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4.2. wrfiv algebrul gantolebaTa sistemebi 

n ucnobian n wrfiv algebrul gantolebaTa sistemas aqvs Semdegi saxe: 
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                    (4.2.1) 

x1 , x2 , , xn  ucnobebia, aik  ricxvebi _ (4.2.1) sistemis koeficientebi, xolo b1 , b2 , 

, bn  ricxvebi _ Tavisufali wevrebi. (4.2.1) sistemas erTgvarovani  ewodeba, Tu 

b b bn1 2 0    . 
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                     (4.2.2) 

matrics ewodeba (4.2.1) sistemis matrici, xolo mis A  determinants _ sistemis 

(mTavari) determinanti. 
(4.2.1) sistemis amonaxsni ewodeba x1 , x2 , , xn  cvladTa im mniSvnelobebs, 

romlebic sistemis gantolebebs igiveobebad aqceven. 

sistemas, romelsac erTi mainc amonaxsni aqvs, Tavsebadi ewodeba. sistemas, romelsac 
amonaxsni ar aqvs, araTavsebadi ewodeba. 

vTqvaT, A  0 . 

ucnobebiT Sedgenili matrici-sveti aRvniSnoT X-iT, xolo Tavisufali wevrebis 

matrici-sveti _ B-Ti. 
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matricTa gamravlebis wesis Tanaxmad AX warmoadgens (4.2.1) sistemis marcxena na-
wils. maSasadame, (4.2.1) sistema SeiZleba Caiweros (veqtoruli) saxiT Semdegnairad: 

AX B .                              (4.2.3) 
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(4.2.3)-s matriculi gantoleba ewodeba. radgan A  0 , amitom A matricis 

Sebrunebuli A1 matrici arsebobs. (4.2.3) tolobis orive mxare marcxnidan 

gadavamravloT A1-ze: 

A AX A B 1 1( ) , 

 A A X A B 1 1 , 

radganac A A I 1  da XIX  , amitom 

X A B 1 .                           (4.2.4) 

amdenad, (4.2.4) aris (4.2.3)-is amonaxsni. 

n-ucnobian n wrfiv gantolebaTa sistemis amoxsna, matriculi meTodis garda, 

SesaZlebelia determinantebis gamoyenebiT. am meTods krameris*) meTodi ewodeba. 
cxadia, 
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amitom (4.2.4)-is skalaruli saxe iqneba 

,
1

1






n

k
kkii bAAx  

an rac igivea 

xi
xi




, i n 1 2, , , , 

sadac A :  (4.2.1) sistemis mTavari determinantia,  xi
, i n 1 2, , , , _ damxmare 

determinantebi, romlebic mTavar determinantSi xi , i n 1 2, , , , ucnobebis koeficiente-

bis Sesabamisi Tavisufali wevrebiT SecvliT miiRebian. am ukanasknel formulebs krame-
ris formulebi ewodeba. 

ganixileba Semdegi SemTxvevebi: 
1) Tu   0 , maSin (4.2.1) sistemas aqvs erTaderTi amonaxsni; 
2) Tu   0 da  xi

-dan, i n 1 2, , , , erTi mainc gansxvavebulia nulisgan, maSin 

(4.2.1) sistema ar aris Tavsebadi (amonaxsni ar aqvs); 

3) Tu   0 da  xi
 0 , i n 1 2, , , , maSin (4.2.1) sistemas an aqvs usasrulod bevri 

amonaxsni an ar aris Tavsebadi**) (ix. qvemoT kroneker-kapelis Teorema da teqsti mis 

Semdeg). 

                                                 
*) g. krameri (1704 _ 1752) _ Sveicarieli maTematikosi. 
**)  magaliTad,  
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n-ucnobian n wrfiv erTgvarovan gantolebaTa sistemas aqvs Semdegi saxe:  
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                      (4.2.5) 

es sistema Tavsebadia, radgan mas yovelTvis gaaCnia trivialuri, anu nulovani 
x x xn1 2 0     amonaxsni. amasTan, Tu 0 , zemoTqmulidan gamomdinare, 

trivialuri amonaxsni erTaderTi amonaxsnia, vinaidan determinantis me-5 Tvisebis Tanax-

mad yvela  xi
 0 , i n 1 2, , ,  [determinanti nulis tolia, Tu misi romelime svetis 

yvela elementi nulis tolia], xolo Tu 0 , mas usasrulod bevri amonaxsni aqvs. 

