2. sasazRvro amocanebi eiler-puason-darbus gantolebisTvis
Tavi eZRvneba sasazRvro amocanebis gamokvlevas eiler-puason*)-darbus

[image: image1.wmf](

)

0

:

)

,

(

=

+

+

+

=

y

x

yy

xx

b

a

bu

au

u

u

y

u

E

                      (2.0.1)

gantolebisTvis. SemdgomSi a-s da b-s namdvil konstantebad Cav​TliT, Tu sawinaaRmdego ar iqneba Tqmuli.



-Si (2.0.1) gantoleba elifsuri tipisaa, xolo x RerZze, romelic namdvili ricxve​bis evklidur sivrcesTan erTad aRniSnulia 

-iT, gantolebis rigi gvardeba.


[image: image2.wmf](

)

¶

¶

¶

z

x

y

i

:

=

-

1

2

, 
[image: image3.wmf](

)

¶

¶

¶

z

x

y

i

:

=

+

1

2

, 
[image: image4.wmf]z

x

iy

=

-

,

operatorebis daxmarebiT (2.0.1) gantoleba SeiZleba Caiweros


[image: image5.wmf](

)

z

z

u

b

ia

u

b

ia

u

z

z

z

z

-

-

-

+

+

=

¶

¶

¶

2

2

2

0


kompleqsuri formiT. ukanaskneli gantoleba (ix. g. darbu [1]) samecniero literatura​Si cnobilia eileris, eiler-puasonis, eiler-puason-darbus saxeliT.

roca 
[image: image6.wmf]a

=

0

, (2.0.1) gantolebis kerZo saxea:


[image: image7.wmf](

)

y

u

u

bu

xx

yy

y

+

+

=

0

,                         (2.0.2)

romelsac zogi avtori eiler-puason-darbus gantolebas, zogi RerZsimetriuli poten​ci​a​lebis ganzogadebuli Teoriis gantolebas, xolo zogi vainStainis gantolebas uwo​debs.

Zneli dasanaxi araa, rom


[image: image8.wmf]0

1

1

=

+

+

p

p

x

x

x

x

u

u

L

, 
[image: image9.wmf]3

³

p

,
laplasis gantolebis RerZsimetriuli amonaxsnebi (mag., 
[image: image10.wmf]x

1

-is mimarT) daakmayofileben (2.0.2) gantolebas, sadac


[image: image11.wmf]2

2

2

1

,

p

x

x

y

x

x

L

+

=

=

, 
[image: image12.wmf]2

-

=

p

b

.                   (2.0.3)



 SemTxveva kvlevis sagani iyo jer kidev p. s. laplasis dros. arsebiTi na​bi​ji am SemTxvevaSi gadaidga j. g. stoqsis**) da, gansakuTrebiT, e. beltramis***) [1] naS​ro​​meb​Si. v. arndtma [1] miuTiTa 
[image: image13.wmf]b

p

=

=

3

5

(

)

 SemTxvevis mniSvnelobaze mbrunavi lil​ve​bis grex​vis ganxilvis dros. nebismier b-s SemTxvevaSi kvlevas safuZveli Caeyara a. va​in​​Sta​i​nis [1-5] naSromebSi.

(2.0.2) gantolebis amonaxsnTa Tvisobrivi da struqturuli Tvisebebi, maTi kavSiri pir​​veli rigis gadagvarebuli elifsuri gantolebebis sistemis amonaxsnebTan, agreTve sa​sazRvro amocanebi ganxilulia l. bersis, a. jelbartis [1], m.n. olevski [1], m.p. brusis [1,2], a. hi​u​be​ris [1-3], a. erdelis [1], p. henriCis [1,2], m.a. haimenis [1], r.p. jilbertis [1-3], a. va​Sa​rinis da p.i. lizorkinis [1], p.r. garabedianis [1], i.p. krivenkovis [1-5], k.b. rein​je​ris [1], s.v. parteris [1], b. brelo-kolenis da m. brelos [1,2], l.e. vostrovas [1], m.v. korJavinas [1], a.r. xvolesis [1,2], l.g. mixailovis da n. rajabovis [1], a. satarovis [1], v.i. evsinis [2], a.j. fraientis [1], t.v. Cekmariovis [1], m.g. musxeliSvilis [1,2], j.p. kapuris da notaielis [1] da sxvaTa naSromebSi.

cvladTa


[image: image14.wmf]x

=

x

, 
[image: image15.wmf]y

m

m

=

+

+

h

2

2

2

2

, 
[image: image16.wmf]h

>

0

, 
[image: image17.wmf]÷

ø

ö

ç

è

æ

+

=

-

=

2

1

2

m

m

b

b

b

m

, 
[image: image18.wmf])

