +

(
b̃αiφr

)
,α

+
(
b∗αiφ̇r

)
,α +

(
dαiγφr,γ

)
,α +

(
dαiγ

∞∑
s=r

r

bγsφs

)
,α −

(
dαi3

∞∑
s=r+1

r
a3sφs

)
,α

+
(
d∗αiγφ̇r,γ

)
,α +

(
d∗αiγ

∞∑
s=r

r

bγsφ̇s

)
,α −

(
d∗αi3

∞∑
s=r+1

r
a3sφ̇s

)
,α

+
(
pγαiχr,γ

)
,α +

(
pγαi

∞∑
s=r

r

bγsχs

)
,α −

(
p3αi

∞∑
s=r+1

r
a3sχs

)
,α

+
(
p∗γαiχ̇r,γ

)
,α +

(
p∗γαi

∞∑
s=r

r

bγsχ̇s

)
,α −

(
p∗3αi

∞∑
s=r+1

r
a3sχ̇s

)
,α

+
(
qγαiηr,γ

)
,α +

(
qγαi

∞∑
s=r

r

bγsηs

)
,α −

(
q3αi

∞∑
s=r+1

r
a3sηs

)
,α

+
(
q∗γαiη̇r,γ

)
,α +

(
q∗γαi

∞∑
s=r

r

bγsη̇s

)
,α −

(
q∗3αi

∞∑
s=r+1

r
a3sη̇s

)
,α

iin the following sense: if Xij , eij , ui, Hi, H0, Dj , Bj , χ, η, and φ satisfy the relations
(2.1)-(2.9), then constructed by (3.2) functions Xijr, eijr, uir, Hir, H0r, Djr, Bjr, χr, ηr,
and φr will satisfy the infinite relations (3.4)-(3.8), (3.12), (3.15), (3.17), (3.19), (3.21),
(3.8) and, vice versa, if Xijr, eijr, uir, Hir, H0r, Djr, Bjr, χr, ηr, and φr satisfy the infinite
relations (3.4)-(3.8), (3.12), (3.15), (3.17), (3.19), (3.21), (3.8), then constructed by means of
(3.3) functions Xij , eij , ui, Hi, H0, Dj , Bj , χ, η and φ will satisfy the relations (2.1)-(2.9).
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+
r∑

s=0

r
ajs

[1
2
Ejikl

(
uks,l + uls,k

)
+

1

2
Ejikl

∞∑
s′=s

( s

bks′uls′ +
s

bls′uks′
)

+
1

2
E∗

jikl

(
u̇ks,l + u̇ls,k

)
+

1

2
E∗

jikl

∞∑
s′=s

( s

bks′ u̇ls′ +
s

bls′u̇ks′
)

+b̃ijφs + b∗ijφ̇s + djiγ

(
φs,γ +

∞∑
s′=s

s

bγs′φs′

)
− dji3

∞∑
s′=s+1

s
a3s′φs′

+d∗jiγ

(
φ̇s,γ +

∞∑
s′=s

s

bγs′φ̇s′

)
− d∗ji3

∞∑
s′=s+1

s
a3s′φ̇s′

+pγji

(
χ
s,γ +

∞∑
s′=s

s

bγs′χs′

)
− p3ij

∞∑
s′=s+1

s
a3s′χs′

+p∗γji

(
χ̇
s,γ +

∞∑
s′=s

s

bγs′χ̇s′

)
− p∗3ij

∞∑
s′=s+1

s
a3s′χ̇s′

+qγji

(
ηs,γ +

∞∑
s′=s

s

bγs′ηs′
)
− q3ji

∞∑
s′=s+1

s
a3s′ηs′

+q∗γji

(
η̇s,γ +

∞∑
s′=s

s

bγs′ η̇s′
)
− q∗3ji

∞∑
s′=s+1

s
a3s′ η̇s′

]
+

r

Xi = ρ
∂2uir
∂t2

,

i = 1, 3, r = 0, 1, · · · ,

1

2

(
dklαukr,l

)
,α +

1

2

(
dklαulr,k

)
,α +

1

2

(
dklα

∞∑
s=r

r

bksuls

)
,α

+
1

2

(
dklα

∞∑
s=r

r

blsuks

)
,α +

1

2

(
d∗klαu̇kr,l

)
,α +

1

2

(
d∗klαu̇lr,k

)
,α

+
1

2

(
d∗klα

∞∑
s=r

r

bksu̇ls

)
,α +

1

2

(
d∗klα

∞∑
s=r

r

blsu̇ks

)
,α +

(
dαφr

)
,α +

(
d∗αφ̇r

)
,α

+
(
α̃αkφr,k

)
,,α+

(
α̃αk

∞∑
s=r

r

bksφs

)
,α +

(
α∗
αkφ̇r,k

)
,α +

(
α∗
αk

∞∑
s=r

r

bksφ̇s

)
,α

+
r∑

s=0

r
ais

[1
2
dkli

(
uks,l + uls,k

)
+

1

2
dkli

∞∑
s′=s

( s

bks′uls′ +
s

bls′uks′
)

+
1

2
d∗kli

(
u̇ks,l + u̇ls,k

)
+

1

2
d∗kli

∞∑
s′=s

( s

bks′u̇ls′ +
s

bls′u̇ks′
)
+ diφs + d∗i φ̇s

+α̃ik

(
φs,k +

∞∑
s′=s

s

bks′φs′

)
+ α∗

ik

(
φ̇s,k +

∞∑
s′=s

s

bks′φ̇s′

)]
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−b̃ij
[1
2

(
uir,j + ujr,i

)
+

1

2

∞∑
s=r

r

bisujs +
1

2

∞∑
s=r

r

bjsuis

]
− ξ̃φr

−di
(
φr,i +

∞∑
s=r

r

bisφs

)
− b∗ij

[1
2

(
u̇ir,j + u̇jr,i

)
+

1

2

∞∑
s=r

r

bisu̇js +
1

2

∞∑
s=r

r

bjsu̇is

]
−ξ∗φ̇r − d∗i

(
φ̇r,i +

∞∑
s=r

r

bisφ̇s

)
+

r

H = ρk
∂2φr

∂t2
, r = 0, 1, · · · ,

1

2

(
pαklukr,l

)
,α +

1

2

(
pαklulr,k

)
,α +

1

2

(
pαkl

∞∑
s=r

r

bksuls

)
,α +

1

2

(
pαkl

∞∑
s=r

r

blsuks

)
,α

+
1

2

(
p∗αklu̇kr,l

)
,α +

1

2

(
p∗αklu̇lr,k

)
,α +

1

2

(
p∗αkl

∞∑
s=r

r

bksu̇ls

)
,α +

1

2

(
p∗αkl

∞∑
s=r

r

blsu̇ks

)
,α

−
(
ςαγχr,γ

)
,α −

(
ςαγ

∞∑
s=r

r

bγsχs

)
,α +

(
ςα3

∞∑
s=r+1

r
a3sχs

)
,α

−
(
ãαγηr,γ

)
,α −

(
ãαγ

∞∑
s=r

r

bγsηs

)
,α +

(
ãα3

∞∑
s=r+1

r
a3sηs

)
,α

+
r∑

s=0

r
ais

[1
2
pikl(uks,l + uls,k) +

1

2
pikl

∞∑
s′=s

(
s

bks′uls′ +
s

bls′uks′)

+
1

2
p∗ikl(u̇ks,l + u̇ls,k) +

1

2
p∗ikl

∞∑
s′=s

(
s

bks′u̇ls′ +
s

bls′u̇ks′)

−ςiγ
(
χ
s,γ +

∞∑
s′=s

s

bγs′χs′

)
+ ςi3

∞∑
s′=s+1

s
a3s′χs′

−ãiγ
(
ηs,γ +

∞∑
s′=s

s

bγs′ηs′
)
+ ãi3

∞∑
s′=s+1

s
a3s′ηs′

]
+

r

D = fer, r = 0, 1, · · · ,

1

2

(
qαklukr,l

)
,α +

1

2

(
qαklulr,k

)
,α +

1

2

(
qαkl

∞∑
s=r

r

bksuls

)
,α +

1

2

(
qαkl

∞∑
s=r

r

blsuks

)
,α

+
1

2

(
q∗αklu̇kr,l

)
,α +

1

2

(
q∗αklu̇lr,k

)
,α +

1

2

(
q∗αkl

∞∑
s=r

r

bksu̇ls

)
,α +

1

2

(
q∗αkl

∞∑
s=r

r

blsu̇ks

)
,α

−
(
ãαγχr,γ

)
,α −

(
ãαγ

∞∑
s=r

r

bγsχs

)
,α +

(
ãα3

∞∑
s=r+1

r
a3sχs

)
,α

−
(
ξαγηr,γ

)
,α −

(
ξαγ

∞∑
s=r

r

bγsηs

)
,α +

(
ξα3

∞∑
s=r+1

r
a3sηs

)
,α
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+
r∑

s=0

r
ais

[1
2
qikl(uks,l + uls,k) +

1

2
qikl

∞∑
s′=s

(
s

bks′uls′ +
s

bls′uks′)

+
1

2
q∗ikl(u̇ks,l + u̇ls,k) +

1

2
q∗ikl

∞∑
s′=s

(
s

bks′u̇ls′ +
s

bls′u̇ks′)

−ãiγ
(
χ
s,γ +

∞∑
s′=s

s

bγs′χs′

)
+ ãi3

∞∑
s′=s+1

s
a3s′χs′

−ξiγ
(
ηs,γ +

∞∑
s′=s

s

bγs′ηs′
)
+ ξi3

∞∑
s′=s+1

s
a3s′ηs′

]
+

r

B = 0, r = 0, 1, · · · .

If we suppose that the moments, whose subscripts, indicating moments’
order, are greater than N , equal to zero and consider only the first N + 1
equations (r = 0, N) for each i = 1, 2, 3, φr, χr, ηr, from the obtained infinite
system of equations with respect to

uir, i = 1, 3, φr, χ
r, ηr r = 0, 1, · · · ,

we obtain the Nth order approximation (hierarchical model) governing system
consisting of 6N + 6 equations with respect to 6N + 6 unknown functions

N
uir,

N
φr,

N
χ
r,

N
ηr, i = 1, 3, r = 0, N

(roughly speaking
N
uir,

N
φr,

N
χ
r,

N
ηr are “approximate values” of uir, φr, χ, η

since
N
uir,

N
φr,

N
χ,

N
η are solutions of the derived finite system; below superscript

N is omitted in order to avoid overloading the symbols):

1

2

(
Eαiklukr,l

)
,α +

1

2

(
Eαiklulr,k

)
,α +

1

2

(
Eαikl

N∑
s=r

r

bksuls

)
,α

+
1

2

(
Eαikl

N∑
s=r

r

blsuks

)
,α +

1

2

(
E∗

αiklu̇kr,l

)
,α +

1

2

(
E∗

αiklu̇lr,k

)
,α

+
1

2

(
E∗

αikl

N∑
s=r

r

bksu̇ls

)
,α +

1

2

(
E∗

αikl

N∑
s=r

r

blsu̇ks

)
,α +

(
b̃αiφr

)
,α

+
(
b∗αiφ̇r

)
,α +

(
dαiγφr,γ

)
,α +

(
dαiγ

N∑
s=r

r

bγsφs

)
,α −

(
dαi3

N∑
s=r+1

r
a3sφs

)
,α

+
(
d∗αiγφ̇r,γ

)
,α +

(
d∗αiγφ̇r,γ

)
,α −

(
d∗αi3

N∑
s=r+1

r
a3sφ̇s

)
,α
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+
(
pγαiχr,γ

)
,α +

(
pγαi

N∑
s=r

r

bγsχs

)
,α −

(
p3αi

N∑
s=r+1

r
a3sχs

)
,α

+
(
p∗γαiχ̇r,γ

)
,α +

(
p∗γαi

N∑
s=r

r

bγsχ̇s

)
,α −

(
p∗3αi

N∑
s=r+1

r
a3sχ̇s

)
,α

+
(
qγαiηr,γ

)
,α +

(
qγαi

N∑
s=r

r

bγsηs

)
,α −

(
q3αi

N∑
s=r+1

r
a3sηs

)
,α

+
(
q∗γαiη̇r,γ

)
,α +

(
q∗γαi

N∑
s=r

r

bγsη̇s

)
,α −

(
q∗3αi

N∑
s=r+1

r
a3sη̇s

)
,α

+
r∑

s=0

r
ajs

[1
2
Ejikl

(
uks,l + uls,k

)
+

1

2
Ejikl

N∑
s′=s

( s

bks′uls′ +
s

bls′uks′
)

+
1

2
E∗

jikl

(
u̇ks,l + u̇ls,k

)
+

1

2
E∗

jikl

N∑
s′=s

( s

bks′ u̇ls′ +
s

bls′u̇ks′
)

+b̃ijφs + b∗ijφ̇s + djiγ

(
φs,γ +

N∑
s′=s

s

bγs′φs′

)
− dji3

N∑
s′=s+1

s
a3s′φs′

+d∗jiγ

(
φ̇s,γ +

N∑
s′=s

s

bγs′φ̇s′

)
− d∗ji3

N∑
s′=s+1

s
a3s′φ̇s′

+pγji

(
χ
s,γ +

N∑
s′=s

s

bγs′χs′

)
− p3ij

N∑
s′=s+1

s
a3s′χs′

+p∗γji

(
χ̇
s,γ +

N∑
s′=s

s

bγs′χ̇s′

)
− p∗3ij

N∑
s′=s+1

s
a3s′χ̇s′

+qγji

(
ηs,γ +

N∑
s′=s

s

bγs′ηs′
)
− q3ji

N∑
s′=s+1

s
a3s′ηs′

+q∗γji

(
η̇s,γ +

N∑
s′=s

s

bγs′ η̇s′
)
− q∗3ji

N∑
s′=s+1

s
a3s′ η̇s′

]
+

r

Xi = ρ
∂2uir
∂t2

,

i = 1, 3, r = 0, N,

1

2

(
dklαukr,l

)
,α +

1

2

(
dklαulr,k

)
,α +

1

2

(
dklα

N∑
s=r

r

bksuls

)
,α

+
1

2

(
dklα

N∑
s=r

r

blsuks

)
,α +

1

2

(
d∗klαu̇kr,l

)
,α+

1

2

(
d∗klαu̇lr,k

)
,α
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+
1

2

(
d∗klα

N∑
s=r

r

bksu̇ls

)
,α +

1

2

(
d∗klα

N∑
s=r

r

blsu̇ks

)
,α +

(
dαφr

)
,α +

(
d∗αφ̇r

)
,α

+
(
α̃αkφr,k

)
,,α+

(
α̃αk

N∑
s=r

r

bksφs

)
,α +

(
α∗
αkφ̇r,k

)
,α +

(
α∗
αk

N∑
s=r

r

bksφ̇s

)
,α

+
r∑

s=0

r
ais

[1
2
dkli

(
uks,l + uls,k

)
+

1

2
dkli

N∑
s′=s

( s

bks′uls′ +
s

bls′uks′
)

+
1

2
d∗kli

(
u̇ks,l + u̇ls,k

)
+

1

2
d∗kli

N∑
s′=s

( s

bks′u̇ls′ +
s

bls′u̇ks′
)
+ diφs + d∗i φ̇s

+α̃ik

(
φs,k +

N∑
s′=s

s

bks′φs′

)
+ α∗

ik

(
φ̇s,k +

N∑
s′=s

s

bks′φ̇s′

)]
−b̃ij

[1
2

(
uir,j + ujr,i

)
+

1

2

N∑
s=r

r

bisujs +
1

2

N∑
s=r

r

bjsuis

]
− ξ̃φr

−di
(
φr,i +

N∑
s=r

r

bisφs

)
− b∗ij

[1
2

(
u̇ir,j + u̇jr,i

)
+

1

2

N∑
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r

bisu̇js +
1

2

N∑
s=r

r

bjsu̇is

]
−ξ∗φ̇r − d∗i

(
φ̇r,i +

N∑
s=r

r

bisφ̇s

)
+

r

H = ρk
∂2φr

∂t2
, r = 0, N,

1

2

(
pαklukr,l

)
,α +

1

2

(
pαklulr,k

)
,α +

1

2

(
pαkl

N∑
s=r

r

bksuls

)
,α +

1

2

(
pαkl

N∑
s=r

r

blsuks

)
,α

+
1

2

(
p∗αklu̇kr,l

)
,α +

1

2

(
p∗αklu̇lr,k

)
,α +

1

2

(
p∗αkl

N∑
s=r

r

bksu̇ls

)
,α +

1

2

(
p∗αkl

N∑
s=r

r

blsu̇ks

)
,α

−
(
ςαγχr,γ

)
,α −

(
ςαγ

N∑
s=r

r

bγsχs

)
,α +

(
ςα3

N∑
s=r+1

r
a3sχs

)
,α

−
(
ãαγηr,γ

)
,α −

(
ãαγ

N∑
s=r

r

bγsηs

)
,α +

(
ãα3

N∑
s=r+1

r
a3sηs

)
,α

+
r∑

s=0

r
ais

[1
2
pikl(uks,l + uls,k) +

1

2
pikl

N∑
s′=s

(
s

bks′uls′ +
s

bls′uks′)

+
1

2
p∗ikl(u̇ks,l + u̇ls,k) +

1

2
p∗ikl

N∑
s′=s

(
s

bks′u̇ls′ +
s

bls′u̇ks′)

−ςiγ
(
χ
s,γ +

N∑
s′=s

s

bγs′χs′

)
+ ςi3

N∑
s′=s+1

s
a3s′χs′
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−ãiγ
(
ηs,γ +

N∑
s′=s

s

bγs′ηs′
)
+ ãi3

N∑
s′=s+1

s
a3s′ηs′

]
+

r

D = fer, r = 0, N,

1

2

(
qαklukr,l

)
,α +

1

2

(
qαklulr,k

)
,α +

1

2

(
qαkl

N∑
s=r

r

bksuls

)
,α +

1

2

(
qαkl

N∑
s=r

r

blsuks

)
,α

+
1

2

(
q∗αklu̇kr,l

)
,α +

1

2

(
q∗αklu̇lr,k

)
,α +

1

2

(
q∗αkl

N∑
s=r

r

bksu̇ls

)
,α +

1

2

(
q∗αkl

N∑
s=r

r

blsu̇ks

)
,α

−
(
ãαγχr,γ

)
,α −

(
ãαγ

N∑
s=r

r

bγsχs

)
,α +

(
ãα3

N∑
s=r+1

r
a3sχs

)
,α

−
(
ξαγηr,γ

)
,α −

(
ξαγ

N∑
s=r

r

bγsηs

)
,α +

(
ξα3

N∑
s=r+1

r
a3sηs

)
,α

+
r∑

s=0

r
ais

[1
2
qikl(uks,l + uls,k) +

1

2
qikl

N∑
s′=s

(
s

bks′uls′ +
s

bls′uks′)

+
1

2
q∗ikl(u̇ks,l + u̇ls,k) +

1

2
q∗ikl

N∑
s′=s

(
s

bks′u̇ls′ +
s

bls′u̇ks′)

−ãiγ
(
χ
s,γ +

N∑
s′=s

s

bγs′χs′

)
+ ãi3

N∑
s′=s+1

s
a3s′χs′

−ξiγ
(
ηs,γ +

N∑
s′=s

s

bγs′ηs′
)
+ ξi3

N∑
s′=s+1

s
a3s′ηs′

]
+

r

B = 0, r = 0, N.