ganvixiloT n-ucnobian m wrfiv gantolebaTa Semdegi sistema:  
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                    (4.2.6) 

gansazRvra 4.2.1. suuu ,...,, 21  veqtorTa sistemas ewodeba wrfivad damoukidebeli, Tu 

0...2211  ssuuu   

toloba sruldeba mxolod maSin, roca 0...21  s . Tu veqtorTa sistema ar 

aris wrfivad damoukidebeli, maSin mas wrfivad damokidebuli sistema ewodeba. am 

SemTxvevaSi erTi mainc veqtori warmoidgineba danarCenebis wrfivi kombinaciis saxiT. 

gansazRvra 4.2.2. vityviT, rom veqtorTa sistemis rangi aris 1r  [da CavwerT 

ruuurank s ),...,( 21 , Tu es sistema Seicavs r  wrfivad damoukidebel veqtorisagan 
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araTavsebadi sistemis mTavari da damxmare, determinantebi nulis tolia. 
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Sedgenil erT qvesistemas mainc, magram sistemis yoveli 1r  veqtori wrfivad 

damokidebulia. vityviT, rom rangi aris 0, Tu sistemis yvela veqtori nulovania. 

gansazRvra 4.2.3. matricze elementaruli operaciebi ¿(gardaqmnebi) ewodeba Semdeg 
gardaqmnebs: 

1) matricis striqonebis (svetebis) adgilis Secvla; 

2) romelime striqonis (svetis) elementebis gamravleba nulisgan gansxvavebul raime 
ricxvze; 

3) erTi striqonis (svetis) elementebisTvis sxva striqonis (svetis) Sesabamisi ele-

mentebis, gamravlebulis nulisagan gansxvavebul raime ricxvze, mimateba. 

gansazRvra 4.2.4. matricis rangi ewodeba matricis Sesabamis determinantis nulisgan 

gansxvavebuli minorebis rigebs Soris udidess. 

lema 4.2.5. Tu matrici Seicavs r  rigis   determinants, romelic nulisgan 

gansxvavdeba, xolo yvela 1r  rigis determinanti, romelic  -s Seicavs minorad 

nulis tolia, maSin matricis horizontalur veqtorTa sistemis rangi iqneba 1r . 

Teorema 4.2.6 (matricis rangis Sesaxeb). matricis rangi tolia matricis 

horizontalur (vertikalur) veqtorTa sistemis rangis. 
Sedegi 4.2.7. imisTvis, rom n –uri rigis determinanti nulis toli iyos aucilebeli 

da sakmarisia, rom misi horizontaluri (vertikaluri) veqtorebi iyos wrfivad 

damokidebuli. 

elementaruli moqmedebebis Sedegad matricis rangi ar icvleba. 

gansazRvra 4.2.8. A da B matricebs ewodeba ekvivalenturi ( ~ )A B , Tu erTi maTgani 

meorisgan elementaruli moqmedebebiT miiReba. 

(4.2.6) sistemis matrici ewodeba 
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                       (4.2.7) 

matrics, xolo gafarToebuli matrici _ 
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                      (4.2.8) 

matrics. 

kroneker*)-kapelis**) Teorema. imisTvis, rom (4.2.6) sistema Tavsebadi iyos, 

aucilebeli da sakmarisia, sistemis (4.2.7) matricis rangi gafarToebuli (4.2.8) 

matricis rangis toli iyos.  

Tu ,nm   sistema Tavsebadia da r n , maSin sistemas aqvs erTaderTi amonaxsni, 

xolo roca r n  mas aqvs usasrulod bevri amonaxsni. 

                                                 
*) l. kronekeri (1823 _ 1891) _ germaneli maTematikosi. 
**) a. kapeli (1855 _ 1910) _ italieli maTematikosi. 
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kroneker-kapelis Teoremis ZaliT, (4.2.5) sistema yovelTvis Tavsebadia, radgan 
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matricebis rangebi tolia. 

roca (4.2.1) da (4.2.6) sistemebi Tavsebadia (ix. kroneker-kapelis Teorema) maTi da 

da (4.2.5) sistemis, romelic yovelTvis Tavsebadia, amonaxsnebis sapovnelad mTavari 

determinantidan unda ganvsazRvroT maqsimaluri r  rigis, nulis aratoli minori. maSin 

matricis rangis Sesaxeb Teoremis (Teorema  4.2.6.) Tanaxmad, A  da A
~
 matricebis 

erTidaigive r  horizontaluri veqtori, romlebic Seicaven aRniSnuli minoris 

striqonebs, iqneba wrfivad damoukidebeli, xolo am matricebis nebismieri sxva 

horizontaluri veqtori ki iqneba am r  wrfivad damoukidebeli veqtoris wrfivi 
kombinacia. amitom mocemuli sistemidan davtovoT is gantolebebi, romelTa 

koeficientebi minorSi monawileoben. axlad miRebuli sistema ise gadavweroT, rom 

minorSi monawile koeficientebis Sesabamisi ucnobebi tolobis marcxena mxares 

davtovoT, danarCenebi ki tolobis marjvena mxares gadavitanoT niSnis SecvliT. tolo-

bis marjvena mxares miRebuli gamosaxulebebi Tavisufal wevrebad CavTvaloT da sistema 