0

(

1

0

>

<

<

m

b

,
gardaqmnis Semdeg (2.0.1) gantoleba miiRebs


[image: image19.wmf]h

h

xx

hh

x

m

m

u

u

m

a

u

+

+

+

=

-

2

2

0

2

1


saxes. aseTi da ufro zogadi gantolebebi, romelTa gadagvarebis wrfe maxasiaTebeli ar aris, amasTan 

-is koeficienti ar Seicavs singularobas, ganxilulia f. trikomis [1,2], holmgrenis [1], i. vekuas [2], a. biwaZis [1,2], s. gelerstedtis [1-3], f. franklis [1,2], s. g. mixlinis [1] (ix. agreTve a. biwaZe [4], m. m. smirnovi [1,2]) da sxvaTa ga​mok​vle​veb​Si.

cvladTa



, 

, 

,

gardaqmnis Semdeg (2.0.1) gantoleba miiRebs


[image: image20.wmf]0

2

1

2

=

+

+

+

+

h

x

hh

xx

h

h

u

b

u

a

u

u


saxes. aseTi da ufro zogadi gantolebebi, romelTa gadagvarebis wrfe maxasiaTebelia, amas​Tan 

-is koeficienti ar Seicavs singularobas, ganxilulia m. v. keldiSis [1], o. a. oleinikis [1], n. d. vvedenskaias [1], m. i. viSikis [1,2], s. g. mixlinis [2,3], i. l. karo​lis [1], s. a. tersenovis [1,2], xe kan Ceris [1] da sxvaTa gamokvlevebSi.

zemoT ganxiluli yvela gantoleba ekuTvnis gantolebebs arauaryofiTi maxa​si​a​Teb​lu​ri formiT, romelTa erTiani Teoria Seqmna g. fikeram [1-3]. sxvadasxva sakiTxebi am gan​tolebebisTvvis gamokvleulia agreTve e. majenesis [1], o.a. oleinikis da e.v. radkevi​Cis [1], h. iamadas [1], j.j. konis da l. nirenbergis [1], v.p. gluSkos [1,2] (ix. agreTve mimoxilviTi naSromi v.p. gluSko da i.b. savCenko [3]) m.i. freidlinis [1], l.i. kamininis [1], v.a. maloviCkos [1,2], v.f. mosis [1], h. okumuras [1], l.i. kamininis da b.n. ximCenkos [1] da sxvaTa naSromebSi. divergentuli formis meore rigis gantolebebi ganxilulia m. franCozis [1,2], b. frankis da e. lankonelis [1], l. d. kudriavcevis [1], e. g. porus [1], i.v. ribalovis [1] da sxvaTa naSromebSi.

k.o. fridrixsma [1,2] wrfivi simetriuli diferencialuri operatorebisTvis tipis​gan damoukideblad ganixila sasazRvro amocanebi.

meore rigis gadagvarebulrigiani elifsuri gantolebebis analizuri Teoria mocemu​lia a. i. ianuSauskasis [1] monografiaSi.

(2.0.1) gantolebisTvis i. vekuam (ix. [3], gv. 27-28) aago rimanis*) kompleqsuri fun​qcia da miiRo (ix. iqve, gv. 53-54, agreTve n.s. koSliakovi, e.b. glineri, m.m. smirnovi [1]) yvela regularuli (e. i., 

 klasidan) amonaxsnis warmodgena 

-Si mdebare ca​lad​bmul areSi. v.i. evsinma [1] aago (2.0.1) gantolebis fundamenturi amonaxsni da amox​sna holmgrenis amocana, roca 
[image: image21.wmf]1

R

a

Î

, 
[image: image22.wmf][

1

,

0

]

Î

b

. n. rajabovis da k. boltaevis [1] naSromSi (ix. agreTve k. boltaevi da n. rajabovi [1], n. rajabovi da mamuriani [1]) ufro zogadi gantolebis, vid​re (2.0.1)-ia, gamosakvlevad gamoyenebulia fuqsis*) meTodi Cveulebrivi diferen​ci​a​lu​ri gantolebisTvis.
2.1. grinis**) formula. Sesabamisobis, maqsimumisa da zaremba-Jiros principebi. zogierTi kerZo amonaxsni
grinis zogadi formulidan (ix. mag., a. biwaZe [3], gv. 95), Tu 

, uban-uban gluvi 

 sazRvriT SemosazRvruli nebismieri 

 arisTvis, romelic mTlianad 

-Si Zevs, ar aris Zneli grinis formulis ga​mo​yvana 


[image: image23.wmf](

)

(

)

x

b

y

y

b

x

x

b

b

a

b

b

a

u

ay

u

y

u

y

u

E

y

u

L

1

)

,

(

1

)

,

(

:

-

-

+

+

=

=


operatoris SemTxvevaSi. mas aqvs Semdegi saxe



,     (2.1.1)

sadac 

 Siga normalia, 

 operatori aris 

 operatoris SeuRlebuli, xolo or​jeradi integrali krebadia, sazogadod, rogorc arasakuTrivi.

vTqvaT, 

 nebismierad  mcire dadebiTi ricxvia.




sadac


,
arisTvis (2.1.1) formula, cxadia, samarTliania. kerZod, roca 

, (2.1.1)-Si u-s nac​vlad Casmulia funqcia 

 da



,

gveqneba



,         (2.1.2)

sadac



.

