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leqcia 9 

5.3. uwyveti funqciebi. funqciis zRvari 

Tavdapirvelad SemoviRoT cneba, romelic maTematikurad mkacri ar aris. 

funqcia uwyvetia, Tu misi grafiki uwyvetia. grafiki uwyvetia, Tu igi igeba xelis 

auReblad (ix. nax. 5.3.1). 

cxadia, nax. 5.3.2-ze mocemuli funqcia wyvetilia. misi wyvetis wertilia x0 . 

funqciis ganmartebidan gamomdinare,  

f x y( , )  0 

gantoleba iqneba raime funqciis analizuri warmodgena mxolod im SemTxvevaSi, roca x-
is (argumentis) yovel mniSvnelobas y-is erTi mniSvneloba Seesabameba. 

     nax. 5.3.3-ze mocemulia wrfe. wrfis 

y kx b   

gantoleba funqciis analizur Caweras warmoadgens, radgan x-is  yovel mniSvnelobas y-
is erTi mniSvneloba Seesabameba. es funqcia uwyvetia, ramdenadac misi ageba xelis 

auReblad SeiZleba. 

 

nax. 5.3.4-ze mocemuli 

y x 2 

parabolac uwyveti funqciis magaliTia. 

 

wrewiri (ix. nax. 5.3.5) uwyveti wiria, magram misi 

y x R2 2 2   
gantoleba ar aris funqciis analizuri Cawera, radgan x R R [ , ] -is yovel mniSvne-

lobas y-is Semdegi ori 
22 xRy 
 

mniSvneloba Seesabameba, magram 

x0 O x 

y 

nax. 5.3.1 

O x 

y 

nax. 5.3.2 
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22 xRy 
 
da 22 xRy 

 
gantolebebi, romlebic zeda da qveda naxevarwrewirebs Seesabameba, funqciebis ana-

lizuri Cawerebia. 

 

SemoviRoT funqciis zRvris maTematikurad aramkacri ganmarteba. [ , ]a b  segmentze 

funqcia Semdegnairad ganvmartoT: 

roca    bxxax ,,* 00   (ix. nax. 5.3.6), x * wertilidan gavavloT y RerZis parale-

luri monakveTi grafikis gadakveTamde. misi sigrZe miviRoT funqciis mniSvnelobad x * 
wertilSi. x0  wertilSi funqcia gansazRvruli ar gvaqvs. Tu vipoviT iseT y0  ricxvs, 

rom mis x0  wertilSi funqciis mniSvnelobad miRebis SemTxvevaSi funqcia uwyvetad iqce-

va, maSin y0  ricxvs vuwodebT funqciis zRvars x0  wertilSi da am faqts aRvniSnavT 

lim ( )
x x

f x y



0

0  

O x 

y 

nax. 5.3.3 

y kx b   

x 

y 

O 

2y x
 

nax. 5.3.4 

-y1= 

nax. 5.3.5 

2 2 2x y R 
 

O x 

y 

x 

y1 

y2 x b a x0 x* O 

y 

y0 

Y0 

         nax. 5.3.6 

R  R  
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CanaweriT. 

im SemTxvevaSi, roca aseTi ricxvi ar moiZebneba, x0  wertils funqciis wyvetis wer-

tili ewodeba da vambobT, rom funqcia ganicdis wyvetas x0  wertilSi.  

Tu nax. 5.3.6-ze mocemuli funqciis mniSvnelobad 0x  wertilSi miviRebT Y y0 0 , 

maSin funqcias x0  wertilSi eqneba wyveta, magram x0  wertilSi wyveta acilebadia. 

wyvetis acilebadi wertili ewodeba funqciis wyvetis iseT wertils, roca funqcias 

wyvetis wertilSi SeiZleba iseTi mniSvneloba mivaniWoT, romelic mas uwyvetad aqcevs. 

nax. 5.3.6-ze mocemul SemTxvevaSi aseTi mniSvnelobaa 0y . 

ganvixiloT hevisaidis*) funqcia (ix nax. 5.3.7): 

f x
x

x
( )

,

,










0 0

1 0

 roca 

 roca 
 

am SemTxvevaSi funqciis wyvetis acilebas ver 

movaxerxebT, radgan ar arsebobs iseTi mniSvne-

loba, romlis x  0  wertilSi funqciis 
mniSvnelobad miReba funqcias uwyvets gaxdis. 

hevisaidis f x( )  funqcia uwyvetia, roca x  0 

an x  0 , e. i. roca x  0 . x  0  wertilSi is 

wyvetas ganicdis. 