Cveulebrivad krameris formulebiT an matriculad amovxsnaT. ramdenadac marjvena 

mxareebi iqneba ucnobebis Semcveli, maTTvis nebismieri mniSvnelobebis miniWebiT miviRebT 

amonaxsnebis usasrulod bevr raodenobas. 

sistemis amoxsnis meTods, romelic ucnobTa gamoricxvas emyareba, gausis***) meTodi 
ewodeba. es meTodi ganvixiloT magaliTebze. 

magaliTi 4.2.9. amovxsnaT Semdegi sistema: 
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amoxsna: SevadginoT gafarToebuli matrici: 

1 1 1

2 3 1

1 1 0
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meore striqons gamovakloT 2-ze gamravlebuli pirveli striqoni ( x1 -is koeficients 

gausis meTodis pirveli bijis wamyvani elementi ewodeba) da mesames gamovakloT 

pirveli (sidide, razec pirveli striqoni unda gavamravloT, miiReba Sesabamisad meore 

da mesame gantolebis x1 -is koeficientis pirveli gantolebis x1 -is koeficientze e.i. 

pirveli bijis wamyvan elementze gayofiT. am moqmedebebis Semdeg meore da mesame 

gantolebebSi gamoiricxa x1 , amasTan am konkretul SemTxvevaSi ar dagvWirda 

damatebiTi moqmedeba mesame gantolebidan 2x -is gamosaricxad): 

                                                 
***) k. f. gausi (1777 _ 1855) _ germaneli maTematikosi. 
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1 1 1

0 1 3
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ramdenadac elementaruli moqmedebebis Sedegad matricis rangi ar icvleba, cxadia, 

 r A r A( )
~

  3 , n  3 , e. i. r n , amdenad, sistemas erTaderTi amonaxsni aqvs. sistema 

CavweroT Semdegi ekvivalenturi saxiT: 
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amiT dasrulda gausis meTodis erTi nawili _ e. w. `pirdapiri svla~. aqedan 

naTelia, rom 

x3 3 , 

x2 7 3 3 2     , 

x1 6 2 3 1    . 

am process gausis meTodis `ukusvla~ ewodeba. 
magaliTi 4.2.10. amovxsnaT Semdegi sistema: 

x y z
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amoxsna: SevadginoT gafarToebuli matrici: 

1 2 3

2 1 1

3 3 2
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meore striqons gamovakloT 2-ze gamravlebuli pirveli striqoni da mesame striqons 

gamovakloT 3-ze gamravlebuli pirveli striqoni: 

1 2 3
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axla, Tu mesame striqons gamovaklebT meores (amiT x2 -s gamovricxavT mesame 

gantolebidan), miviRebT 
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ramdenadac elementaruli moqmedebebis Sedegad matricis rangi ar icvleba, cxadia, 

r A( )  2 ,  r A
~
 3 , e. i.  r A r A( )

~
  da, kroneker-kapelis Teoremis Tanaxmad, sistema 

araTavsebadia. 
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samucnobian gantolebaTa sistemisTvis zogad SemTxvevaSi gausis meTodi amgvaria. 

ganvixiloT Semdegi sistema 
a x a x a x b

a x a x a x b

a x a x a x b

11 1 12 2 13 3 1

21 1 22 2 23 3 2

31 1 32 2 33 3 3
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                      (4.2.9) 

daviwyoT pirdapiri svla. 11a  pirveli bijis wamyvani elementia. sistemis pirveli 

gantoleba gavamravloT 
a
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-ze (vgulisxmobT, rom a11 0 ), miRebuli gamovakloT meore 

gantolebas, maSin 
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 .            (4.2.10) 