In the Nth approximation (hierarchical model)

(ui, φ, χ, η)(x1, x2, x3, t)

∼=
N∑
r=0

a
(
r +

1

2

)(
N
uir,

N
φir,

N
χ
ir,

N
ηir

)
(x1, x2, t)Pr(ax3 − b),

where
(

N
uir,

N
φir,

N
χ
ir,

N
ηir

)
is a solution of the above system.

Remark 3.1. Note that solutions

N
uir, i = 1, 3,

N

ϕr,
N
χ
r,

N
ηr, i = 1, 3, r = 0, N

of the governing system of the Nth approximation are not rth order moments
in sense of (3.2) any more, in general.
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It should be also mentioned that by deriving the governing system of the
Nth approximation we use the following expressions prescribed on the face
surfaces of the prismatic shell:

(±)

X ni = Xji

(±)
n j, i = 1, 3;

(±)

H n = (H,
(±)
n ) = Hj

(±)
n j;

(±)

D n = (D,
(±)
n ) = Dj

(±)
n j;

(±)

B n = (B,
(±)
n ) = Bj

(±)
n j.

In the Nth order approximation BCs (2.10)-(2.13) on the lateral boundary
of the prismatic shell and ICs (2.14) should be written in terms of r-the order,
r = 0, N , moments for functions participating in BCs.

BCs (on the lateral surface of the prismatic shell) and ICs we easily get
from BCs (2.10)-(2.13) and ICs (2.14) after multiplying them by Pr(ax3 − b)

and integrating the obtained within the limits
(−)

h (x1, x2) and
(+)

h (x1, x2) with
respect to x3, provided the constitutive coefficients and the thickness do not
vanish on ω̄:

uir = fir on γ0, Xjirnj = gir on γ1 = ∂ω\γ0, i = 1, 3, (3.23)

φr = fφ
r on γφ0 , Hjrnj = gφr on γφ1 = ∂ω\γφ0 , i = 1, 3, (3.24)

χ
r = f

χ
r on γ

χ
0 , Djrnj = g

χ
r on γ

χ
1 = ∂ω\γχ0 , i = 1, 3, (3.25)

ηr = fη
r on γη0 , Bjrnj = gηr on γη1 = ∂ω\γη0 , i = 1, 3, (3.26)

and the standard ICs in dynamical problems

ur(x, 0) = u0
r(x), u̇r(x, 0) = u1

r(x),

φr(x, 0) = φ0
r(x), φ̇r(x, 0) = φ1

r(x), x ∈ Ω;

here n := (n1, n2) is the outward unit normal vector to ∂ω, (f1r, f2r, f3r), f
φ
r ,

fχ
r , f

η
r are the rth order moments of the given displacement vector, volume frac-

tion, electric and magnetic potentials, respectively, (g1r, g2r, g3r), g
φ
r , g

χ
r and

gη are the rth order moments of the given stress vector, normal components of
the equilibrated stress, electric displacement and magnetic induction vectors,
respectively, while u0

r and u1
r are the rth order moments of the initial mechani-

cal displacement and velocity vectors, whereas φ0
r and φ

1
r are the initial volume

fraction distribution and its rate of change. Note that the curves γ0, γ
φ
0 , γ

χ
0 ,

and γη0 , which represent projections on plane x3 = 0 of the corresponding parts
of the lateral boundary of the prismatic shell, in BCs (3.23)-(3.26) are differ-
ent, in general, from each other and depending on the physical problem some
of them may be empty.
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Remark 3.2. In case of cusped prismatic shells the setting of BCs is not clas-
sical, in general, and is depending on the character of tapering: either the
Dirichlet problem should be replaced by the Keldysh problem or BCs should
be weighted ones, in general. On the parts of ∂ω, where the thickness is
positive (i.e., it does not vanish) the BCs have the form (3.23)-(3.26).

Multiplying equality (3.4) by hr and, taking into account that

r
aαr = rh−1h,α ,

we get

(hrXαir),α +h
r

r−1∑
s=0

r
ajsXjis + hr

r

Xi = ρhr
∂2hr+1vir

∂t2
,

−1∑
s=0

(· · · ) ≡ 0, i = 1, 3, r = 0, 1, · · · . (3.27)

Multiplying (3.5) by hr we obtain

(hrHαr),α + hr
r−1∑
s=0

r
aisHis + hrH0r + hr

r

H = ρkhr
∂2hr+1ψr

∂t2
. (3.28)

Similarly, from (3.6) and (3.7) we have

(hrDαr),α +h
r

r−1∑
s=0

r
aisDis + hr

r

D = hrfer, r = 0, 1, · · · , (3.29)

and

(hrBαr),α +h
r

r−1∑
s=0

r
aisBis + hr

r

B = 0, r = 0, 1, · · · , (3.30)

Substituting (3.14) into (3.27); (3.16) and (3.18) into (3.28); (3.20) into
(3.29); (3.22) into (3.30), respectively, we construct an equivalent infinite sys-
tem with respect vir, ψr, χ̃r, and η̃r:

1

2

(
Eαiklh

2r+1vkr,l

)
,α +

1

2

(
Eαiklh

2r+1vlr,k

)
,α+

1

2

(
Eαikl

∞∑
s=r+1

r

bksh
r+s+1vls

)
,α

+
1

2

(
Eαikl

∞∑
s=r+1

r

blsh
r+s+1vks

)
,α +

1

2

(
E∗

αiklh
2r+1v̇kr,l

)
,α +

1

2

(
E∗

αiklh
2r+1v̇lr,k

)
,α

+
1

2

(
E∗

αikl

∞∑
s=r+1

r

bksh
r+s+1v̇ls

)
,α +

1

2

(
E∗

αikl

∞∑
s=r+1

r

blsh
r+s+1v̇ks

)
,α +

(
b̃αih

2r+1ψr

)
,α
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+
(
b∗αih

2r+1ψ̇r

)
,α +

(
dαiγh

2r+1ψr,γ

)
,α +

(
dαik

∞∑
s=r+1

r

bksh
r+s+1ψs

)
,α

+
(
d∗αiγh

2r+1ψ̇r,γ

)
,α +

(
d∗αik

∞∑
s=r+1

r

bksh
r+s+1ψ̇s

)
,α

+
(
pγαih

2r+1χ̃
r,γ

)
,α +

(
pkαi

∞∑
s=r+1

r

bksh
r+s+1χ̃

s

)
,α

+
(
p∗γαih

2r+1 ˙̃χ
r,γ

)
,α +

(
p∗kαi

∞∑
s=r+1

r

bksh
r+s+1 ˙̃χ

s

)
,α

+
(
qγαih

2r+1η̃r,γ

)
,α +

(
qkαi

∞∑
s=r+1

r

bksh
r+s+1η̃s

)
,α

+
(
q∗γαih

2r+1 ˙̃ηr,γ

)
,α +

(
q∗kαi

∞∑
s=r+1

r

bksh
r+s+1 ˙̃ηs

)
,α

+
r∑

s=0

r
ajs

[1
2
Ejiklh

r+s+1
(
vks,l + vls,k

)
+

1

2
Ejikl

∞∑
s′=s+1

hr+s′+1
( s

bks′vls′ +
s

bls′vks′
)

+
1

2
E∗

jiklh
r+s+1

(
v̇ks,l + v̇ls,k

)
+

1

2
E∗

jikl

∞∑
s′=s+1

hr+s′+1
( s

bks′ v̇ls′ +
s

bls′ v̇ks′
)

+b̃ijh
r+s+1ψs + b∗ijh

r+s+1ψ̇s + djiγh
r+s+1ψs,γ + djik

∞∑
s′=s+1

s

bks′h
r+s′+1ψs′

+d∗jiγh
r+s+1ψ̇s,γ + d∗jik

∞∑
s′=s+1

s

bks′h
r+s′+1ψ̇s′ + pγjih

r+s+1χ̃
s,γ

+pkji

∞∑
s′=s+1

s

bks′h
r+s′+1χ̃

s′ + p∗γjih
r+s+1 ˙̃χ

s,γ + p∗kji

∞∑
s′=s+1

s

bks′h
r+s′+1 ˙̃χ

s′

+qγjih
r+s+1η̃s,γ + qkji

∞∑
s′=s+1

s

bks′h
r+s′+1η̃s′ + q∗γjih

r+s+1 ˙̃ηs,γ

+q∗kji

∞∑
s′=s+1

s

bks′h
r+s′+1 ˙̃ηs′

]
+ hr

r

Xi = ρhr
∂2hr+1vir

∂t2
, i = 1, 3, r = 0, 1, · · · ,

1

2

(
dklαh

2r+1vkr,l

)
,α +

1

2

(
dklαh

2r+1vlr,k

)
,α +

1

2

(
dklα

∞∑
s=r+1

r

bksh
r+s+1vls

)
,α

+
1

2

(
dklα

∞∑
s=r+1

r

blsh
r+s+1vks

)
,α +

1

2

(
d∗klαh

2r+1v̇kr,l

)
,α +

1

2

(
d∗klαh

2r+1v̇lr,k

)
,α
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+
1

2

(
d∗klα

∞∑
s=r+1

r

bksh
r+s+1v̇ls

)
,α +

1

2

(
d∗klα

∞∑
s=r+1

r

blsh
r+s+1v̇ks

)
,α

+
(
dαh

2r+1ψr

)
,α +

(
d∗αh

2r+1ψ̇r

)
,α +

(
α̃αkh

2r+1ψr,k

)
,,α

+
(
α̃αk

∞∑
s=r+1

r

bksh
r+s+1ψs

)
,α +

(
α∗
αkh

2r+1ψ̇r,k

)
,α +

(
α∗
αk

∞∑
s=r+1

r

bksh
r+s+1ψ̇s

)
,α

+
r∑

s=0

r
ais

[1
2
dklih

r+s+1
(
vks,l + vls,k

)
+

1

2
dkli

∞∑
s′=s+1

hr+s′+1
( s

bks′vls′ +
s

bls′vks′
)

+
1

2
d∗klih

r+s+1
(
v̇ks,l + v̇ls,k

)
+

1

2
d∗kli

∞∑
s′=s+1

hr+s′+1
( s

bks′ v̇ls′ +
s

bls′ v̇ks′
)

+dih
r+s+1ψs + d∗ih

r+s+1ψ̇s + α̃ik

(
hr+s+1ψs,k +

∞∑
s′=s+1

s

bks′h
r+s′+1ψs′

)
+α∗

ik

(
hr+s+1ψ̇s,k +

∞∑
s′=s+1

s

bks′h
r+s′+1ψ̇s′

)]
−b̃ij

[1
2
h2r+1

(
vir,j + vjr,i

)
+

1

2

∞∑
s=r+1

r

bish
r+s+1vjs +

1

2

∞∑
s=r+1

r

bjsh
r+s+1vis

]
−ξ̃h2r+1ψr − di

(
h2r+1ψr,i +

∞∑
s=r+1

r

bish
r+s+1ψs

)
−b∗ij

[1
2
h2r+1

(
v̇ir,j + v̇jr,i

)
+

1

2

∞∑
s=r+1

r

bish
r+s+1v̇js +

1

2

∞∑
s=r+1

r

bjsh
r+s+1v̇is

]
−ξ∗h2r+1ψ̇r − d∗i

(
h2r+1ψ̇r,i +

∞∑
s=r+1

r

bish
r+s+1ψ̇s

)
+ hr

r

H = ρkhr
∂2hr+1ψr

∂t2
,

r = 0, 1, · · · ,

1

2

(
pαklh

2r+1vkr,l

)
,α +

1

2

(
pαklh

2r+1vlr,k

)
,α +

1

2

(
pαkl

∞∑
s=r+1

r

bksh
r+s+1vls

)
,α

+
1

2

(
pαkl

∞∑
s=r+1

r

blsh
r+s+1vks

)
,α +

1

2

(
p∗αklh

2r+1v̇kr,l

)
,α +

1

2

(
p∗αklh

2r+1v̇lr,k

)
,α

+
1

2

(
p∗αkl

∞∑
s=r+1

r

bksh
r+s+1v̇ls

)
,α +

1

2

(
p∗αkl

∞∑
s=r+1

r

blsh
r+s+1v̇ks

)
,α

−
(
ςαγh

2r+1χ̃
r,γ

)
,α −

(
ςαk

∞∑
s=r+1

r

bksh
r+s+1χ̃

s

)
,α
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−
(
ãαγh

2r+1η̃r,γ

)
,α −

(
ãαk

∞∑
s=r+1

r

bksh
r+s+1η̃s

)
,α

+
r∑

s=0

r
ais

[1
2
hr+s+1pikl(vks,l + vls,k) +

1

2
pikl

∞∑
s′=s+1

hr+s′+1(
s

bks′vls′ +
s

bls′vks′)

+
1

2
p∗iklh

r+s+1(v̇ks,l + v̇ls,k) +
1

2
p∗ikl

∞∑
s′=s+1

hr+s′+1(
s

bks′ v̇ls′ +
s

bls′ v̇ks′)

−ςiγhr+s+1χ̃
s,γ − ςik

∞∑
s′=s+1

s

bks′h
r+s′+1χ̃

s′

−ãiγhr+s+1η̃s,γ − ãik

∞∑
s′=s+1

s

bks′h
r+s′+1η̃s′

]
+ hr

r

D = hrfer, r = 0, 1, · · · ,

1

2

(
qαklh

2r+1vkr,l

)
,α +

1

2

(
qαklh

2r+1vlr,k

)
,α +

1

2

(
qαkl

∞∑
s=r+1

r

bksh
r+s+1vls

)
,α

+
1

2

(
qαkl

∞∑
s=r+1

r

blsh
r+s+1vks)

)
,α +

1

2

(
q∗αklh

2r+1v̇kr,l

)
,α +

1

2

(
q∗αklh

2r+1v̇lr,k

)
,α

+
1

2

(
q∗αkl

∞∑
s=r+1

r

bksh
r+s+1v̇ls

)
,α +

1

2

(
q∗αkl

∞∑
s=r+1

r

blsh
r+s+1v̇ks)

)
,α

−
(
ãαγh

2r+1χ̃
r,γ

)
,α −

(
ãαk

∞∑
s=r+1

r

bksh
r+s+1χ̃

s

)
,α

−
(
ξαγh

2r+1η̃r,γ

)
,α −

(
ξαk

∞∑
s=r+1

r

bksh
r+s+1η̃s

)
,α

+
r∑

s=0

r
ais

[1
2
qiklh

r+s+1(vks,l + vls,k) +
1

2
qikl

∞∑
s′=s+1

hr+s′+1(
s

bks′vls′ +
s

bls′vks′)

+
1

2
q∗iklh

r+s+1(v̇ks,l + v̇ls,k) +
1

2
q∗ikl

∞∑
s′=s+1

hr+s′+1(
s

bks′ v̇ls′ +
s

bls′ v̇ks′)

−ãiγhr+s+1χ̃
s,γ − ãik

∞∑
s′=s+1

s

bks′h
r+s′+1χ̃

s′

−ξiγhr+s+1η̃s,γ − ξik

∞∑
s′=s+1

s

bks′h
r+s′+1η̃s′ ] + hr

r

B = 0, r = 0, 1, · · · .

Assuming

vir = 0, i = 1, 3; ψr = 0, χ̃
r = 0, η̃r = 0 for r > N, (3.31)
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we obtain governing system consisting of 6N +6 equations of the Nth approx-
imation with respect to (see Remark 3.1)

N
vir, i = 1, 3;

N

ψr,
N

χ̃
r,

N

η̃r, r = 0, N,

provided we consider the first N + 1 equations for r = 0, N for

each i = 1, 2, 3, ψr, χ̃
r, η̃r.