vTqvaT, f x( )  funqcia gansazRvrulia x0  

wertilis raime midamoSi x0  wertilis 

CaTvliT. 

gansazRvra 5.3.1. y f x ( ) funqcia uwyvetia 

misi gansazRvris raime x0  wertilSi, Tu 

yoveli winaswar dasaxelebuli   dadebiTi 

ricxvisTvis moiZebneba iseTi  0 , rom 

 f x f x( )  0  , roca 0 x x  .  (5.3.1) 

vTqvaT, axla y f x ( ) funqcia gansazRvru-

lia x0  wertilis raime midamoSi, SesaZlebelia, 

x0  wertilis garda. 

gansazRvra 5.3.2. y f x ( ) funqcias x0  

wertilSi aqvs A zRvari, Tu yoveli dadebiTi 
  ricxvisTvis moiZebneba iseTi 0  ricxvi, 
rom 

f x A( )    , roca  0 0  x x  .   (5.3.2) 

am faqts Semdegnairad CavwerT 

lim ( )
x x

f x A



0

. 

am gansazRvrebSi arsebiTia is, rom ragind 

mcire 0  ricxvisTvis moiZebneba sakmarisad 

mcire 0 , romelic  -zea damokidebuli. 

gansazRvra 5.3.1 da gansazRvra 5.3.2 maTematikurad mkacri gansazRvrebia.  

                                                 
*) oliver hevisaidi (1830 _ 1925) _ ingliseli fizikosi. 

b a x0 x 

} 

O x 

y 

nax. 5.3.8 

f(x0) 

f(x) 
} 
 

 

nax. 5.3.7 

O x 

y 

1 
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Sedegi 5.3.3. Tu 

 lim ( )
x x

f x f x



0

0 , 

maSin funqcia uwyvetia x0  wertilSi, e. i. Tu raime x0  wertilSi funqciis zRvari x0  

wertilSi funqciis mniSvnelobis tolia, maSin funqcia uwyvetia x0  wertilSi. x-is 

miswrafeba x0 -sken SeiZleba iyos wyvetili an uwyveti gziT. 

SevniSnoT, rom (5.3.1) niSnavs Semdegs (ix. nax. 5.3.8): Tu x sakmarisad axloa x0 -Tan, 

maSin f x( )  ragind axloa  f x0 -Tan. 

gansazRvra 5.3.4. funqcias ewodeba uwyveti ] , [a b  intervalze, Tu is uwyvetia ] , [a b  

intervalis nebismier wertilSi. 

vTqvaT, f x( )  da g x( )  gansazRvrulia x0 -is midamoSi da const  (e. i. mudmivia), 

maSin samarTliania qvemoT moyvanili 1)-3) Tvisebebi. 

1)     Axfxf
xxxx

 


)(lim)(lim
00

, Tu arsebobs lim ( )
x x

f x A



0

. 

damtkiceba. amisTvis (simbolo  niSnavs gamoTqmas `nebismieri~, xolo simbolo   _ 
`arsebobs~) unda vaCvenoT, rom 

001   , 

iseTi, rom 

  f x A( )   1 , roca 0 0  x x  . 

marTlac, Tu gaviTvaliswinebT (5.3.2)-s, 

     f x A f x A( ) ( ) :      1 , roca 0 0  x x  . 

2) vTqvaT, arsebobs lim ( )
x x

f x
 0

 da lim ( )
x x

g x
 0

, maSin 

 lim ( ) ( ) lim ( ) lim ( )
x x x x x x

f x g x f x g x
  

  
0 0 0

; 

 lim ( ) ( ) lim ( ) lim ( )
x x x x x x

f x g x f x g x
  

  
0 0 0

; 

lim
( )

( )

lim ( )

lim ( )x x

x x

x x

f x

g x

f x

g x






0

0

0

, Tu g x( )  0  x0 -is raime midamoSi. 

3) Tu 

lim ( )
x x

f x y



0

0 , 

g y( )  uwyvetia y0 -Si da 

 g y0   , 

maSin 

  


)(lim
0

xfg
xx

.*) 

moviyvanoT zRvris gamoTvlis ori magaliTi: 

1. lim
x

n nx


 
1

1 1  n R1 ; 

2. lim lim
( )( )

lim( )
x x x

x

x

x x

x
x

  






 


    

1

2

1 1

1

1

1 1

1
1 1 1 2 . 