Semdeg pirveli gantoleba gavamravloT 
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 .           (4.2.11) 

simoklisTvis (4.2.10)-is koeficientebi aRvniSnoT  22 -iT da  23-iT, xolo marjvena 

mxare _  2 -iT; analogiurad, (4.2.11)-is koeficientebi aRvniSnoT  32 -iT da  33-iT, 

xolo marjvena mxare _  3 -iT. maSin (4.2.9) sistema SeiZleba gadmovweroT: 

a x a x a x b

x x

x x

11 1 12 2 13 3 1

22 2 23 3 2

32 2 33 3 3
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                        (4.2.12) 

saxiT. rogorc vxedavT, meore da mesame gantolebebidan gamovricxeT x1 . axla, Tu 

032  , pirveli gantoleba ucvlelad davtovoT da msgavsi moqmedebebi CavataroT 

meore da mesame gantolebebisgan Semdgari sistemisTvis (4.2.12)-Si. saxeldobr, meore 

gantoleba gavamravloT 
22

32




-ze (vgulisxmobT, rom 022  ) da gamovakloT mesames. amiT 

mesame gantolebaSi gamoiricxeba x2  da sabolood miviRebT (4.2.9) sistemis ekviva-

lentur Semdeg sistemas: 
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                  (4.2.13) 

axla ki ukusvlis process SevudgeT. Tu x3 -is koeficienti nulisagan gansxvavebulia*), 

(4.2.13)-is mesame gantolebidan vpoulobT x3 -s. mis mniSvnelobas CavsvamT meore 

                                                 
*) Tu x3 -is koeficienti nulis tolia, xolo marjvena mxare nulisgan gansxvavebulia, maSin 

aseTi x3 ar arsebobs da sistema araTavsebadia. Tu marjvena mxare nulis tolia, mesame 
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gantolebaSi da gamovTvliT x2 -s. Semdeg x2 -is da x3 -is napovn mniSvnelobebs (4.2.13)-

is pirvelSi CavsvamT da x1 -sac vipoviT.  

Tu 022  , maSin (4.2.12)-is meore gantolebidan vpoulobT 3x -s, Tu 023   

(winaaRmdeg SemTxvevaSi (4.2.12) sistemis determinanti nulis tolia da sistema 

araTavsebadia, Tu gafarToebuli matricis rangi sistemis matricis rangis toli araa. 
Tu maTi rangebi tolia, maSin sistemas usasrulod bevri amonaxsni eqneba.). mis 

mniSvnelobas CavsvamT (4.2.12)-is mesame gantolebaSi da gamovTvliT 2x -s, Tu 032  . 

Semdeg 2x -is da 3x -is mniSvnelobebs pirvelSi CavsvamT da 1x -sac vipoviT.  

Tu 0,0,0 332232   , maSin (4.2.12)-is mesamedan vpoulobT 3x -s. mis 

mniSvnelobas CavsvamT meore gantolebaSi da gamovTvliT 2x -s. Semdeg 2x -is da 3x -is 

napovn mniSvnelobebs pirvelSi CavsvamT da 1x -sac gamovTvliT.  

Tu 0,0 2232   , maSin sistemis determinanti nulis tolia (radgan is am 

SemTxvevaSi diagonaluri elementebis namravlis tolia 22  ki nulis tolia) da 

sistema araTavsebadia, Tu gafarToebuli matricis rangi sistemis matricis rangis 

toli araa. Tu maTi rangebi tolia, maSin sistemas usasrulod bevri amonaxsni eqneba.  

Tu 011 a , maSin pirveli bijis wamyvan elementad unda aviRoT 21a  da 31a -dan 

nulisgan gansxvavebuli. Tu sistema Tavsebadia, mas amovxsniT gausis meTodiT, amasTan 

pirveli bijis wamyvan elementad unda aviRoT 2x –is an 3x –is aranulovani koeficienti. 

im SemTxvevaSi, roca ,3,2,1,01  iai  da 01 b  gantolebaTa sistema Tavsebadi araa, 

radgan nebismieri ix -ebisTvis, ,3,2,1i  pirveli gantolebis marcxena mxare yovelTvis 

nulia, xolo marjvena mxare nuli ar aris, e.i. pirveli gantoleba ar dakmayofildeba. 

Tu 01 b , maSin gantolebaTa sistema iqneba ori gantolebisgan Semdgari samucnobiani 

sistema. am ukanasknel SemTxvevaSi gamoviyenebT kroneker-kapelis Teoremas.  

                                                                                                                                                                   
gantolebas nebismieri x3 daakmayofilebs da ukusvliT, ZiriTad teqstSi miTiTebulis msgavsad, 

miviRebT amonaxsnTa usasrulo raodenobas an sistemis araTavsebadobas. 