Namely (below superscript N on unknown functions is omitted),

1

2

(
Eαikδh

2r+1vkr,δ

)
,α +

1

2

(
Eαiγlh

2r+1vlr,γ

)
,α +

1

2

(
Eαikl

N∑
s=r+1

r

bksh
r+s+1vls

)
,α

+
1

2

(
Eαikl

N∑
s=r+1

r

blsh
r+s+1vks

)
,α +

1

2

(
E∗

αikδh
2r+1v̇kr,δ

)
,α +

1

2

(
E∗

αiγlh
2r+1v̇lr,γ

)
,α

+
1

2

(
E∗

αikl

N∑
s=r+1

r

bksh
r+s+1v̇ls

)
,α +

1

2

(
E∗

αikl

N∑
s=r+1

r

blsh
r+s+1v̇ks

)
,α +

(
b̃αih

2r+1ψr

)
,α

+
(
b∗αih

2r+1ψ̇r

)
,α +

(
dαiγh

2r+1ψr,γ

)
,α +

(
dαik

N∑
s=r+1

r

bksh
r+s+1ψs

)
,α

+
(
d∗αiγh

2r+1ψ̇r,γ

)
,α +

(
d∗αik

N∑
s=r+1

r

bksh
r+s+1ψ̇s

)
,α

+
(
pγαih

2r+1χ̃
r,γ

)
,α +

(
pkαi

N∑
s=r+1

r

bksh
r+s+1χ̃

s

)
,α

+
(
p∗γαih

2r+1 ˙̃χ
r,γ

)
,α +

(
p∗kαi

N∑
s=r+1

r

bksh
r+s+1 ˙̃χ

s

)
,α

+
(
qγαih

2r+1η̃r,γ

)
,α +

(
qkαi

N∑
s=r+1

r

bksh
r+s+1η̃s

)
,α

+
(
q∗γαih

2r+1 ˙̃ηr,γ

)
,α +

(
q∗kαi

N∑
s=r+1

r

bksh
r+s+1 ˙̃ηs

)
,α

+
r∑

s=0

r
ajs

[1
2
Ejiklh

r+s+1
(
vks,l + vls,k

)
+

1

2
Ejikl

N∑
s′=s+1

hr+s′+1
( s

bks′vls′ +
s

bls′vks′
)

+
1

2
E∗

jiklh
r+s+1

(
v̇ks,l + v̇ls,k

)
+

1

2
E∗

jikl

N∑
s′=s+1

hr+s′+1
( s

bks′ v̇ls′ +
s

bls′ v̇ks′
)

+b̃ijh
r+s+1ψs + b∗ijh

r+s+1ψ̇s + djiγh
r+s+1ψs,γ + djik

N∑
s′=s+1

s

bks′h
r+s′+1ψs′
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+d∗jiγh
r+s+1ψ̇s,γ + d∗jik

N∑
s′=s+1

s

bks′h
r+s′+1ψ̇s′ + pγjih

r+s+1χ̃
s,γ

+pkji

N∑
s′=s+1

s

bks′h
r+s′+1χ̃

s′ + p∗γjih
r+s+1 ˙̃χ

s,γ + p∗kji

N∑
s′=s+1

s

bks′h
r+s′+1 ˙̃χ

s′

+qγjih
r+s+1η̃s,γ + qkji

N∑
s′=s+1

s

bks′h
r+s′+1η̃s′ + q∗γjih

r+s+1 ˙̃ηs,γ

+q∗kji

N∑
s′=s+1

s

bks′h
r+s′+1 ˙̃ηs′

]
+ hr

r

Xi = ρhr
∂2hr+1vir

∂t2
, (3.32)

i = 1, 3, r = 0, N,

1

2

(
dklαh

2r+1vkr,l

)
,α+

1

2

(
dklαh

2r+1vlr,k

)
,α +

1

2

(
dklα

N∑
s=r+1

r

bksh
r+s+1vls

)
,α

+
1

2

(
dklα

N∑
s=r+1

r

blsh
r+s+1vks

)
,α +

1

2

(
d∗klαh

2r+1v̇kr,l

)
,α +

1

2

(
d∗klαh

2r+1v̇lr,k

)
,α

+
1

2

(
d∗klα

N∑
s=r+1

r

bksh
r+s+1v̇ls

)
,α +

1

2

(
d∗klα

N∑
s=r+1

r

blsh
r+s+1v̇ks

)
,α

+
(
dαh

2r+1ψr

)
,α +

(
d∗αh

2r+1ψ̇r

)
,α +

(
α̃αkh

2r+1ψr,k

)
,,α

+
(
α̃αk

N∑
s=r+1

r

bksh
r+s+1ψs

)
,α +

(
α∗
αkh

2r+1ψ̇r,k

)
,α +

(
α∗
αk

N∑
s=r+1

r

bksh
r+s+1ψ̇s

)
,α

+
r∑

s=0

r
ais

[1
2
dklih

r+s+1
(
vks,l + vls,k

)
+

1

2
dkli

N∑
s′=s+1

hr+s′+1
( s

bks′vls′ +
s

bls′vks′
)

+
1

2
d∗klih

r+s+1
(
v̇ks,l + v̇ls,k

)
+

1

2
d∗kli

N∑
s′=s+1

hr+s′+1
( s

bks′ v̇ls′ +
s

bls′ v̇ks′
)

+dih
r+s+1ψs + d∗ih

r+s+1ψ̇s + α̃ik

(
hr+s+1ψs,k +

N∑
s′=s+1

s

bks′h
r+s′+1ψs′

)
+α∗

ik

(
hr+s+1ψ̇s,k +

N∑
s′=s+1

s

bks′h
r+s′+1ψ̇s′

)]
−b̃ij

[1
2
h2r+1

(
vir,j + vjr,i

)
+

1

2

N∑
s=r+1

r

bish
r+s+1vjs +

1

2

N∑
s=r+1

r

bjsh
r+s+1vis

]
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−ξ̃h2r+1ψr − di

(
h2r+1ψr,i +

N∑
s=r+1

r

bish
r+s+1ψs

)
−b∗ij

[1
2
h2r+1

(
v̇ir,j + v̇jr,i

)
+

1

2

N∑
s=r+1

r

bish
r+s+1v̇js +

1

2

N∑
s=r+1

r

bjsh
r+s+1v̇is

]
−ξ∗h2r+1ψ̇r − d∗i

(
h2r+1ψ̇r,i +

N∑
s=r+1

r

bish
r+s+1ψ̇s

)
+hr

r

H = ρkhr
∂2hr+1ψr

∂t2
, r = 0, N, (3.33)

1

2

(
pαklh

2r+1vkr,l

)
,α +

1

2

(
pαklh

2r+1vlr,k

)
,α +

1

2

(
pαkl

N∑
s=r+1

r

bksh
r+s+1vls

)
,α

+
1

2

(
pαkl

N∑
s=r+1

r

blsh
r+s+1vks

)
,α +

1

2

(
p∗αklh

2r+1v̇kr,l

)
,α +

1

2

(
p∗αklh

2r+1v̇lr,k

)
,α

+
1

2

(
p∗αkl

N∑
s=r+1

r

bksh
r+s+1v̇ls

)
,α +

1

2

(
p∗αkl

N∑
s=r+1

r

blsh
r+s+1v̇ks

)
,α

−
(
ςαγh

2r+1χ̃
r,γ

)
,α −

(
ςαk

N∑
s=r+1

r

bksh
r+s+1χ̃

s

)
,α

−
(
ãαγh

2r+1η̃r,γ

)
,α −

(
ãαk

N∑
s=r+1

r

bksh
r+s+1η̃s

)
,α

+
r∑

s=0

r
ais

[1
2
hr+s+1pikl(vks,l + vls,k) +

1

2
pikl

N∑
s′=s+1

hr+s′+1(
s

bks′vls′ +
s

bls′vks′)

+
1

2
p∗iklh

r+s+1(v̇ks,l + v̇ls,k) +
1

2
p∗ikl

N∑
s′=s+1

hr+s′+1(
s

bks′ v̇ls′ +
s

bls′ v̇ks′)

−ςiγhr+s+1χ̃
s,γ − ςik

N∑
s′=s+1

s

bks′h
r+s′+1χ̃

s′

+ãiγh
r+s+1η̃s,γ + ãik

N∑
s′=s+1

s

bks′h
r+s′+1η̃s′

]
+ hr

r

D = hrfer, (3.34)

r = 0, N.
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1

2

(
qαklh

2r+1vkr,l

)
,α +

1

2

(
qαklh

2r+1vlr,k

)
,α +

1

2

(
qαkl

N∑
s=r+1

r

bksh
r+s+1vls

)
,α

+
1

2

(
qαkl

N∑
s=r+1

r

blsh
r+s+1vks)

)
,α +

1

2

(
q∗αklh

2r+1v̇kr,l

)
,α +

1

2

(
q∗αklh

2r+1v̇lr,k

)
,α

+
1

2

(
q∗αkl

N∑
s=r+1

r

bksh
r+s+1v̇ls

)
,α +

1

2

(
q∗αkl

N∑
s=r+1

r

blsh
r+s+1v̇ks)

)
,α

−
(
ãαγh

2r+1χ̃
r,γ

)
,α −

(
ãαk

N∑
s=r+1

r

bksh
r+s+1χ̃

s

)
,α

−
(
ξαγh

2r+1η̃r,γ

)
,α −

(
ξαk

N∑
s=r+1

r

bksh
r+s+1η̃s

)
,α

+
r∑

s=0

r
ais

[1
2
qiklh

r+s+1(vks,l + vls,k) +
1

2
qikl

N∑
s′=s+1

hr+s′+1(
s

bks′vls′ +
s

bls′vks′)

+
1

2
q∗iklh

r+s+1(v̇ks,l + v̇ls,k) +
1

2
q∗ikl

N∑
s′=s+1

hr+s′+1(
s

bks′ v̇ls′ +
s

bls′ v̇ks′)

−ãiγhr+s+1χ̃
s,γ − ãik

N∑
s′=s+1

s

bks′h
r+s′+1χ̃

s′

−ξiγhr+s+1η̃s,γ − ξik

N∑
s′=s+1

s

bks′h
r+s′+1η̃s′ ] + hr

r

B = 0, (3.35)

r = 0, N.

In the Nth approximation (hierarchical model):

(ui, φ, χ, η)(x1, x2, x3, t)

∼=
∑
r=0

N
(
r +

1

2

)
hr
(

N
vir,

N

ψr,
N

χ̃
r,

N

η̃r

)
(x1, x2, x3, t)Pr(ax3 − b),

where
(
N
vir,

N

ψr,
N

χ̃
r,

N

η̃r

)
is a solution of the above system (3.32)-(3.35);
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Xijr =
1

2
Eijklh

r+1
(
vkr,l + vlr,k

)
+

1

2
Eijkl

N∑
s=r+1

hs+1
( r

bksvls +
r

blsvks

)

+
1

2
E∗

ijklh
r+1

(
v̇kr,l + v̇lr,k

)
+

1

2
E∗

ijkl

N∑
s=r+1

hs+1
( r

bksv̇ls +
r

blsv̇ks

)

+b̃ijh
r+1ψr + b∗ijh

r+1ψ̇r + dijγh
r+1ψr,γ + dijk

N∑
s=r+1

hs+1
r

bksψs + d∗ijγh
r+1ψ̇r,γ

+d∗ijk

N∑
s=r+1

hs+1
r

bksψ̇s + pγijh
r+1χ̃

r,γ + pkij

N∑
s=r+1

hs+1
r

bksχ̃s

+p∗γijh
r+1 ˙̃χ

r,γ + p∗kij

N∑
s=r+1

hs+1
r

bks
˙̃χ
s + qγijh

r+1η̃r,γ + qkij

N∑
s=r+1

hs+1
r

bksη̃s

+q∗γijh
r+1 ˙̃ηr,γ + q∗kij

N∑
s=r+1

hs+1
r

bks ˙̃ηs, i, j = 1, 3, r = 0, N ;

Hjr =
1

2
dkljh

r+1(vkr,l + vlr,k) +
1

2
dklj

N∑
s=r+1

hs+1(
r

bksvhs +
r

blsvks)

+
1

2
d∗kljh

r+1(v̇kr,l + v̇lr,k) +
1

2
d∗klj

N∑
s=r+1

hs+1(
r

bksv̇hs +
r

blsv̇ks)

+djh
r+1ψr + d∗jh

r+1ψ̇r

+α̃ji

(
hr+1ψr,i +

N∑
s=r+1

hs+1
r

bisψs

)
+ α∗

ji

(
hr+1ψ̇r,i +

N∑
s=r+1

hs+1
r

bisψ̇s

)
,

j = 1, 3, r = 0, N,

H0r = −b̃ij
[1
2
hr+1

(
vir,j + vjr,i

)
+

1

2

N∑
s=r+1

hs+1
( r

bisvjs +
r

bjsvis

)]

−ξ̃hr+1ψr − di

(
hr+1ψr,i +

N∑
s=r+1

r

bisψs

)

−b∗ij
[1
2
hr+1

(
v̇ir,j + v̇jr,i

)
+

1

2

N∑
s=r+1

hs+1
( r

bisv̇js +
r

bjsv̇is

)]
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−ξ∗hr+1ψ̇r − d∗i

(
hr+1ψ̇r,i +

N∑
s=r+1

r

bisψ̇s

)
, r = 0, N ;

Djr =
1

2
pjklh

r+1(vkr,l + vlr,k) +
1

2
pjkl

N∑
s=r+1

hs+1(
r

bksvls +
r

blsvks)

+
1

2
p∗jklh

r+1(v̇kr,l + v̇lr,k) +
1

2
p∗jkl

N∑
s=r+1

hs+1(
r

bksv̇ls +
r

blsv̇ks)

−ςjγhr+1χ̃
r,γ − ςjk

N∑
s=r+1

hs+1
r

bksχ̃s

−ãjγhr+1η̃r,γ − ãjk

N∑
s=r+1

hs+1
r

bksη̃s,

j = 1, 3, r = 0, N ;

Bjr =
1

2
qjklh

r+1(vkr,l + vlr,k) +
1

2
qjkl

N∑
s=r+1

hs+1(
r

bksvls +
r

blsvks)

+
1

2
q∗jklh

r+1(v̇kr,l + v̇lr,k) +
1

2
q∗jkl

N∑
s=r+1

hs+1(
r

bksv̇ls +
r

blsv̇ks)

−ãjγhr+1χ̃
r,γ − ãjk

N∑
s=r+1

hs+1
r

bksχ̃s

−ξjγhr+1η̃r,γ − ξjk

N∑
s=r+1

hs+1
r

bksη̃s j = 1, 3, r = 0, N ;

eijr =
1

2
hr+1

(
vir,j + vjr,i

)
+

1

2

N∑
s=r+1

hs+1
( r

bisvjs +
r

bjsvis

)
,

i, j = 1, 3, r = 0, N ;

Xnjr = Xijrni

=

{
1

2
Eijklh

r+1
(
vkr,l + vlr,k

)
+

1

2
Eijkl

N∑
s=r+1

hs+1
( r

bksvls +
r

blsvks

)

+
1

2
E∗

ijklh
r+1

(
v̇kr,l + v̇lr,k

)
+

1

2
E∗

ijkl

N∑
s=r+1

hs+1
( r

bksv̇ls +
r

blsv̇ks

)
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+b̃ijh
r+1ψr + b∗ijh

r+1ψ̇r + dijγh
r+1ψr,γ + dijk

N∑
s=r+1

hs+1
r

bksψs + d∗ijγh
r+1ψ̇r,γ

+d∗ijk

N∑
s=r+1

hs+1
r

bksψ̇s + pγijh
r+1χ̃

r,γ + pkij

N∑
s=r+1

hs+1
r

bksχ̃s

+p∗γijh
r+1 ˙̃χ

r,γ + p∗kij

N∑
s=r+1

hs+1
r

bks
˙̃χ
s + qγijh

r+1η̃r,γ + pkij

N∑
s=r+1

hs+1
r

bksη̃s

+q∗γijh
r+1 ˙̃ηr,γ + q∗kij

N∑
s=r+1

hs+1
r

bks ˙̃ηs

}
ni, j = 1, 3, r = 0, N ;

Hnr := Hjrnj =

{
1

2
dkljh

r+1(vkr,l + vlr,k) +
1

2
dklj

N∑
s=r+1

hs+1(
r

bksvhs +
r

blsvks)

+
1

2
d∗kljh

r+1(v̇kr,l + v̇lr,k) +
1

2
d∗klj

N∑
s=r+1

hs+1(
r

bksv̇hs +
r

blsv̇ks)

+djh
r+1ψr + d∗jh

r+1ψ̇r

+α̃ji

(
hr+1ψr,i +

N∑
s=r+1

hs+1
r

bisψs

)
+ α∗

ji

(
hr+1ψ̇r,i +

N∑
s=r+1

hs+1
r

bisψ̇s

)}
nj,

r = 0, N ;

Dnr := Djrnj =

{
1

2
pjklh

r+1(vkr,l + vlr,k) +
1

2
pjkl

N∑
s=r+1

hs+1(
r

bksvls +
r

blsvks)

+
1

2
p∗jklh

r+1(v̇kr,l + v̇lr,k) +
1

2
p∗jkl

N∑
s=r+1

hs+1(
r

bksv̇ls +
r

blsv̇ks)

−ςjγhr+1χ̃
r,γ − ςjk

N∑
s=r+1

hs+1
r

bksχ̃s

−ãjγhr+1η̃r,γ − ãjk

N∑
s=r+1

hs+1
r

bksη̃s

}
nj, r = 0, N ;
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Bnr := Bjrnj =

{
1

2
qjklh

r+1(vkr,l + vlr,k) +
1

2
qjkl

N∑
s=r+1

hs+1(
r

bksvls +
r

blsvks)

+
1

2
q∗jklh

r+1(v̇kr,l + v̇lr,k) +
1

2
q∗jkl

N∑
s=r+1

hs+1(
r

bksv̇ls +
r

blsv̇ks)

−ãjγhr+1χ̃
r,γ − ãjk

N∑
s=r+1

hs+1
r

bksχ̃s

−ξjγhr+1η̃r,γ − ξjk

N∑
s=r+1

hs+1
r

bksη̃s

}
nj, r = 0, N.