(2.0.1) gantolebis amonaxsni aRvniSnoT Semdegnairad:


[image: image24.wmf])

,

(

)

,

(

y

x

u

b

a

.
maSin



                        (2.1.3)

da


[image: image25.wmf],

0

,

1

)

2

,

0

(

)

,

0

(

¹

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

=

¶

¶

+

y

y

u

y

E

y

u

E

y

b

b




        (2.1.4)
igiveobebidan, cxadia, gamomdinareobs






           (2.1.5)
da



,



       (2.1.6)
Sesabamisobis principebi. (2.1.5) principi a. vainStainma [5] im SemTxvevaSi daamtkica, roca 

. iqvea  moy​va​ni​li Sesabamisobis meore (2.1.6) principic, romlis Tanaxmad TiToeuli 

 amonaxsni warmoSobs 

 amonaxsns. (2.1.5) Sesbamisobis principi yovel 
[image: image26.wmf])

,

(

b

a

u

-s uTanadebs 
[image: image27.wmf])

2

,

(

b

a

u

-

-s da piriqiT. SevniSnoT, rom orive principi a. vainStains damtkicebuli aqvs

[image: image28.wmf],

0

)

(

:

=

+

+

=

u

X

u

y

b

u

u

L

y

yy

b


gantolebisaTvisac, sadac 
[image: image29.wmf])

(

u

X

 nebismieri wrfivi operatoria, romelic 
[image: image30.wmf]y

-ze ar aris damokidebuli. advili misaxvedria, rom 
[image: image31.wmf]0

=

u

L

b

 gantolebis 
[image: image32.wmf])

(

b

u

 amonaxsnebisaTvis damtkicebuli Sesabamisobis pirveli principidan 
[image: image33.wmf](

)

)

2

(

)

(

1

b

b

b

u

u

y

-

-

=

 ar gamomdinareobs (2.1.5) Sesabamisobis principi (2.0.1) gantolebis 
[image: image34.wmf])

,

(

b

a

u

 amonaxsnebisaTvis.
cxadia,


[image: image35.wmf])

(

)

(

1

1

u

X

y

u

y

X

b

b

-

-

=

 da 
[image: image36.wmf])

(

1

1

u

X

y

y

y

u

y

X

¶

¶

=

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

.

aqedan


[image: image37.wmf])

(

)

(

1

1

u

X

u

y

X

y

b

b

=

-

-

 da 
[image: image38.wmf](

)

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

=

¶

¶

y

u

y

X

y

u

X

y

1

.

Tu am ukanasknel igiveobas wevr-wevrad SevkrebT Sesabamisad (2.1.3) da (2.1.4) igiveobebTan miviRebT, or axal igiveobas:


[image: image39.wmf])

)(

(

)

)(

(

)

,

(

1

)

2

,

(

1

u

X

E

u

y

X

E

y

b

a

b

b

a

b

+

=

+

-

-

-


da


[image: image40.wmf](

)

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

+

=

÷

÷

ø

ö

ç

ç

è

æ

+

¶

¶

+

y

u

y

yX

E

u

X

E

y

y

b

b

1

)

(

1

)

2

,

0

(

)

,

0

(

.
saidanac gamomdinareobs, rom (2.1.5) da (2.1.6) samarTliania agreTve Sesabamisad

[image: image41.wmf]0

)

)(

(

)

,

(

=

+

u

X

E

b

a


da

[image: image42.wmf](

)

(

)

0

)

2

,

0

(

=

+

+

u

yX

E

b


gantolebebis amonaxsnebisaTvisac.


 polarul koordinatebSi [ix. (1.7.10)] (2.0.1) gantoleba miiRebs




saxes. aqedan Cans, rom (2.0.1) gantolebis yvela kerZo amonaxsni, romelic mxolod 

-zea damokidebuli, akmayofilebs



gantolebas da warmoidgineba

[image: image43.wmf](

)

2

0

1

,

,

;

C

b

a

C

+

W

q

q

, 
[image: image44.wmf]const

C

C

=

2

1

,

,                (2.1.7)

saxiT, sadac nebismieri fiqsirebuli 
[image: image45.wmf]]

,

0

[

0

p

q

Î

, xolo


.