                                                 
*) uwyveti funqciebis jami, sxvaoba, namravli, ganayofi (Tu gamyofi nulisagan 

gansxvavebulia) uwyvetia. aseve uwyvetia uwyveti funqciis Sebrunebuli funqcia da 

uwyveti funqciebisgan Sedgenili rTuli funqcia. 
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gansazRvra 5.3.5. A ricxvs ewodeba )(xf  funqciis zRvari, roca x , Tu is 

gansazRvrulia nebismieri ragind didi dadebiTi x -sTvis da yoveli 0  ricxvisTvis 

moiZebneba iseTi 0c  ricxvi, rom, roca cx  , sruldeba 

 Axf )(  

utoloba da vwerT, rom 

Axf
x




)(lim . 

gansazRvra 5.3.6. vityviT, rom Axf
x




)(lim , Tu is gansazRvrulia nebismieri ragind 

mcire uaryofiTi x -sTvis da yoveli 0  ricxvisTvis moiZebneba iseTi 0c  ricxvi, 

rom, roca cx  , sruldeba 

 Axf )(  

utoloba. 

Tu funqcia gansazRvrulia raime SualedSi, maSin SeiZleba laparaki funqciis zRvar-

ze Sualedis yvela wertilSi, garda Sualedis bolo wertilebisa, radgan Sualedis 

bolo wertilebisTvis ar arsebobs ormxrivi midamo, sadac funqcia gansazRvruli 

iqneba. aseT SemTxvevaSi ganixilaven e. w. calmxriv zRvrebs. 

gansazRvra 5.3.7. A ricxvs ewodeba )(xf  funqciis marcxena zRvari a wertilSi, Tu 

is gansazRvrulia a  wertilis raime marcxena midamoSi, garda, SesaZlebelia, TviT am 

wertilisa, da yoveli 0  ricxvisTvis moiZebneba iseTi 0  ricxvi, rom, roca 

 xa0 , 

sruldeba 

 Axf )(  

utoloba. am SemTxvevaSi vwerT, rom 

Axf
ax




)(lim . 

gansazRvra 5.3.8. A ricxvs ewodeba )(xf  funqciis marjvena zRvari a wertilSi, Tu 

is gansazRvrulia a  wertilis raime marjvena midamoSi, garda, SesaZlebelia, TviT am 

wertilisa, da yoveli 0  ricxvisTvis moiZebneba iseTi 0  ricxvi, rom, roca 

 ax0 , 

sruldeba 

 Axf )(  

utoloba. am SemTxvevaSi vwerT, rom 

Axf
ax




)(lim . 

Tu )(xf  funqcia gansazRvrulia a wertilis raime midamoSi, garda SesaZlebelia, 

TviT am wertilisa, da a wertilSi aqvs toli marcxena da marjvena zRvari, maSin, 

cxadia, )(xf  funqcias a wertilSi aqvs zRvari. 

gansazRvra 5.3.9. vityviT, rom 




)(lim xf
ax

  


)(lim xf
ax

, 

Tu )(xf  funqcia gansazRvrulia a  wertilis raime midamoSi, garda, SesaZlebelia, a  

wertilisa, da yoveli dadebiTi B-sTvis moiZebneba iseTi 0 , rom 

Bxf )(   Bxf )( , 

roca 
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.0  ax   

gansazRvra 5.3.10. vityviT, rom 




)(lim xf
x

  


)(lim xf
x

, 

Tu )(xf  funqcia gansazRvrulia nebismieri ragind didi dadebiTi x -isTvis da yoveli 

dadebiTi B-sTvis moiZebneba iseTi dadebiTi A, rom 

Bxf )(   Bxf )( , 

roca 

Ax  . 

gansazRvra 5.3.11. vityviT, rom 




)(lim xf
x

  


)(lim xf
x

, 

Tu )(xf  funqcia gansazRvrulia nebismieri ragind mcire uaryofiTi x -isTvis da 

yoveli dadebiTi B-sTvis moiZebneba iseTi dadebiTi A, rom 

Bxf )(   Bxf )( , 

roca 

Ax  . 

gamoyenebis TvalsazrisiT mniSvnelovania Semdegi zRvrebi: 

lim
sin

x

x

x


0
1 ; 

0
1

sinlim
0


 x

x
x

; 

0lim 
 x

k

x a

x
, 

 k

x

x x

a
lim  )0,1(  ka ;  

0lnlim
0




xx
x

 , sadac mudmivi   0 . 

0loglim
0




xx a
k

x
 )0,1(  ka ; 


 x

x

a

k

x log
lim , 0

log
lim 

 k

a

x x

x
 )0,1(  ka ; 

e
x

x

x













1
1lim . 

 