From (3.23)-(3.26) and from the ICs following them we easily obtain BCs
and ICs in terms of vir, ψr, χ̄r, η̄r, provided prismatic shells are not cusped
ones (concerning BCs for cusped prismatic shells see Remark 3.2).

4 N = 0 Approximation

For the sake of simplicity we rewrite the equations (3.27), (3.28), (3.29), (3.30);
(3.14), (3.16), (3.18), (3.20), (3.22), (3.9) for the N = 0 approximation and
derive the governing equations of the N = 0 approximation. We first have

Xαj0,α +
0

Xj = ρ
∂2hvj0
∂t2

, j = 1, 3, (4.1)

Hα0,α +H00 +
0

H = ρk
∂2hψ0

∂t2
, (4.2)

Dα0,α +
0

D = fe0, (4.3)

Bα0,α +
0

B = 0, (4.4)

vj0 =
uj0
h
, ψ0 =

φ0

h
;

Xij0 =
1

2
Eijklh

(
vk0,l + vl0,k

)
+

1

2
E∗

ijklh
(
v̇k0,l + v̇l0,k

)
+b̃ijhψ0 + b∗ijhψ̇0 + dijγhψ0,γ + d∗ijγhψ̇0,γ + pγijhχ̃r,γ

+p∗γijh
˙̃χ
0,γ + qγijhη̃0,γ + q∗γijh

˙̃η0,γ, i, j = 1, 3, (4.5)

χ̃
0 :=

χ
0

h
, η̃0 :=

η0
h
;
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Hj0 =
1

2
dkljh(vk0,l + vl0,k) +

1

2
d∗kljh(v̇k0,l + v̇l0,k) + djhψ0 + d∗jhψ̇0

+α̃jihψ0,i + α∗
jihψ̇0,i, j = 1, 3, (4.6)

H00 = −1

2
b̃ijh

(
vi0,j + vj0,i

)
− ξ̃hψ0 − dihψ0,i −

1

2
b∗ijh

(
v̇i0,j + v̇j0,i

)
−ξ∗hψ̇0 − d∗ihψ̇0,i; (4.7)

Dj0 =
1

2
pjklh(vk0,l + vl0,k) +

1

2
p∗jklh(v̇k0,l + v̇l0,k) + ςjγhχ̃0,γ

+ãjγhη̃0,γ, j = 1, 3; (4.8)

Bj0 =
1

2
qjklh(vk0,l + vl0,k) +

1

2
q∗jklh(v̇k0,l + v̇l0,k) + ãjγhχ̃0,γ

+ξjγhη̃0,γ , j = 1, 3; (4.9)

eij0 =
1

2
h
(
vi0,j + vj0,i

)
, i, j = 1, 3, (4.10)

respectively.
Now substituting (4.5)-(4.9) into (4.1)-(4.4), respectively, for the N = 0

approximation we obtain the following governing system of equations with
respect to vi0, ψ0, χ̃0, η̃0 in the following form:

1

2

(
Eαikδhvk0,δ

)
,α +

1

2

(
Eαiγlhvl0,γ

)
,α +

1

2

(
E∗

αikδhv̇k0,δ

)
,α +

1

2

(
E∗

αiγlhv̇l0,γ

)
,α

+
(
b̃αihψ0

)
,α +

(
b∗αihψ̇0

)
,α +

(
dαiγhψ0,γ

)
,α +

(
d∗αiγhψ̇0,γ

)
,α +

(
pγαihχ̃0,γ

)
,α

+
(
p∗γαih

˙̃χ
0,γ

)
,α +

(
qγαihη̃0,γ

)
,α +

(
q∗γαih ˙̃η0,γ

)
,α +

0

Xi = ρ
∂2hvi0
∂t2

,

i = 1, 3,

i.e.
1

2

(
Eαikδhvk0,δ

)
,α +

1

2

(
Eαiγlhvl0,γ

)
,α +

1

2

(
E∗

αikδhv̇k0,δ

)
,α +

1

2

(
E∗

αiγlhv̇l0,γ

)
,α

+b̃αihψ0,α +
(
b̃αih

)
,α ψ0 + b∗αihψ̇0,α +

(
b∗αih

)
,α ψ̇0

+
(
dαiγhψ0,γ

)
,α +

(
d∗αiγhψ̇0,γ

)
,α+

(
pγαihχ̃0,γ

)
,α

+
(
p∗γαih

˙̃χ
0,γ

)
,α +

(
qγαihη̃0,γ

)
,α +

(
q∗γαih ˙̃η0,γ

)
,α +

0

Xi = ρ
∂2hvi0
∂t2

, (4.11)

i = 1, 3,

43



1

2

(
dkδαhvk0,δ

)
,α +

1

2

(
dγlαhvl0,γ

)
,α +

1

2

(
d∗kδαhv̇k0,δ

)
,α +

1

2

(
d∗γlαhv̇l0,γ

)
,α

+
(
dαhψ0

)
,α +

(
d∗αhψ̇0

)
,α +

(
α̃αδhψ0,δ

)
,α +

(
α∗
αδhψ̇0,δ

)
,α

−1

2
b̃iβhvi0,β −

1

2
b̃αjhvj0,α − ξ̃hψ0 − dαhψ0,α

−1

2
b∗iβhv̇i0,β −

1

2
b∗αjhv̇j0,α − ξ∗hψ̇0 − d∗αhψ̇0,α +

0

H = ρk
∂2hψ0

∂t2
,

i.e., because of b̃ij = b̃ji, b
∗
ij = b∗ji,

1

2

(
dkδαhvk0,δ

)
,α +

1

2

(
dγlαhvl0,γ

)
,α +

1

2

(
d∗kδαhv̇k0,δ

)
,α +

1

2

(
d∗γlαhv̇l0,γ

)
,α

+
(
dαh

)
,α ψ0 +

(
d∗αh

)
,α ψ̇0 +

(
α̃αδhψ0,δ

)
,α +

(
α∗
αδhψ̇0,δ

)
,α −b̃iαhvi0,α

−ξ̃hψ0 − b∗iαhv̇i0,α − ξ∗hψ̇0 +
0

H = ρk
∂2hψ0

∂t2
, (4.12)

1

2

(
pαkδhvk0,δ

)
,α +

1

2

(
pαγlhvl0,γ

)
,α +

1

2

(
p∗αkδhv̇k0,δ

)
,α

+
1

2

(
p∗αγlhv̇l0,γ

)
,α +

(
ςαγhχ̃0,γ

)
,α +

(
ãαγhη̃0,γ

)
,α +

0

D = fe0, (4.13)

1

2

(
qαkδhvk0,δ

)
,α +

1

2

(
qαγlhvl0,γ

)
,α +

1

2

(
q∗αkδhv̇k0,δ

)
,α

+
1

2

(
q∗αγlhv̇l0,γ

)
,α +

(
ãαγhχ̃0,γ

)
,α +

(
ξαγhη̃0,γ

)
,α +

0

B = 0. (4.14)

For such equations and systems with order degeneracy see Section 8 of the
present work and also [11]-[18].

Remark 4.1. System (4.11)-(4.14) we may also obtain from system (3.32)-(3.35)
assuming there (3.31).

Evidently,

Xnj0 = Xij0ni =

{
1

2
Eijklh

(
vk0,l + vl0,k

)
+

1

2
E∗

ijklh
(
v̇k0,l + v̇l0,k

)
+b̃ijhψ0 + b∗ijhψ̇0 + dijγhψ0,γ + d∗ijγhψ̇0,γ + pγijhχ̃0,γ

+p∗γijh
˙̃χ
0,γ + qγijhη̃0,γ + q∗γijh

˙̃η0,γ

}
ni, j = 1, 3,

Hn0 = Hj0nj =

{
1

2
dkljh(vk0,l + vl0,k) +

1

2
d∗kljh(v̇k0,l + v̇l0,k)

+djhψ0 + d∗jhψ̇0 + α̃jihψ0,i + α∗
jihψ̇0,i

}
nj,
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Dn0 = Dj0nj =

{
1

2
pjklh(vk0,l + vl0,k) +

1

2
p∗jklh(v̇k0,l + v̇l0,k)

+ςjγhχ̃0,γ + ãjγhη̃0,γ

}
nj,

Bn0 = Bj0nj =

{
1

2
qjklh(vk0,l + vl0,k) +

1

2
q∗jklh(v̇k0,l + v̇l0,k)

+ãjγhχ̃0,γ + ξjγhη̃0,γ

}
nj.

Now we apply the results of Section 8. To this end we rewrite the system
(4.11)-(4.14) for the static case in the following matrix form

Lu := (Aαβu,α ),β +E
αu,α +Cu = F, x ∈ ω, (4.15)

where

x := (x1, x2), u = (u1, ..., u6)
⊤ ≡ (v10, v20, v30, ψ0, χ̃0, η̃0)

⊤, (4.16)

F := (F1, ..., F6)
⊤ ≡ (−

0

X1,−
0

X2,−
0

X3,−
0

H, fe0 −
0

D,−
0

B)⊤, (4.17)

Aαβ := ∥aαβkl ∥, Eα := ∥eαkl∥ ∈ C1(ω̄);

C := ∥ckl∥ ∈ C(ω̄), α, β = 1, 2, k, l = 1, 6,
(4.18)

Aαα := h

×

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

1
2
(Eα11α + Eα1α1)

1
2
(Eα12α + Eα1α2)

1
2
(Eα13α + Eα1α3) dα1α pαα1 qαα1

1
2
(Eα21α + Eα2α1)

1
2
(Eα22α + Eα2α2)

1
2
(Eα23α + Eα2α3) dα2α pαα2 qαα2

1
2
(Eα31α + Eα3α1)

1
2
(Eα32α + Eα3α2)

1
2
(Eα33α + Eα3α3) dα3α pαα3 qαα3

1
2
(d1αα + dα1α)

1
2
(d2αα + dα2α)

1
2
(d3αα + dα3α) α̃αα 0 0

1
2
(pα1α + pαα1)

1
2
(pα2α + pαα2)

1
2
(pα3α + pαα3) 0 −ςαα −ãαα

1
2
(qα1α + qαα1)

1
2
(qα2α + qαα2)

1
2
(qα3α + qαα3) 0 −ãαα −ξαα

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

,

α = 1, 2, (4.19)
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A12 := h

×

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

E2111
1
2
(E2121 + E2112)

1
2
(E2131 + E2113) d211 p121 q121

E2211
1
2
(E2221 + E2212)

1
2
(E2231 + E2213) d221 p122 q122

E2311
1
2
(E2321 + E2312)

1
2
(E2331 + E2313) d231 p123 q123

d112
1
2
(d212 + d122)

1
2
(d312 + d132) α̃21 0 0

p211
1
2
(p221 + p212)

1
2
(p231 + p213) 0 −ς21 −ã21

q211
1
2
(q221 + q212)

1
2
(q231 + q213) 0 −ã21 −ξ21

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, (4.20)

A21 := h

×

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

1
2
(E1112 + E1121) E1122

1
2
(E1132 + E1123) d112 p211 q211

1
2
(E1212 + E1221) E1222

1
2
(E1232 + E1223) d122 p212 q212

1
2
(E1312 + E1321) E1322

1
2
(E1332 + E1323) d132 p213 q213

1
2
(d121 + d211) d221

1
2
(d321 + d231) α̃12 0 0

1
2
(p112 + p121) p122

1
2
(p132 + p123) 0 −ς12 −ã12

1
2
(q112 + q121) q122

1
2
(q132 + q123) 0 −ã12 −ξ12

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, (4.21)

Eα := h

∥∥∥∥∥∥∥∥∥∥∥∥

0 0 0 b̃α1 0 0

0 0 0 b̃α2 0 0

0 0 0 b̃α3 0 0

−b̃1α −b̃2α −b̃3α 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∥∥∥∥∥∥∥∥∥∥∥∥
, α = 1, 2;

(4.22)

C :=

∥∥∥∥∥∥∥∥∥∥∥∥

0 0 0 (b̃α1h),α 0 0

0 0 0 (b̃α2h),α 0 0

0 0 0 (b̃α3h),α 0 0

0 0 0 (dαh),α−ξ̃h 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∥∥∥∥∥∥∥∥∥∥∥∥
. (4.23)

Keeping in mind some symmetry properties of the constitutive coefficients,
from (4.20), (4.21) it follows that
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A12 := h

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

E2111 E2121 E2131 d211 p121 q121

E2211 E2221 E2231 d221 p122 q122

E2311 E2321 E2331 d231 p123 q123

d112 d212 d312 α̃21 0 0

p211 p221 p231 0 −ς21 −ã21

q211 q221 q231 0 −ã21 −ξ21

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, (4.24)

A21 := h

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

E1112 E1122 E1132 d112 p211 q211

E1212 E1222 E1232 d122 p212 q212

E1312 E1322 E1332 d132 p213 q213

d121 d221 d321 α̃12 0 0

p112 p122 p132 0 −ς12 −ã12

q112 q122 q132 0 −ã12 −ξ12

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, (4.25)

Let for any vector

(α)

ξ =
((α)

ξ 1, ...,
(α)

ξ 6

)
, α = 1, 2,

satisfying
2∑

α=1

6∑
k=1

((α)

ξ k

)2

> 0,

inequality
(α)

ξ Aαβ
(β)

ξ > 0, x ∈ ω̄\γ0

be valid, where

γ0 := {x ∈ γ := ∂ω : Aαβ(x) = 0, α, β = 1, 2}.

So, system (4.15) with (4.19)-(4.23) is strongly elliptic on ω̄\γ0 while on γ0
the order of equations degenerates.

In the case under consideration all the elements of the matrices Aαβ contain
as factors h(x). Therefore, γ0 ⊆ ∂ω coincides with the set, where h(x) = 0,
provided all the constitutive coefficients do not vanish on ∂ω, otherwise they
will participate in formation of γ0.
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Let a piecewise smooth curve γ consist of smooth non-intersecting curves
γ̄(k) which may have only endpoints in common:

γ =
p
∪
k=1

γ̄(k)

we assume that the Gauss-Ostrogradsky formula is applicable to the domain
ω.

At points of smoothness of γ0 let us consider the matrix

Φ := Eανα,

where ν := (ν1, ν2) is the inward normal at the above boundary points. Let
further

γ0 := {x ∈ γ0 : Φ(x) = 0}, γ1 := {x ∈ γ0 : Φ(x) > 0},

γ2 := {x ∈ γ0 : Φ(x) < 0}, γ3 : γ \ γ0.

Under matrix inequalities we mean inequalities for corresponding quadratic
forms on vectors with nonzero length.

Let x0 ∈ γ0 be a common point of the neighbour pairs of the curves among
γ(1), ..., γ(p). If there exists a neighbourhood of x0 on γ which ⊂

(
γ2∪γ3

)
, then

the above point will be added to γ2 ∪ γ3, otherwise it will be added to γ0 ∪ γ1.
Let further

γ0 = γ0 ∪ γ1 ∪ γ2,

and consider BC
u|γ2∪γ3 = 0, (4.26)

Definition 4.1. Let CL be the class of bounded vectors u such that

u ∈ C2(ω) ∩ C(ω ∪ γ2 ∪ γ3),

Aαβu,α , A
αβu Eαu ∈ C1(¯̄ω),

(Aαβu,α )|γ0 = 0, Lu be bounded.

Definition 4.2. A vector u ∈ CL satisfying system (4.15) and BC (4.26) will
be called a regular solution of the BVP (4.15), (4.26).

Definition 4.3. A vector u ∈ L2(ω) will be called a weak solution of the BVP
(4.15), (4.26) if the vector F ∈ L2(ω) and u satisfies∫

ω

vFdx =

∫
ω

L∗v · udx
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for any v ∈ CL∗ satisfying the condition

v|γ1∪γ3 = 0, v = (v1, ..., v6)

(the space of such vectors v will be denoted by V ), L∗ is the adjoint operator
to L:

L∗(v) := (v,αA
αβ),β −(vEα),α +vC.

Theorem 4.1. Let A12 = A21, let the matrices Eα, α = 1, 2 be symmetric,
and

Eα,α −2C ≥ 0, in ω, (4.27)

then homogeneous BVP, corresponding to the BVP (4.15), (4.26) has only the
trivial solution in CL if

uAαβu,β +
1

2
uEαu ∈ C1(Ḡ), γ1 ∪ γ2 ∪ γ3 ̸= ∅.

Theorem 4.2. Let A12 = A21, let the matrices Eα be symmetric, and

ξ(Eα,α −2C)ξ ≥ c0

m∑
k=1

ξ2k, x ∈ ω, c0 = const > 0, ξ := (ξ1 , ..., ξ6) (4.28)

then there exists a weak solution of the BVP (4.15), (4.26).

Comparing (4.24) and (4.25) we easily obtain additional restrictions on the
constitutive coefficients for fulfillment of A12 = A21. Namely,

E1212 = E2211, E1312 = E2311 E1322 = E2321;

d121 = d112, d221 = d212 d321 = d312;

p112 = p211, p122 = p221 p132 = p231;

q112 = q211, q122 = q221 q132 = q231.

For symmetry of matrices Eα, α = 1, 2, we have to assume b̃ij = 0 (see
(4.22)), which implies that Eα ≡ 0, α = 1, 2. Since ξ̃ > 0, (4.27) holds because
of Eα ≡ 0, α = 1, 2, and (4.23). Indeed,

ξ(−2C)ξ = 2
[
ξ̃h− (dαh),α

]
(ξ4)

2 ≥ 0 on ω̄.

For the same reason
Φ|γ0 = Eανα|γ0 = 0,

hence
γ1 = ∅, γ2 = ∅, γ0 = γ0, γ = γ0 ∪ γ3.

So, we have to do with the Keldysh type BVP.
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Thus, according to Theorem 4.1, a regular solution of BVP (4.15), (4.26)
(the last takes the form

u3|γ3 = 0)

is unique, provided it exists.
In the case under consideration

ξ(Eα,α −2C)ξ = −2ξCξ = 2
[
ξ̃h− (dαh),α

]
(ξ4)

2 > 0 on ω ∪ γ3

and (4.28) will be fulfilled if

min
ω̄

[
ξ̃h− (dαh),α

]
>
c0
2
.

But h|γ0 = 0 and ξ̃ should be unbounded in a neighborhood of γ0. If the
last reasoning has a physical sense, then (4.28) holds and, according to The-
orem 4.2, a weak solution of problem (4.15), (4.26) exists. If this physical
assumption is not reasonable, then we apply an approach mentioned in Re-
mark 8.2 and choose the multiplier ψ̃ suitably for ensuring the fulfillment of
condition (4.28).

5 Transversely Isotropic Solids

Let us now consider the transversely isotropic elastic piezoelectric material in the
case when the poling axis coincides with one of the material symmetry axes [19]. A
material behavior is said to be transversely isotropic if it is invariant with respect
to an arbitrary rotation about a given axis. This material behavior is of special im-
portance in the modelling of fibre-reinforced composite materials with a coordinate
axis in the fibre direction and assumed isotropic in cross-sections orthogonal to fibre
direction [20] (in our case to poling axis as well, since in the case under consider-
ation they coincide). The transverse isotropic model is also suitable for biological
applications because it adequately describes the elastic properties of bundled fibers
aligned in one direction [21] (see also [22]).

It is well-known [19] that the electric field that develops in piezoelectrics can be
assumed to be quasi-static because the velocity of the elastic waves is much smaller
than the velocity of electromagnetic waves. Therefore, the magnetic field due to the
elastic waves is negligible B ≈ 0. This fact implies that

∂B

∂t
≈ 0.

So one of Maxwell’s equations of electrodynamics becomes

rotE =
∂B

∂t
≈ 0

and, as it was already assumed,

E = −gradχ.
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Consequently, considering transversely isotropic piezoelectric continuum, it will be
based on the governing equations of elastodynamics in the care of small deformations
and quasi-electrostatic fields. Note that piezoelectric materials show in most cases
a crystal structure with a symmetry of hexagonal 6 mm class. In the case when
the poling axis coincides with one of the material symmetry axes these materials
become transversely isotropic. Restricting to the case of time-harmonic motion with
frequency o, i.e., all the sought quantities, s.c. free members of governing equations,
and boundary data are represented as the products of eiot and of the same quantities
(to avoid redundant indices and symbols we leave the same notation) depending only
on the space variables, from the governing equations of dynamics (2.1), (2.3), (2.4),
(2.5), (2.8), we get the following governing equations

Xij,j + ρo2ui = −Φi, i = 1, 3; (5.1)

Dj,j = fe; (5.2)

eij =
1

2
(ui,j + uj,i), i, j = 1, 3;

Ei = −χ,i, i = 1, 3;



X11

X22

X33

X23

X31

X12

D1

D2

D3


= C



e11
e22
e33
2e23
2e31
2e12
E1

E2

E3


(5.3)

where (see [19])

C :=

E1111 E1122 E1133 0 0 0 0 0 p311
E1122 E1111 E1133 0 0 0 0 0 p311
E1133 E1133 E3333 0 0 0 0 0 p333
0 0 0 E2323 0 0 0 p113 0
0 0 0 0 E2323 0 p113 0 0
0 0 0 0 0 1

2 (E1111 − E1122) 0 0 0
0 0 0 0 p113 0 −ς11 0 0
0 0 0 p113 0 0 0 −ς11 0
p311 p311 p333 0 0 0 0 0 −ς33


(5.4)

From (5.3), (5.4) we have

X11 = E1111e11 + E1122e22 + E1133e33 − p311E3,
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X22 = E1122e11 + E1111e22 + E1133e33 − p311E3,

X33 = E1133e11 + E1133e22 + E3333e33 − p333E3,

X23 = 2E2323e23 − p113E2, X31 = 2E2323e31 − p113E1,

X12 = (E1111 − E1122)e12,

D1 = 2p113e13 + ς11E1, D2 = 2p113e23 + ς11E2,

D3 = p311e11 + p311e22 + p333e33 + ς33E3,

i.e.,
X11 = E1111u1,1 + E1122u2,2 +E1133u3,3 − p311E3,

X22 = E1122u1,1 + E1111u2,2 +E1133u3,3 − p311E3,

X33 = E1133u1,1 + E1133u2,2 +E3333u3,3 − p333E3,

X23 = E2323(u2,3 + u3,2)− p113E2, X31 = E2323(u3,1 + u1,3)− p113E1, (5.5)

X12 =
1

2
(E1111 − E1122)(u1,2 + u2,1),

D1 = p113(u3,1 + u1,3) + ς11E1, D2 = p113(u2,3 + u3,2) + ς11E2,

D3 = p311u1,1 + p311u2,2 + p333u3,3 + ς33E3.

Conditions of Anti-plane Piezoelectric State [19] have the form

1. u1 ≡ 0, u2 ≡ 0, u3 ̸≡ 0;

2. X13 ̸≡ 0, X23 ̸≡ 0; Xαβ ≡ 0, α, β = 1, 2; X33 ≡ 0;

3. e13 ̸≡ 0, e23 ̸≡ 0; eαβ ≡ 0, α, β = 1, 2; e33 ≡ 0; (5.6)

4. E1 ̸≡ 0, E2 ̸≡ 0, E3 ≡ 0;

5. D1 ̸≡ 0, D2 ̸≡ 0, D3 ≡ 0.

Taking into account (5.6), from the first three relations of (5.5) we have

u3,3 ≡ 0, u3 = u3(x1, x2);
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the fourth and fifth relations of (5.5) give

X23 = E2323u3,2 − p113E2, (5.7)

X31 = E2323u3,1 − p113E1, (5.8)

respectively;
the sixth of (5.5) is identically fulfilled;
the seventh and eighth relations of (5.5) give

D1 = p113u3,1 + ς11E1, (5.9)

D2 = p113u3,2 + ς11E2. (5.10)

respectively;
the ninth of (5.5) is identically fulfilled.

From the first two of (5.1) it follows that

Φα ≡ 0, α = 1, 2, (5.11)

the third of (5.1) will have the form

X31,1 +X32,2 + ρo2u3 = −Φ3; (5.12)

while (5.2) will have the form

D1,1 +D2,2 = fe. (5.13)

Substituting (5.7) and (5.8) into (5.12), and (5.9) and (5.10) into (5.13), we get

(E2323u3,1),1 + (E2323u3,2),2 − (p113E1),1 − (p113E2),2 + ρo2u3 = −Φ3,

and
(p113u3,1),1 + (p113u3,2),2 + (ς11E1),1 + (ς11E2),2 = fe,

respectively.
Taking into account

Eα = −χ,α, α = 1, 2,

we obtain the following governing equations in the anti-plane piezoelectric state

(E2323u3,1),1 + (E2323u3,2),2 + (p113χ,1),1 + (p113χ,2),2 + ρo2u3 = −Φ3,

(p113u3,1),1 + (p113u3,2),2 − (ς11χ,1),1 − (ς11χ,2),2 = fe,

i.e.,
(E2323u3,α),α + (p113χ,α),α + ρo2u3 = −Φ3, (5.14)

(p113u3,α),α − (ς11χ,α),α = fe. (5.15)
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Figure 5.1:

Let the plane domain of interest have the form given in Figure 5.1 and let

E2323 = E0x
κ1
2 , E0 = const > 0, κ1 = const ≥ 0;

p113 = p0x
κ2
2 , p0 = const > 0, κ2 = const ≥ 0;

ς11 = ς0x
κ3
2 , ς0 = const > 0, κ3 = const ≥ 0,

then (5.14) and (5.15) take the forms

E0(x
κ1
2 u3,α),α + p0(x

κ2
2
χ,α),α + ρo2u3 = −Φ3, (5.16)

and
p0(x

κ2
2 u3,α),α − ς0(x

κ3
2
χ,α),α = fe, (5.17)

respectively.
We will consider the following two cases. To this end first we state the following

Theorem 5.1 (Jaiani, see [12]). If the coefficients aα, α = 1, 2, and c of the
equation

xκα
2 u,αα+aα(x1, x2)u,α+c(x1, x2)u = 0, c ≤ 0, κα = const ≥ 0, α = 1, 2,

are analytic in ω, then
(i) if either κ2 < 1, or κ2 ≥ 1,

a2(x1, x2) < xκ2−1
2 (5.18)

in ωδ for some δ = const > 0, where

ωδ := {(x1, x2) ∈ ω : 0 < x2 < δ},

the Dirichlet problem (Problem D, u ∈ C2(ω) ∩ C(ω̄)) is well-posed;
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(ii) if κ2 ≥ 1,
a2(x1, x2) ≥ xκ2−1

2 (5.19)

in ωδ and a1(x1, x2) = O(xκ1
2 ), x2 → 0+ (O is the Landau symbol), the Keldysh

problem (Problem E, bounded u ∈ C2(ω) ∩ C(ω̄ \ γ0)) is well-posed.

Case 1. κi = κ = const ≥ 0, i = 1, 3.
After some actions, from (5.16) and (5.17) we get

(ς0E0 + p20)(x
κ
2u3,α),α + ς0ρo

2u3 = −ς0Φ3 + p0fe, (5.20)

and
(p20 + ς0E0)(x

κ
2
χ,α),α + p0ρo

2u3 = −p0Φ3 − E0fe. (5.21)

(5.20) and (5.21) we rewrite as

x2u3,αα + κu3,2 + ς0(ς0E0 + p20)
−1x1−κ

2 ρo2u3

= (ς0E0 + p20)
−1x1−κ

2 (−ς0Φ3 + p0fe), (5.22)

and

x2χ,αα + κχ,2 + p0(ς0E0 + p20)
−1x1−κ

2 ρo2u3

= (ς0E0 + p20)
−1x1−κ

2 (−p0Φ3 − E0fe), (5.23)

respectively.
In the static case o = 0 and from (5.22), (5.23) we obtain separate equations

x2u3,αα + κu3,2 = (ς0E0 + p20)
−1x1−κ

2 (−ς0Φ3 + p0fe) (5.24)

x2χ,αα + κχ,2 = (ς0E0 + p20)
−1x1−κ

2 (−p0Φ3 −E0fe), (5.25)

with respect to u3 and χ, correspondingly.
We will consider
Problem D. Find solutions u3, χ ∈ C2(ω) ∩ C(ω̄) of the system (5.24), (5.25)

by their values prescribed on ∂ω

and

Problem E. Find bounded solutions u3, χ ∈ C2(ω) ∩ C(ω ∪ (∂ω \ γ0)) of the
system (5.24), (5.25) by their values prescribed only on the arc ∂ω \ γ0.

Now we are about to apply Theorem 5.1 but this theorem concerns the homo-
geneous equation whereas equations (5.24) and (5.25) are nonhomogeneous ones. If
we find their particular solutions which are continuous on ω̄, then in usual way we
reduce the problems under consideration to BVPs for the homogeneous equations
corresponding to equations (5.24), (5.25) with boundary data changed according to
boundary values of the particular solutions. In case of Problem E it is sufficient to
find a bounded particular solution continuous on ω̄\γ0. If Φ3 and fe depend only on
x2, then we easily find such particular solutions, depending only on x2. For another
way of finding of desired particular solutions we refer the reader to [[23], pp. 75-78].
Further applying to nonhomogeneous equations Theorem 5.1 we will always have in
mind this observation. According to Theorem 5.1 it follows
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Theorem 5.2. The values of u3 and χ should be prescribed on the entire boundary
(Problem D) for κ < 1, while on the part of the boundary, where x2 = 0, should
be freed at all of boundary conditions (Problem E) for κ ≥ 1. Both problems are
uniquely solvable in the classical sense.

Proof. Indeed, for κ < 1 and κ ≥ 1, correspondingly, (5.18) and (5.19) are fulfilled,
which proves the theorem.

We now consider system (5.22), (5.23), assuming that the right-hand sides belong
to L2(ω) and

x1−κ
2 ρ ∈ C(ω̄).

Equations (5.22) and (5.23) we rewrite as follows

(x2u3,α),α+(κ− 1)u3,2 + ς0(ς0E0 + p20)
−1x1−κ

2 ρo2u3

= (ς0E0 + p20)
−1x1−κ

2 (−ς0Φ3 + p0fe), (5.26)

and

(x2χ,α),α+(κ− 1)χ,2 = −p0(ς0E0 + p20)
−1x1−κ

2 ρo2u3

+(ς0E0 + p20)
−1x1−κ

2 (−p0Φ3 −E0fe), (5.27)

Intending to apply results of Section 9, we check for the first equation (5.26) of the
system which contains only the unknown u3, the condition (9.15). In our case it
looks like

1

2
Eα,α−C =

1

2
(κ− 1)− ς0(ς0E0 + p20)

−1x1−κ
2 ρo2 > c0 > 0, on ω̄.

The last condition will be satisfied for

o2 <
[1
2
(κ− 1)− c0

]
(E0 + ς−1

0 p20)
[

max
(x1,x2)∈ω̄

(x1−κ
2 ρ)

]−1
(5.28)

provided
κ > 1 + 2c0, (5.29)

where c0 may be arbitrary small.
Therefore there exists an H-weak solution u3 of Problem E for equation (5.26).

Substituting the found u3 into equation (5.27) we obtain the equation only with
respect to χ. We now apply Theorem 5.1 to equation (5.27) and conclude that there
exist unique classical solutions for Problem D if κ < 1 and Problem E if κ ≥ 1.
Evidently, classical solutions are H-weak solutions as well

So, we have proved the following

Theorem 5.3. An H-weak solution (u3, χ) of Problem E for system (5.26), (5.27)
exists under conditions (5.28), (5.29). The last actually means

κ > 1

because of arbitrarily smallness of the constant c0.
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Remark 5.1. If ω̄ is a stripe {−∞ < x1 < +∞, 0 ≤ x2 ≤ L = const} and all the
quantities depend only on x2 (it means that we consider cylindrical strain) then in
the static case (o = 0) from (5.20) and (5.21) we obtain

(xκ2u3,2),2= (ς0E0 + p20)
−1(−ς0Φ3 + p0fe)

and
(xκ2χ,2),2= (ς0E0 + p20)

−1(−p0Φ3 − E0fe),

respectively. Their general solutions have the forms

u3(x2) = (ς0E0 + p20)
−1

∫ x2

L

dτ

τκ

∫ ξ

L
[−ς0Φ3(t) + p0fe(t)]dt+ c12

+c11

{
(1− κ)−1(x1−κ

2 − L1−κ) for κ ̸= 1,
lnx2 − lnL for κ = 1

and

χ(x2) = (ς0E0 + p20)
−1

∫ x2

L

dτ

τκ

∫ ξ

L
[−p0Φ3(t)− E0fe(t)]dt+ c22

+c21

{
(1− κ)−1(x1−κ

2 − L1−κ) for κ ̸= 1,
lnx2 − lnL for κ = 1.

In the case under consideration BCs look like

u3(0) = c10, χ(0) = c20; u3(L) = c1L, χ(L) = c2L (Problem D);

u3(x2) = O(1), χ(x2) = O(1), x2 → 0+; u3(L) = c1L, χ(L) = c2L (Problem E).

From these BCs we easily calculate constants

cαβ , α, β = 1, 2, for κ < 1 (Problem D)

and
cα2 , α = 1, 2, for κ ≥ 1 (Problem E),

in the last case cα1 = 0, α = 1, 2, (otherwise solutions will be unbounded) and some
restrictions on Φ3(x2), fe(x2) are required as well.

Case 2. κ2 = κ3 = κ = const ≥ 0.
After some actions, from (5.16) and (5.17) we get

((p20x
κ
2 + ς0E0x

κ1
2 )u3,α),α + ς0ρo

2u3 = −ς0Φ3 + p0fe, (5.30)

ς0(x
κ
2
χ,α),α = p0(x

κ
2u3,α),α − fe. (5.31)
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So, for κ1 = 0 and any κ ≥ 0, equation (5.30) is not a degenerate one, while
equation (5.31) is a degenerate one. If o = 0, i.e., we deal with the static case and
from (5.30), (5.31) we arrive at the system

((p20x
κ
2 + ς0E0)u3,α),α = −ς0Φ3 + p0fe, (5.32)

ς0(x
κ
2
χ,α),α = p0(x

κ
2u3,α),α−fe. (5.33)

As (5.32) is not a degenerate equation, the values of u3 should be prescribed on
the entire boundary (Problem D), while, according to Theorem 5.1, the values of χ

should be prescribed on the entire boundary (Problem D) for 0 ≤ κ < 1 and the
part where x2 = 0 should be freed of BCs (Problem E) for κ ≥ 1. It will be clear if
we rewrite (5.33) in the following form

x2χ,αα+κχ,2= ς−1
0 [p0(x

κ
2u3,α),α−fe]x1−κ

2 .

Indeed, for κ < 1 and κ ≥ 1, correspondingly, (5.18) and (5.19) are realized. So we
have proved the following

Theorem 5.4. Problem D for equation (5.32) for all κ ≥ 0 is uniquely solvable in
the classical sense. Problem D for 0 ≤ κ < 1 and Problem E for κ ≥ 1 for equation
(5.33) are uniquele solvable in the classical sense. In other words Problem D for
system (5.32), (5.33) has a unique classical solution, while Problem E has a unique
classical solution for κ ≥ 1.

Remark 5.2. Similarly to Case 1 we solve BVPs in the explicit form in the case of
cylindrical strain (see Remark 5.1).

Now we come back to the time-harmonic motion and follow Section 9.
Let κ1 > κ, then we rewrite (5.30) as follows

(p20x2 + ς0E0x
κ1−κ+1
2 )u3,αα + (κp20 + κ1ς0E0x

κ1−κ
2 )u3,2

+ς0o
2ρx1−κ

2 u3 = x1−κ
2 (p0fe − ς0Φ3). (5.34)

Now, we write equation (5.34) in the following form

((p20x2 + ς0E0x
κ1−κ+1
2 )u3,α),α+(κ− 1)(p20 + ς0E0x

κ1−κ
2 )u3,2

+ς0o
2ρx1−κ

2 u3 = x1−κ
2 (p0fe − ς0Φ3). (5.35)

Conditions (9.2) lead to the restrictions

κ1 ≥ κ+ 1,

x1−κ
2 ρ ∈ C(ω̄).

(5.36)
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Equation (5.35) has an order degeneracy by x2 = 0, i.e., on γ0. According to
(9.5) and (9.6)

Φ|x2=0 = E1νi|x2=0 = E2ν2|x2=0 = E2|x2=0

= [(κ− 1)p20 − ς0E0(1− κ)xκ1−κ
2 ]|x2=0 = (κ− 1)p20

and consequently

γ0 =


γ1 for κ > 1,

γ2 for κ < 1,

γ0 for κ = 1,

which means that we have to do with the Dirichlet problem for κ < 1 and with the
Keldysh problem for κ ≥ 1, since γ0 ∪ γ1 should be freed of BC and at γ0 ∪ γ1 BC
should be replaced by boundedness of u3 in a neighborhood of γ0 ∪ γ1.

Condition (9.15) looks like

−1

2
ς0E0(1− κ)(κ1 − κ)xκ1−κ−1

2 − ς0o
2ρx1−κ

2 > c0 > 0 in ω,

which is not valid since the limit of the left hand side, because of (5.36), tends to

−∞ for κ > 1;

ς0o
2ρ < 0 for κ = 1, κ1 ≥ 2;

0 for κ < 1, κ1 > κ+ 1;

−1
2ς0E0(1− κ) < 0; for κ < 1, κ1 > κ+ 1,

as x2 → 0+.
To avoid this obstacle we have to apply an approach described in Remark 8.2.

For an example of application of the above-mentioned approach we refer the reader
to [13], where cusped elastic prismatic shells are considered.

Similarly, when κ > κ1 + 1, we first rewrite (5.30) as

(p20x
κ−κ1+1
2 + ς0E0x2)u3,αα + (κp20x

κ−κ1
2 + κ1ς0E0)u3,2

+ς0ρo
2x1−κ1

2 u3 = x1−κ1
2 (p0fe − ς0Φ3), (5.37)

then as follows(
(p20x

κ−κ1+1
2 + ς0E0x2)u3,α

)
,α
+ (κ1 − 1)(p20x

κ−κ1
2 + ς0E0)u3,2

+ς0ρo
2x1−κ1

2 u3 = x1−κ1
2 (p0fe − ς0Φ3) (5.38)

and carry out the corresponding reasonings.
After substituting the found solutions of Problem E for equation (5.34), ((5.37))

into (5.31) we arrive at the already investigated problem for equation (5.31) with
respect to χ with the result that for χ Problem E is well-posed for κ > 1 (κ > 2).
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6 Antiplane Deformation of Piezoelectrics

in N=0 Approximation

In the N = 0 Approximation conditions of the antiplane state look like

1. v10 ≡ 0, v20 ≡ 0, v30 ̸≡ 0;

2. X130 ̸≡ 0, X230 ̸≡ 0, Xαβ0 ≡ 0, α, β = 1, 2; X330 ≡ 0;

3. e130 ̸≡ 0, e230 ̸≡ 0, eαβ0 ≡ 0, α, β = 1, 2; e330 ≡ 0;

4. E10 ̸≡ 0, E20 ̸≡ 0, E30 ≡ 0;

5. D10 ̸≡ 0, D20 ̸≡ 0, D30 ≡ 0.

Then from (4.11)-(4.14) we have

1

2
(Eαβ3δhv30,δ),α +

1

2
(Eαβγ3hv30,γ),α + (pγαβhχ̃0,γ),γα +

0
Xβ = 0, β = 1, 2,

1

2
(Eα33δhv30,δ),α +

1

2
(Eα3γ3hv30,γ),α + (pγα3hχ̃0,γ),α +

0
X3 = ρhv̈30,

−(ςαγhχ̃0,γ),α +
1

2
(pα3δhv30,δ),α +

1

2
(pαγ3hv30,γ),α +

0
D = fe0.

(6.1)

If we consider transversely isotropic piezoelectric materials, then

E2323 = E1313 ̸≡ 0;

E2222 = E1111 ̸≡ 0, E1122 ̸≡ 0, E2233 = E1133 ̸≡ 0, E3333 ̸≡ 0; (6.2)

p223 = p113 ̸≡ 0;

ς22 = ς11 ̸≡ 0, ς33 ̸≡ 0.

Other elastic, piezoelectric, and dielectric permittivity constants are identically zero
with regard to reciprocal symmetries.

Therefore, from (6.1), by virtue of (6.2), we obtain

0
Xβ = 0, β = 1, 2;

1

2
(E1331hv30,1),1 +

1

2
(E2332hv30,2),2 +

1

2
(E1313hv30,1),1 +

1

2
(E2323hv30,2),2

+(p113hχ̃0,1),1 + (p223hχ̃0,2),2 +
0
X3 = ρhv̈30

and

−(ς11hχ̃0,1),1 − (ς22hχ̃0,2),2 +
1

2
(p131hv30,1),1 +

1

2
(p232hv30,2),2

+
1

2
(p113hv30,1),1 +

1

2
(p223hv30,2),2 +

0
D = fe0.
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Whence, taking into account

E1331 = E3131 = E2332 = E2323,

p223 = p113, ς11 = ς22,

we get

(E2323hv30,α),α + (p113hχ̃0,α),α +
0
X3 = ρhv̈30. (6.3)

and

(p113hv30,α),α − (ς11hχ̃0,α),α +
0
D = fe0, (6.4)

respectively.
Now assuming

E2323h = E0x
κ1
2 , E0 = const > 0, κ1 = const ≥ 0;

p113h = p0x
κ2
2 , p0 = const > 0, κ2 = const ≥ 0; (6.5)

ς11h = ς0x
κ3
2 , ς0 = const > 0, κ3 = const ≥ 0,

in the case of time-harmonic vibration from (6.3), (6.4) we arrive at equations (5.16),
(5.17); and (similarly to Section 5) at systems (5.20), (5.21); (5.22), (5.23); (5.26),
(5.27); (5.31), (5.30); (5.31), for κ1 > κ (5.34) i.e. (5.35); and (5.31), for κ > κ1
(5.37) i.e. (5.38); of the antiplane state in the three-dimensional formulation, where

u3, χ, Φ3, and fe should be replaced by v30, χ̃0,
0
X3, and fe0−

0
D (the factor h should

be put in before the zero moment of a weighted unknown v30), respectively. Namely,
we obtain the following systems (6.6), (6.7); (6.8), (6.9); (6.10), (6.11); (6.12), (6.13);
(6.14), (6.15); (6.14), for κ1 > κ (6.16) i.e. (6.17); and (6.14), for κ > κ1 (6.18) i.e.
(6.19):

E0(x
κ1
2 v30,α),α + p0(x

κ2
2
χ̃0,α),α + ρo2hv30 = −

0
X3, (6.6)

p0(x
κ2
2 v30,α),α − ς0(x

κ3
2
χ̃0,α),α = fe0 −

0
D; (6.7)

(ς0E0 + p20)(x
κ
2v30,α),α + ς0ρho

2v30 = −ς0
0
X3 + p0(fe0 −

0
D), (6.8)

(p20 + ς0E0)(x
κ
2
χ̃0,α),α + p0ρho

2v30 = −p0
0
X3 − E0(fe0 −

0
D); (6.9)

x2v30,αα + κv30,2 + ς0(ς0E0 + p20)
−1x1−κ

2 ρo2hv30

= (ς0E0 + p20)
−1x1−κ

2

[
− ς0

0
X3 + p0(fe0 −

0
D)

]
, (6.10)
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x2χ̃0,αα + κχ̃0,2 + p0(ς0E0 + p20)
−1x1−κ

2 ρo2hv30

= (ς0E0 + p20)
−1x1−κ

2

[
− p0

0
X3 − E0(fe0 −

0
D)

]
; (6.11)

(x2v30,α),α + (κ− 1)v30,2 + ς0(ς0E0 + p20)
−1x1−κ

2 ρo2hv30

= (ς0E0 + p20)
−1x1−κ

2

[
− ς0

0
X3 + p0(fe0 −

0
D)

]
, (6.12)

(x2χ̃0,α),α + (κ− 1)χ̃0,2 = −p0(ς0E0 + p20)
−1x1−κ

2 ρo2hv30

+(ς0E0 + p20)
−1x1−κ

2

[
− p0

0
X3 − E0(fe0 −

0
D)

]
; (6.13)

ς0(x
κ
2
χ̃0,α),α = p0(x

κ
2v30,α),α − (fe0 −

0
D), (6.14)

((p20x
κ
2 + ς0E0x

κ1
2 )v30,α),α + ς0ρho

2v30 = −ς0
0
X3 + p0(fe0 −

0
D) (6.15)

i.e. (for κ1 ≥ κ)

(p20x2 + ς0E0x
κ1−κ+1
2 )v30,αα + (κp20 + κ1ς0E0x

κ1−κ
2 )v30,2

+ς0ρo
2x1−κ

2 hv30 = x1−κ
2

[
p0(fe0 −

0
D)− ς0

0
X3

]
(6.16)

i.e.

((p20x2 + ς0E0x
κ1−κ+1
2 )v30,α),α + (κ− 1)(p20 + ς0E0x

κ1−κ
2 )v30,2

+ς0ρo
2x1−κ

2 hv30 = x1−κ
2 [p0(fe0 −

0
D)− ς0

0
X3] (6.17)

and (for κ > κ1)

(p20x
κ−κ1+1
2 + ς0E0x2)v30,αα + (κp20x

κ−κ1
2 + κ1ς0E0)v30,2

+ς0ρo
2x1−κ1

2 hv30 = x1−κ1
2

[
p0(fe0 −

0
D)− ς0

0
X3

]
(6.18)

i.e.
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((p20x
κ−κ1+1
2 + ς0E0x2)v30,α),α + (κ1 − 1)(p20x

κ−κ1
2 + ς0E0)v30,2

+ς0ρo
2x1−κ1

2 hv30 = x1−κ1
2

[
p0(fe0 −

0
D)− ς0

0
X3

]
. (6.19)

In the static case (o = 0) from (6.6), (6.7); (6.8), (6.9); (6.10), (6.11); (6.12),
(6.13); (6.14), (6.15), (6.16), (6.17) and (6.18), (6.19) we have

E0(x
κ1
2 v30,α),α + p0(x

κ2
2
χ̃0,α),α = −

0
X3, (6.20)

p0(x
κ2
2 v30,α),α − ς0(x

κ3
2
χ̃0,α),α = fe0 −

0
D; (6.21)

(ς0E0 + p20)(x
κ
2v30,α),α = −ς0

0
X3 + p0(fe0 −

0
D), (6.22)

(p20 + ς0E0)(x
κ
2
χ̃0,α),α = −p0

0
X3 − E0(fe0 −

0
D); (6.23)

x2v30,αα + κv30,2 = (ς0E0 + p20)
−1x1−κ

2

[
− ς0

0
X3 + p0(fe0 −

0
D)

]
, (6.24)

x2χ̃0,αα + κχ̃0,2 = (ς0E0 + p20)
−1x1−κ

2

[
− p0

0
X3 − E0(fe0 −

0
D)

]
; (6.25)

(x2v30,α),α + (κ− 1)v30,2 = (ς0E0 + p20)
−1x1−κ

2

[
− ς0

0
X3 + p0(fe0 −

0
D)

]
, (6.26)

(x2χ̃0,α),α + (κ− 1)χ̃0,2 = (ς0E0 + p20)
−1x1−κ

2

[
− p0

0
X3 − E0(fe0 −

0
D)

]
; (6.27)

ς0(x
κ
2
χ̃0,α),α = p0(x

κ
2v30,α),α − (fe0 −

0
D), (6.28)

((p20x
κ
2 + ς0E0x

κ1
2 )v30,α),α = −ς0

0
X3 + p0(fe0 −

0
D) (6.29)

i.e. (for κ1 > κ)

(p20x2 + ς0E0x
κ1−κ+1
2 )v30,αα + (κp20 + κ1ς0E0x

κ1−κ
2 )v30,2

= x1−κ
2

[
p0(fe0 −

0
D)− ς0

0
X3

]
, (6.30)

i.e.
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((p20x2 + ς0E0x
κ1−κ+1
2 )v30,α),α + (κ− 1)(p20 + ς0E0x

κ1−κ
2 )v30,2

= x1−κ
2

[
p0(fe0 −

0
D)− ς0

0
X3

]
(6.31)

and (for κ > κ1)

(p20x
κ−κ1+1
2 + ς0E0x2)v30,αα + (κp20x

κ−κ1
2 + κ1ς0E0)v30,2

= x1−κ1
2

[
p0(fe0 −

0
D)− ς0

0
X3

]
, (6.32)

i.e.

((p20x
κ−κ1+1
2 + ς0E0x2)v30,α),α + (κ1 − 1)(p20x

κ−κ1
2 + ς0E0)v30,2

= x1−κ1
2

[
p0(fe0 −

0
D)− ς0

0
X3

]
, (6.33)

respectively.

Let
E2323 = Ẽ0x

κ1
1

2 , h = h0x
κ2
1

2 , Ẽ0, h0 = const > 0;

p113 = p̃0x
κ1
2

2 , p̃0 = const > 0; ς11 = ς̃0x
κ1
3

2 , ς̃0 = const > 0;

κ21, κ
1
j = const > 0, j = 1, 3.

κ1 = const = κ11 + κ21 ≥ 0; κ2 = const = κ12 + κ21 ≥ 0; κ3 = const = κ13 + κ21 ≥ 0.

then
E2323h = E0x

κ1
2 , where E0 = Ẽ0h0 = const > 0;

p113h = p0x
κ2
2 , where p0 = p̃0h0 = const > 0; (6.34)

ς11h = ς0x
κ3
2 , where ς0 = ς̃0h0 = const > 0.

Taking into accounts (6.5), (6.34), from (6.1) it is evident that the following
theorem is true.

Theorem 6.1. If s.c. elastic, piezoelectric, dielectric constants (coefficients) are
independent of space points i.e. κ1i = 0, i = 1, 3, then we have to do with cusped
prismatic shells for κi = κ21 > 0, i = 1, 3. In this case peculiarities, arising by setting
BCs and those arising by prismatic shells of constant thickness i.e. κ21 = 0 when the
elastic, piezoelectric, and dielectric coefficients are changing according to (6.5) i.e.
κi = κ1i > 0, i = 1, 3 , coincide. The stress-strain states coincide as well.

We now are in a position to reformulate results of Section 5 for the matter under
consideration in Section 6.

Consequently, we may draw the following conclusions.
Case 1. κi = κ = const ≥ 0, i = 1, 3, i.e. κ = κ1+κ21, where κ

1 := κ1i , i = 1, 3.
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Theorem 6.2. In the static case (o = 0) for system (6.24), (6.25) according to
Theorem 5.1 it follows that the values of v30 and χ̃0 should be prescribed on the
entire boundary (Problem D) for κ < 1, while on the part of the boundary, where
x2 = 0, should be freed of BCs (Problem E) for κ ≥ 1. Both problems are uniquely
solvable in the classical sense.

Theorem 6.3. An H-weak solution (v30 χ̃0) of Problem E for system (6.12), (6.13)
exists under the following conditions:

x1−κ
2 ρh = h0x

1−κ1

2 ρ ∈ C(ω̄),

o2 <
[1
2
(κ− 1)− c0

]
(E0 + ς−1

0 p20)
[

max
(x1,x2)∈ω̄

(h0x
1−κ
2 ρ)

]−1
,

κ > 1 + 2c0.

Remark 6.1. Similarly to Remark 5.1 we construct in the explicit form solutions of
BVPs for system (6.22), (6.23) in the case of the cylindrical strain.

Case 2.) κ2 = κ3 = κ = const ≥ 0, i.e., κ12 = κ13.

Theorem 6.4. For κ1 = 0 and any κ ≥ 0, the values of v30 (see (6.29)) should
be prescribed on the entire boundary (Problem D), while (see (6.28)), according to
Theorem 5.1, the values of χ̃0 should be prescribed on the entire boundary (Problem
D) for 0 ≤ κ < 1 and the part where x2 = 0 should be freed of BCs (Problem E) for
κ ≥ 1.

If either κ1 ≥ κ + 1 or κ ≥ κ1 + 1, κ1 > 1, we carry out reasonings for systems
(6.31), (6.28) and (6.33), (6.28) similar to Section 5 for systems (5.35), (5.31) and
(5.38), (5.31).

Remark 6.2. Just as in section 5 the problems D and E we solve in the explicit forms
in the case of cylindrical strain (see Remark 5.1 and Remark 5.2). The governing
equations obtained from (6.22), (6.23), (6.28), (6.29) have the following forms, cor-
respondingly

(ς0E0 + p20)(x
κ
2v30,2),2 = −ς0

0
X3 + p0(fe0 −

0
D),

(p20 + ς0E0)(x
κ
2
χ̃0,2),2 = −p0

0
X3 − E0(fe0 −

0
D);

ς0(x
κ
2
χ̃0,2),2 = p0(x

κ
2v30,2),2 − (fe0 −

0
D),

((p20x
κ
2 + ς0E0x

κ1
2 )v30,2),2 = −ς0

0
X3 + p0(fe0 −

0
D).
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7 N = 0 Approximation for Porous

Isotropic Elastic Prismatic Shells

In the case under consideration, assuming the constitutive coefficients λ and µ (the
Lamé constants), α̃, b̃, and ξ̃ to be constants from (4.11)-(4.14) we get the following
governing system

µ
[
(hvα0,β),α + (hvβ0,α),α

]
+ λ(hvγ0,γ),β + b̃(hψ0),β +

0
Xβ = ρhv̈β0, β = 1, 2; (7.1)

µ(hv30,α),α +
0
X3 = ρhv̈30; (7.2)

α̃(hψ0,α),α − b̃hvγ0,γ − ξ̃hψ0 +
0
H = ρhψ̈0 −F0. (7.3)

BCs for the weighted displacements and the weighted volume fraction are non-
classical in the case of cusped prismatic shells (see Figures 3.2, 3.3). Namely, we are
not always able to prescribe them at cusped edges.

Let ω be a domain bounded by a sufficiently smooth arc (∂ω \ γ0) lying in the
half-plane x2 > 0 and a segment γ0 of the x1−axis (x2 = 0).

If the thickness looks like

2h(x1, x2) = h0x
κ
2 , h0, κ = const > 0, (7.4)

then we can prescribe the displacements and volume fraction at the cusped edge γ0
if κ < 1, while we cannot do it if κ ≥ 1.

Let us show it for the particular case of deformation when

vα0 ≡ 0, α = 1, 2; v30 ̸≡ 0.

Then in the static case, taking into account (7.4), from (7.2), (7.3) we get

x2v30,αα + κv30,2 = 2(µh0)
−1x1−κ

2

◦
X3, (7.5)

x2ψ0,αα + κψ0,2 − ξα−1x2ψ0 = −2(α̃h0)
−1x1−κ

2

( ◦
H + F0

)
, (7.6)

respectively.
Problem D (Dirichlet Problem: Find solutions

v30, ψ0 ∈ C2(ω) ∩ C(ω̄)

of (7.5), (7.6) by their values prescribed on ∂ω)

and

Problem E (Keldysh Problem: Find bounded solutions

v30, ψ0 ∈ C2(ω) ∩ C(ω ∪ (∂ω \ γ0))

of (7.5), (7.6) by their values prescribed only on the arc ∂ω \ γ0)

are uniquely solvable for equations (7.5), (7.6) by κ2 < 1 and κ2 ≥ 1, correspond-
ingly. It follows from Theorem 5.1. Indeed, from (5.18) and (5.19), it follows
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a2(x1, x2) = κ < 1 for Problem D and a2(x1, x2) = κ ≥ 1 for Problem E, re-
spectively, since κ1 = κ2 = 1.

To the general system (7.1)-(7.3) in the static and dynamical (time-harmonic
motion) cases we apply results obtained for the more general system (see Section 8).

8 Systems of Elliptic Equations of the Second

Order with an Order Degeneracy

Let G ⊂ Rn, n ≥ 2, be a bounded domain, x := (x1, ..., xn), Γ := ∂G, and

Lu := (Aiju,i ),j +E
iu,i+Cu = F, (8.1)

i.e.,
Lku := (aijklul,i),j +e

i
klul,i + cklul = Fk, k = 1,m,

where

u = (u1, ..., um)⊤, F := (F1, ..., Fm)⊤,

Aij := ∥aijkl∥, Ei := ∥eikl∥ ∈ C1(Ḡ); (8.2)

C := ∥ckl∥ ∈ C(Ḡ), i, j = 1, n, k, l = 1,m,

where we use the Einstein convention, and indices after a comma, as usually., mean
differentiation with respect to the corresponding variables.

Let
(i)

ξ Aij
(j)

ξ > 0, x ∈ Ḡ \ Γ0, (8.3)

for all ξ(i) :=
(
ξ
(i)
1 , ..., ξ

(i)
m

)
, i = 1, n, such that

n∑
i=1

m∑
k=1

(
ξ
(i)
k

)2
> 0,

where
Γ0 := {x ∈ Γ : Aij(x) = 0, i, j = 1, n}. (8.4)

So, the system (8.1) is strongly elliptic on Ḡ\Γ0 with the equations’ order degeneracy
on Γ0.

Let
Γ =

p
∪

k=1
Γ
(k)
,

where Γ
(k)

, k = 1, p, are smooth hypersurfaces with possibly common boundary
points, and let the Gauss-Ostrogradsky formula be applicable to the domain G.

At points of smoothness of Γ0 let us consider matrix

Φ := Eiνi, (8.5)
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where ν := (ν1, ..., νn) is the inward normal at the above boundary points. Let
further

Γ0 := {x ∈ Γ0 : Φ(x) = 0}, Γ1 := {x ∈ Γ0 : Φ(x) > 0},
(8.6)

Γ2 := {x ∈ Γ0 : Φ(x) < 0}, Γ3 : Γ \ Γ0.

Under matrix inequalities we mean inequalities for the corresponding quadratic
forms on vectors with nonzero length.

Let x0 ∈ Γ0 be a common point of the hypersurfaces Γ
(i1), ...,Γ

(iq)
for certain

i1, ..., iq ∈ {1, ..., p}, q = 2, p, ik ̸= iq, k ̸= l. If there exists such a neighbourhood ωi,
i := (i1, ..., iq), of the point x0, that(

ωi ∩
( q
∪
l=1

Γ(il)
))

⊂
(
Γ2 ∪ Γ3

)
,

then the above point will be added to Γ2 ∪Γ3, otherwise it will be added to Γ0 ∪Γ1.
Let further Γ0 = Γ0 ∪ Γ1 ∪ Γ2 and

u|Γ2∪Γ3 = 0. (8.7)

Definition 8.1. Let CL be the class of bounded vectors u such that

u ∈ C2(G) ∩ C(G ∪ Γ2 ∪ Γ3),

Aiju,i , A
iju, Eiu ∈ C1(Ḡ),

(Aiju,i )|Γ0 = 0, Lu be bounded on G. (8.8)

Definition 8.2. A vector u ∈ CL satisfying system (8.1) and BC (8.7) will be called
a regular solution of the BVP (8.1), (8.7).

Definition 8.3. A vector u ∈ L2(Γ) will be called an L2(G)-weak solution of the
BVP (8.1), (8.7) if F ∈ L2(G) and∫

G
v Fdx =

∫
G
L∗v · udx (8.9)

is valid for any v ∈ CL∗ , satisfying the condition

v|Γ1∪Γ3 = 0, (8.10)

(the space of such vectors v will be denoted by V, if for v and u ∈ CL with (8.7)
equality (8.9) is valid), L∗ is the adjoint operator to L:

L∗v := (v,iA
ij),j −(vEi),i+vC,

i.e.,

L∗
l v :=

(
vk,ia

ij
kl

)
,j −

(
vke

i
kl

)
,i+vkckl, l = 1,m,

and CL∗ is defined for the operator L∗ like CL for the operator L.
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It is easily seen that if there exists a regular solution of problem (8.1), (8.7), it
will be also a week solution. Indeed, if v ∈ C2(Ḡ) and u ∈ CL∗ then we have the
following Green formula

∫
G
v Ludx−

∫
G
L∗v · udx =

∫
Γ

[(v,iA
iju− vAiju,i)νj − vΦu]dΓ, Aij = Aji. (8.11)

Presenting Γ as Γ3 ∪ Γ0, then the first sum under the integral will be equal to zero
on Γ3 because of (8.7) and on Γ0 because of (8.4). The second sum will be equal to
zero on Γ0, by virtue of (8.8), and on Γ3, by virtue of (8.10). We now present Γ as
Γ3 ∪Γ1 ∪Γ2 ∪Γ0, then on Γ3 ∪Γ1 ∪Γ2 the third summand becomes zero because of
(8.7), (8.10) and on Γ0 because of (8.6). Thus, the right hand side is zero and, since
Lu = F , from (8.11) it follows (8.9).

Theorem 8.1. Let Aij = Aji, let the matrices Ei, i = 1, n, be symmetric, and

Ei,i−2C ≥ 0, x ∈ G, (8.12)

then homogeneous BVP corresponding to the BVP (8.1), (8.7) has only the trivial
solution in CL if

uAiju,j +
1

2
uEiu ∈ C1(Ḡ), Γ1 ∪ Γ2 ∪ Γ3 = ∅.

Proof. Integrating the equality (see [24])

uLu+ u,iA
iju,j +

1

2
u(Ei,i−2C)u = (uA,ju,j +

1

2
uEiu),i (8.13)

on G and using the Gauss-Ostrogradsky formula, by virtue of (8.6)-(8.8) and

Lu = 0,

we obtain ∫
G

[u,iA
iju,j +

u

2
(Ei

,i − 2C)u]dG+
1

2

∫
Γ1

uΦudΓ1 = 0.

Hence, in view of (8.3), (8.12), and Φ > 0 on Γ1, we arrive at

u,iA
iju,j = 0, x ∈ G.

But, according to (8.3), it is admissible only if

u,i = 0, i = 1, n, x ∈ G.

Therefore, u = const and if Γ2 ∪ Γ3 ̸= ∅, then by virtue of (8.7),

u ≡ 0. (8.14)

If Γ2 ∪ Γ3 = ∅ but Γ1 ̸= ∅, then (8.14) is valid since

u|Γ1 = 0
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because of
uΦu|Γ1 = 0 and Φ|Γ1 > 0.

If
Γ1 ∪ Γ2 ∪ Γ3 = ∅,

but inequality (8.12) is strong, then it is easily seen that

u(E,ii−2C)u = 0, x ∈ G.

Therefore, (8.14) is valid.

Theorem 8.2. Let Aij = Aji, let the matrices Ei, i = 1, n, be symmetric, and

ξ(Ei,i−2C)ξ ≥ c0

m∑
k=1

ξ2k, x ∈ G, c0 = const > 0, ξ := (ξ1, ..., ξm), (8.15)

then there exists a weak solution of BVP (8.1), (8.7).

Proof. According to the Abstract Existence Principle (G. Fichera, see Theorem 8.3
below and [15], and also [16]) it follows that for the existence of a weak solution the
fulfilment of the following inequality is sufficient

∥v∥2 ≤ K∥L∗v∥2, (8.16)

where

K = const, ∥v∥2 :=

∫
G

m∑
k=1

v2kdG

 1
2

.

Indeed, let V be an abstract linear manifold of the real field; let Bα α = 1, 2, be
real Banach spaces; let Mα, α = 1, 2, be linear homomorphisms of V into Bα; let
F and u be vectors of conjugate spaces B∗

1 and B∗
2 , respectively. Let us consider for

any v ∈ V the following functional equation

< F,M1(v) >=< u,M2(v) > (8.17)

where F is a given, and u is an unknown vector. We denote: by V2 a kernel of the
homomorphism M2

V2 := {v ∈ V : M2(v) = 0};

by M1(V2) an image of V2 on B1 by homomorphism M1; and by M1(V2) its closure.
Let us consider a factor space

Q := B1/M1(V2).

LetM1 be a homomorphism, which maps v ∈ V on a class of equivalence [M1(v)]
of the factor space Q. A given vector F should fulfil the following necessary condition

< F,M1(v2) >= 0, v2 ∈ V2. (8.18)

The following existence principle holds:
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Theorem 8.3 (Abstract Existence Principle (G. Fichera)). A solution u of
functional equation (8.17) exists for any fixed F satisfying the condition (8.18) if
and only if there exists a constant K such that for any v ∈ V the inequality

∥M1(v)∥Q ≤ K∥M2(v)∥B2 (8.19)

holds.
Let A be a closed subspace of the space B∗

2 , consisting of the vectors u0, solutions
of the “homogeneous” problem

< u0,M2(v) >= 0, v ∈ V.

We denote by F the Banach factor space F := B∗
2/A. For any F ∈ B∗

1 , satisfying
the compatibility conditions (8.18) (that is to say for any element of the adjoint
space Q∗), there exists uniquely defined U ∈ F such that, if u is any element in the
equivalence class U , then u is a solution of equation (8.17) with

∥U∥F ≤ K∥F∥B∗
1
. (8.20)

Inequality (8.20) is said to be a dual inequality of (8.19).

In our case under consideration instead of the functional equation (8.17) we have
equation (8.9), V ≡ V, M1 is an identical operator,

M2 ≡ L∗, B1 ≡ B2 ≡ B∗
1 ≡ B∗

2 ≡ L2(G), Q ≡ L2\V̄2,

where
V2 := {v ∈ V : L∗(v) = 0},

∥M1(v)∥Q ≡ ∥[M1(v)]∥Q ≡ ∥[v]∥Q := inf
v2∈V̄2

∥v + v2∥2,

F ≡ L2/A, A := {u0 ∈ L2(ω) : (u0, L
∗v) = 0};

∥U∥F := inf
u0∈Ā

∥u+ u0∥2,

and Fichera’s Abstract Existence Principle takes the form:

Theorem 8.4. A solution u ∈ L2(G) of the functional equation (8.9) exists for any
F ∈ L2(G), satisfying condition∫

G
Fv2dx = 0, v2 ∈ V2, (8.21)

if and only if there exists a constant K such that for any v ∈ V the inequality

∥[v]∥Q = inf
v2∈V2

∥v + v2∥2 ≤ K∥L∗(v)∥2, (8.22)

is valid; moreover
∥U∥F = inf

v0∈A
∥u+ u0∥2 ≤ K∥F∥2.
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Let now (8.16) be valid, then from

L∗(v2) = 0

it follows that v2 ≡ 0, i.e., V2 ≡ {0}. Therefore,

inf
v2∈V2

∥v + v2∥2 = ∥v∥2,

and (8.22) holds, by virtue of (8.16). Hence, there exists a solution of the functional
equation (8.9), i.e., a weak solution of problem (8.1), (8.7). It is clear, that in this
case condition (8.21) is fulfilled for any F ∈ L2(G).

In order to establish equality (8.16) we write identity (8.13) for the operator L∗:

L∗v · v + v,iA
ijv,j +

v

2
(Ei

,i − 2C)v = (v,jA
ijv − v

2
Eiv),i.

After integrating the last equality on G and using the Gauss-Ostrogradsky formula,
by virtue of (8.4), (8.5), (8.10) we have∫

Q
L∗v · vdx+

∫
G

[v,iA
ijv,j +

v

2
(Ei

,i − 2C)v]dG− 1

2

∫
Γ2

vΦvdΓ2 = 0.

Therefore, in view of (8.3), (8.6), (8.15), we have

−
∫
G
L∗v · vdx ≥ 1

2

∫
G

v(Ei
,i − 2C)vdG ≥ ∗

c

∫
G

m∑
k=1

v2kdG =
∗
c∥v∥22,

∗
c = const.

On the other hand, applying the Hölder enequality, we get∫
G
(−L∗v)vdx ≤ ∥ − L∗v∥2 · ∥v∥2 = ∥L∗v∥2 · ∥v∥2.

Hence,
∗
c ∥v∥22 ≤ ∥L∗v∥2 · ∥v∥2,

i.e, (8.16) is valid.

Remark 8.1. The system with nonsmooth coefficients (they are infinite on a subset
of Γ0) we reduce to the present case by means of smoothing factors.

Remark 8.2. Let us introduce new unknown functions ωi, i = 1,m, by relations

ui = ψ̃wi, i = 1,m, ψ̃ ∈ C2(Ḡ), ψ̃ > 0 on Ḡ. (8.23)

Note, that the matrix Φ is invariant to change of unknown functions (8.23), in the
sense of change of sign since for the system obtained

L̂w : = (Âijw,i),j + Êiw,i + Ĉw = F, w = (w1 · · ·wm), (8.24)

where
Âij = ψ̃Aij , Êi = ψ̃Ei + ψ̃,jA

ij , Ĉ = ψ̃C,
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by virtue of (8.4), it looks like

Φ̂ = Êiνi = (ψ̃Ei + ψ̃,jA
ij)νi = ψ̃Eiνi = ψ̃Φ.

If the function ψ is such that for the system (8.24) the condition (8.15) is valid, then
under assumptions of Theorem 8.2 there exists a weak solution of the problem

L̂w = F, w|Γ2∪Γ3 = 0, (8.25)

i.e.,
(v, F ) = (L̂∗v, w),

where L̂∗ is the operator conjugate to the operator L̂. But

(L̂∗v, w) = (L̂∗v, ψ̃−1u) = (ψ̃−1L̂∗v, u) = (L̂∗v, u),

since if Aij = Aji, then
ψ̃−1L̂∗v = L̂∗v.

Thus,
(v, F ) = (L∗v, u),

i.e, a weak solution of problem (8.1), (8.7) exists and according to (8.23), we get it,
from the weak solution of problem (8.25).

9 The H-weak Solution for a Single Equation

For the convenience of the reader we repeat the relevant material from [15] (compare
with [16] Chapter I, §4) with proofs in a slightly changed form, thus making our
exposition of the present work self-contained.

Let G ⊂ Rn be a domain, Γ := ∂Γ, and

Lu := (Aiju,i ),j +E
iu,i+Cu = F, (9.1)

where real functions

Aij , Ei ∈ C1(Ḡ); C ∈ C(Ḡ), i, j = 1, n. (9.2)

As usual we use the Einstein’s summation convention and indices after a comma
mean differentiation with respect to the corresponding variables.

Let
ξiA

ijξj > 0, x ∈ Ḡ \ Γ0, (9.3)

for any ξi ∈ R1, i = 1, n, such that

n∑
i=1

ξ2i > 0,

where
Γ0 := {x ∈ Γ : Aij(x) = 0, i, j = 1, n}. (9.4)

So, equation (9.1) is elliptic on Ḡ \ Γ0 with order degeneracy on Γ0.
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Let
Γ =

p
∪

k=1
Γ
(k)
,

where Γ
(k)

, k = 1, p, are smooth hypersurfaces with possibly common boundary
points, and to the domain G the Gauss-Ostrogradsky formula is applicable.

In points of smoothness of Γ0 let us consider the function, which we shall call
Fichera’s function,

Φ := Eiνi, (9.5)

where ν := (ν1, ..., νn) is the inward normal at the above boundary points. Let
further

Γ0 := {x ∈ Γ0 : Φ(x) = 0}, Γ1 := {x ∈ Γ0 : Φ(x) > 0},
(9.6)

Γ2 := {x ∈ Γ0 : Φ(x) < 0}, Γ3 : Γ \ Γ0.

Let x0 ∈ Γ0 be a common point of the hypersurfaces Γ
(i1), ...,Γ

(iq)
for certain

i1, ..., iq ∈ {1, ..., p}, 2 ≤ q ≤ p, ik ̸= iq, k ̸= l. If there exists a neighbourhood ωi,
i := (i1, ..., iq), of the point x0, such that(

ωi ∩
( q
∪
l=1

Γ(il)
))

⊂
(
Γ2 ∪ Γ3

)
,

then the above point will be added to Γ2 ∪Γ3, otherwise it will be added to Γ0 ∪Γ1.
Let further Γ0 = Γ0 ∪ Γ1 ∪ Γ2,

u|Γ2∪Γ3 = 0, (9.7)

Definition 9.1. Let CL be the class of bounded functionss u such that

u ∈ C2(G) ∩ C(G ∪ Γ2 ∪ Γ3),

Aiju,i , A
iju, Eiu ∈ C1(Ḡ),

(Aiju,i )|Γ0 = 0, Lu be bounded in G. (9.8)

Definition 9.2. A function u ∈ CL satisfying system (9.1) and BC (9.7) will be
called a regular solution of the BVP (9.1), (9.7).

For a function u ∈ CL and a function v ∈ C1(Ḡ) the integral identity∫
G
vLudx = −

∫
G
[Aijv,j u,i+uE

iv,i+(E,i−C)uv]dx

−
∫
Γ3

vAiju,i njdΓ−
∫
Γ
uvΦdΓ, (9.9)

where n is an inward normal, holds.
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Let W be the class of functions belonging to C1(Ḡ) and vanishing on Γ3 (when
not empty). If u ∈ CL and vanishes a.e. on Γ2∪Γ3, then for any v ∈ W the identity∫

G
vLudx = −

∫
G
[Aijv,j u,i+uE

iv,i+(E,i−C)uv]dx−
∫
Γ1

uvΦdΓ. (9.10)

is satisfied (see (9.9)).
Let us introduce a scalar product in W in the following way

(u, v)H =

∫
G
(Aiju,i v,j +uv)dx+

∫
Γ1∪Γ2

uv|Φ|dΓ.

The space H will be the Hilbert space, obtained by functional completion from W
with the introduced scalar product.

Let us consider for u, v ∈ W the bilinear form

B(u, v) = −
∫
G
[Aijv,j u,i+uE

iv,i+(E,i−C)uv]dx−
∫
Γ1

uvΦdΓ. (9.11)

It is easily seen that

|B(u, v)| ≤ K
(∫

G
(|gradv|2 + v2)dx+

∫
Γ1

|v|2dΓ
) 1

2 ∥u∥H,

where K is a constant, depending on the coefficients of L. For any fixed v ∈ W,
B(u, v) can be considered as a linear bounded functional of u, defined on H.

Definition 9.3. A function u ∈ H will be called an H-weak solution of the BVP
(9.1), (9.7) if F ∈ L2(G) and ∫

G
vFdx = B(u, v) (9.12)

is valid for any v ∈ W .
Let V (see Section 8 and take m = 1, then we get corresponding to equation

(9.1) results) coincide with the class of functions CL∗ satisfying a.e. the BC

v|Γ1∪Γ3 = 0, (9.13)

(the space of such vectors v will be denoted by V, if for v and u ∈ CL with (9.7)
equality (9.12) is valid), L∗ is the adjoint operator to L:

L∗v := (v,iA
ij),j −(vEi),i+vC,

then any H-weak solution is an L2-weak solution.

According to the representation theorem of linear functionals in Hilbert spaces,
we have for u ∈ H, v ∈ W:

B(u, v) = (u, T (v))H,

where T (v) is a linear transformation defined in W and with range in H.
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For u ∈ W, and v ∈ W, from (9.11) we have

B(u, v) = −
∫
G
[Aijv,j u,i+

1

2
uEiv,i−

1

2
vEiu,i+

(1
2
Ei,i−C

)
uv]dx

−1

2

∫
Γ1

uvΦdΓ +
1

2

∫
Γ2

uvΦdΓ, (9.14)

since ∫
G
uEiv,i dx =

1

2

∫
G
uEiv,i dx+

1

2

∫
G
uEiv,i dx

=
1

2

∫
G

[
uEiv,i+

1

2

(
uEiv

)
,i−

1

2
u,iE

iv − 1

2
uEiv

]
dx

=
1

2

∫
G
uEiv,i dx− 1

2

∫
Γ1∪Γ2

uΦvdΓ− 1

2

∫
G
u,iE

ivdx− 1

2

∫
G
uEi,i vdx.

Let us suppose that

1

2
Ei,i−C > c0 = const > 0 in G ∪ Γ. (9.15)

This condition is satisfied if we assume C negative and |C| large enough. If (9.15)
is satisfied we easily get from (9.14) for v ∈ W:

|B(v, v)| =
∫
G

[
Aijv,j v,i+

(1
2
Ei,i−C

)
v2
]
dx+

1

2

∫
Γ1

v2ΦdΓ

+
1

2

∫
Γ2

v2ΦdΓ ≥ λ0∥v∥2H (λ0 > 0).

Therefore,

∥v∥2H ≤ 1

λ0
|B(v, v)| ≤ 1

λ0
|(v, T (v))| ≤ 1

λ0
∥v∥H∥T (v)∥H,

i.e., (∫
G
v2dx

) 1
2 ≤ ∥v∥H ≤ 1

λ0
∥T (v)∥H. (9.16)

Hence, from Fichera’s Abstract Existence Principle (see Theorem 8.3) we deduce:

Theorem 9.1. If condition (9.15) is satisfied, for any F ∈ L2(G) an H-weak solu-
tion of problem (9.1), (9.7) exists.

The uniqueness of the H-weak solution is connected with the continuity of the
bilinear form B(u, v) with respect to the pair (u, v). When this is the case then,
since B(u, v) can be extended by continuity in H×H, from (9.16) uniqueness of the
H-weak solution follows easily.

Remark 9.1. B(u, v) is continuous with respect to the pair (u, v) in the case when
L is self-adjoint, i.e., when Ei = 0. This is easilly seen from (9.14). In this case, if
C is negative in G ∪ Γ, an H-weak solution exists for any given f ∈ L2(G) and is
unique.
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10 Mathematical Moments

Let f(x1, x2, x3) be a given function in Ω having integrable partial derivatives, let
fr be its r-th order moment defined as follows

fr(x1, x2) :=

(+)

h (x1, x2)∫
(−)

h (x1, x2)

f(x1, x2, x3)Pr(ax3 − b)dx3,

where (see Section 3)

a(x1, x2) :=
1

h(x1, x2)
, b(x1, x2) :=

h̃(x1, x2)

h(x1, x2)
,

2h(x1, x2) =
(+)

h (x1, x2)−
(−)

h (x1, x2) > 0,

2h̃(x1, x2) =
(+)

h (x1, x2) +
(−)

h (x1, x2) > 0,

and

Pr(τ) =
1

2rr!

dr(τ2 − 1)r

dτ r
, r = 0, 1, · · · ,

are the r-th order Legendre polynomials with the orhogonality property

+1∫
−1

Pm(τ)Pn(τ)dτ =
2

2m+ 1
δmn.

From here, substituting

τ = ax3 − b =
2

(+)

h (x1, x2)−
(−)

h (x1, x2)

x3 −
(+)

h (x1, x2) +
(−)

h (x1, x2)
(+)

h (x1, x2)−
(−)

h (x1, x2)

,

we have

(
m+

1

2

)
a

(+)

h (x1, x2)∫
(−)

h (x1, x2)

Pm(ax3 − b)Pn(ax3 − b)dx3 = δmn.

Using the well-known formulas of integration by parts (with respect to x3) and
differentiation with respect to a parameter of integrals depending on parameters
(xα), taking into account Pr(1) = 1, Pr(−1) = (−1)r, we deduce

(+)

h (x1, x2)∫
(−)

h (x1, x2)

Pr(ax3 − b)f,3 dx3 = −a

(+)

h (x1, x2)∫
(−)

h (x1, x2)

P ′
r(ax3 − b)fdx3 +

(+)

f − (−1)r
(−)

f , (10.1)
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(+)

h (x1, x2)∫
(−)

h (x1, x2)

Pr(ax3 − b)f,α dx3 = fr,α −
(+)

f
(+)

h ,α + (−1)r
(−)

f
(−)

h ,α

−

(+)

h (x1, x2)∫
(−)

h (x1, x2)

P ′
r(ax3 − b)(a,α x3 − b,α )fdx3, α = 1, 2, (10.2)

where superscript prime means differentiation with respect to the argument ax3 −
b, subscripts preceded by a comma mean partial derivatives with respect to the

corresponding variables,
(±)

f := f [x1, x2,
(±)

h (x1, x2)]. Applying the following relations
from the theory of the Legendre polynomials (see e.g. [25], p. 299 or p. 338-339 of
the second edition)

P ′
r(τ) =

r∑
s=0

(2s+ 1)
1− (−1)r+s

2
Ps(τ)

ii,

τP ′
r(τ) = rPr(τ) + P ′

r−1(τ) = rPr(τ) +
r−1∑
s=0

(2s+ 1)
1 + (−1)r+s

2
Ps(τ)

iii (10.3)

and, in view of
a,α
a

= (ln a)′ = −h,α
h
,

a,α
a
b = h̃a,α , b,α= (h̃a),α , it is easily seen

that

P ′
r(ax3 − b)(a,α x3 − b,α ) =

a,α
a

(ax3 − b)P ′
r(ax3 − b) + (

a,α
a
b− b,α )P

′
r(ax3 − b)

= −h,α h−1(ax3 − b)P ′
r(ax3 − b)− h̃,α h

−1P ′
r(ax3 − b)

= −r
aαrPr(ax3 − b)−

r−1∑
s=0

r
aαsPs(ax3 − b)iv, (10.4)

iion the top of the symbol
∑

both r − 1 and r are true since the last term equals zero.
iiion the top of the symbol

∑
both r − 2 and r − 1 are true since the last term equals

zero.
ivsince

r−1∑
s=0

(2s+ 1)

[
h,α +(−1)r+sh,α

2h
+
h̃,α −(−1)r+sh̃,α

2h

]
Ps(ax3 − b)

=

r−1∑
s=0

(2s+ 1)

2h

 (+)

h ,α −
(−)

h ,α +
(+)

h ,α (−1)r+s −
(−)

h ,α (−1)r+s

2

+

(+)

h ,α +
(−)

h ,α −
(+)

h ,α (−1)r+s −
(−)

h ,α (−1)r+s

2

Ps(ax3 − b)

=
r−1∑
s=0

(2s+ 1)

(+)

h ,α −(−1)r+s
(−)

h ,α
2h

Ps(ax3 − b)
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where

r
aαr := r

h,α
h
,

r
aαs := (2s+ 1)

(+)

h ,α−(−1)r+s
(−)

h ,α
2h

, s ̸= r.

Now, bearing in mind (10.4) and (10.3), from (10.1) and (10.2) we have

(+)

h (x1, x2)∫
(−)

h (x1, x2)

Pr(ax3 − b)f,α dx3

= fr,α +

r∑
s=0

r
aαsfs −

(+)

f
(+)

h ,α + (−1)r
(−)

f
(−)

h ,α, α = 1, 2, (10.5)

(+)

h (x1, x2)∫
(−)

h (x1, x2)

Pr(ax3 − b)f,3 dx3 =
r∑

s=0

r
a3sfs +

(+)

f − (−1)r
(−)

f , (10.6)

respectively. Here
r
a3s := −(2s+ 1)

1− (−1)s+r

2h
.

Let

f(x1, x2, x3) =

∞∑
r=0

a
(
r +

1

2

)
fr(x1, x2)Pr(ax3 − b), (10.7)

then
(±)

f := f(x1, x2,
(±)

h (x1, x2)) =

∞∑
s=0

a
(
s+

1

2

)
fs(±1)s

=

∞∑
s=0

(±1)s(2s+ 1)

2h
fs, i = 1, 3, (10.8)

whence
(+)

f − (−1)r
(−)

f = −
∞∑
s=0

r
a3sfs, i = 1, 3, (10.9)

(+)

f
(+)

h ,α−(−1)r
(−)

f
(−)

h ,α=
∞∑
s=0

r

a∗αsfs, i = 1, 3, α = 1, 2, (10.10)

where
r

a∗αs =
r
aαs, s ̸= r,

r

a∗αr = (2r + 1)
h,α
h
.

Substituting (10.10) and (10.9) into (10.5) and (10.6), respectively, we get

(+)

h (x1, x2)∫
(−)

h (x1, x2)

Pr(ax3 − b)f,α dx3 = fr,α +

r∑
s=0

r
aαsfs −

∞∑
s=0

r

a∗αsfs

= fr,α +
∞∑
s=r

r
bαsfs, (10.11)
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where
r
bjs := − r

ajs, s > r;
r
bjs = 0, s < r;

r
bαr :=

r
aαr −

r

a∗αr = −(r + 1)

(+)

h ,α−
(−)

h ,α
2h

,
r
b3r = 0,

and

(+)

h (x1, x2)∫
(−)

h (x1, x2)

Pr(ax3 − b)f,3 dx3 =
r∑

s=0

r
a3sfs −

∞∑
s=0

r
a3sfs

= −
∞∑

s=r+1

r
a3sfs, (10.12)

respectively.

If
(+)

f and
(−)

f are known (prescribed), then from (10.5) and (10.6), correspond-
ingly, we obtain

(+)

h (x1, x2)∫
(−)

h (x1, x2)

Pr(ax3 − b)f,α dx3 = fr,α +

r∑
s=0

r
aαsfs

+
(+)

f
(+)
n α

√
1 + (

(+)

h ,1)2 + (
(+)

h ,2)2 + (−1)r
(−)

f
(−)
n α

√
1 + (

(−)

h ,1)2 + (
(−)

h ,2)2 (10.13)

and

(+)

h (x1, x2)∫
(−)

h (x1, x2)

Pr(ax3 − b)f,3 dx3 =
r∑

s=0

r
a3sfs

+
(+)

f
(+)
n 3

√
1 + (

(+)

h ,1)2 + (
(+)

h ,2)2 + (−1)r
(−)

f
(−)
n 3

√
1 + (

(−)

h ,1)2 + (
(−)

h ,2)2, (10.14)

since

(±)
n α =

∓
(±)

h ,α√
1 + (

(±)

h ,1)2 + (
(±)

h ,2)2

,
(±)
n 3 =

±1√
1 + (

(±)

h ,1)2 + (
(±)

h ,2)2

.

11 Conclusions

1. Differential hierarchical models for piezoelectric nonhomogeneous viscoelastic
Kelvin-Voigt prismatic shells with voids are constructed. The ways of investigation
of boundary value problems and initial boundary value problems, including the
case of cusped prismatic shells [4], are indicated and some preliminary results are
presented.
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2. It is shown that in the case of hierarchical models of cusped prismatic shells,
depending on the character of vanishing of the thickness at the lateral boundary
of the prismatic shell, for well-posedness of the boundary value and initial bound-
ary value problems the setting of boundary conditions is nonclassical, in general.
Namely, in the case of nonclassical setting of boundary conditions they should be
either weighted ones or the cusped edge should be freed from boundary conditions.
In other words, at cusped edges: in the case of piezoelectric viscoelastic materials the
displacements, volume fraction, and electric potential cannot always be prescribed.

3. If either elastic, piezoelectric, and dielectric constitutive coefficients are indepen-
dent of the space points while the thickness of the prismatic shell vanishes in some
way at some part of the boundary of the prismatic shell or the thickness of the
prismatic shell is constant while the elastic, piezoelectric, and dielectric constitutive
coefficients vanish in the same way at the same part of the boundary of the prismatic
shell, then peculiarities of setting the boundary conditions for the displacement in
the first case and those arising for the volume fraction function and the electric
potential in the second case coincide. The stress-strain states coincide as well.

4. Antiplane deformation of piezoelectric nonhomogeneous transversely isotropic
materials in the three-dimensional formulation and in N = 0 approximation is anal-
ysed. Some boundary value problems are solved in explicit forms in concrete cases.
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