uSualod SeiZleba Semowmdes, rom



               (2.1.8)

gamosaxuleba aseve aris (2.0.1) gantolebis amonaxsni 

-Si nebismieri 

-sTvis. aqedan, Sesabamisobis (2.1.5) principis Tanaxmad, miiReba (2.0.1) gantolebis Semdegi meore amo​nax​sni


[image: image46.wmf]b

a

e

-

r

q

 .                             (2.1.9)

Tu 
[image: image47.wmf][

1

,

]

¥

-

Î

b

, kerZo SemTxvevaSi, roca 

, 

, 

, (2.1.7) miiRebs



                  (2.1.10)

saxes da, radgan


[image: image48.wmf]î

í

ì

<

>

=

-

=

+

®

+

®

,

,

,

,

0

lim

lim

0

0

x

p

x

x

q

x

x

y

x

arcctg

y

y

roca

roca


cxadia,


[image: image49.wmf](

)

ï

î

ï

í

ì

<

=

L

>

=

W

ò

-

=

.

,

sin

:

)

,

(

,

,

0

,

,

0

;

0

0

x

t

t

x

q

p

t

x

d

e

b

a

x

b

a

b

a

y

roca

roca


advili dasadgenia, rom



, 
[image: image50.wmf],

,

0

-

+

®

p

q

                    (2.1.11)

roca


[image: image51.wmf]2

)

,

(

:

+

Î

=

R

y

x

z

, 
[image: image52.wmf]1

R

Î

x

, 

;


[image: image53.wmf](

)

(

)

(

)

(

)

ï

ï

î

ï

ï

í

ì

+¥

®

+¥

®

-

®

-

+

®

=

W

,

,

ln

,

,

ln

,

,

)

ln(

,

0

),

(ln

,

,

;

0

t

t

O

O

O

O

b

a

x

x

p

q

q

p

q

q

q

q

                   (2.1.12)

roca



, 

, 

;


[image: image54.wmf](

)

(

)

(

)

(

)

ï

ï

î

ï

ï

í

ì

+¥

®

+¥

®

-

®

-

+

®

=

W

-

-

-

-

,

,

,

,

,

,

)

(

,

0

),

(

,

,

;

1

1

1

1

0

t

t

O

O

O

O

b

a

b

b

b

b

x

x

p

q

q

p

q

q

q

q

                  (2.1.13)

roca



, 

, 

.

marTlac, Tu 

, maSin


[image: image55.wmf](

)

const

b

a

b

a

=

L

£

W

)

,

(

,

,

;

0

q

q

,
riTac (2.1.11) damtkicda. 

Tu 

, maSin lopitalis*) wesis gamoyenebiT


[image: image56.wmf](

)

lim

;

,

,

ln

lim

sin

q

q

q

q

q

q

q

q

®

+

®

+

-

-

=

=

0

0

0

1

1

1

1

W

a

e

a

,


[image: image57.wmf](

)

p

q

p

q

q

p

q

p

q

q

p

q

p

q

p

q

q

p

q

q

a

a

a

e

e

e

a

=

-

-

=

-

=

-

-

W

-

-

-

®

-

-

-

®

-

®

1

1

1

1

0

)

(

)

(

sin

lim

)

(

sin

lim

)

ln(

1

,

,

;

lim

.

Tu 

, maSin


[image: image58.wmf](

)

lim

;

,

,

lim

sin

q

q

q

q

q

q

q

q

®

+

-

®

+

-

-

-

=

=

0

0

1

0

1

1

W

a

b

b

e

b

a

b

b

,



.
imis gaTvaliswinebiT, rom



, 

,   

,


  

 

,

gveqneba



,


[image: image59.wmf]1

1

1

lim

lim

2

2

1

=

+

=

-

-

-¥

®

-

-¥

®

t

t

t

t

t

q

,



,


[image: image60.wmf]1

1

1

lim

lim

2

2

1

=

-

+

-

=

-

-

+¥

®

-

+¥

®

t

t

t

t

t

q

p

,

xolo wina tolobebis gaTvaliswinebiT,



,


[image: image61.wmf]1

1

1

1

lim

1

1

1

lim

)

ln(

ln

lim

1

2

1

1

2

=

-

+

×

-

=

-

+

×

=

-

-

-

-

-¥

®

-

-¥

®

-¥

®

t

t

t

t

t

t

t

t

t

q

q

,


[image: image62.wmf]1

)

(

)

(

1

lim

ln

)

ln(

lim

1

2

2

=

-

+

-

-

×

-

=

-

-

-

+¥

®

+¥

®

x

x

q

p

x

q

p

x

x

y

x

y

,


[image: image63.wmf]1

1

1

1

lim

ln

)

ln(

lim

1

2

=

-

+

-

×

-

=

-

-

-

+¥

®

+¥

®

t

t

t

t

t

q

p

q

p

.

zemoT moyvanili gamosaxulebebidan gamomdinareobs (2.1.12) da (2.1.13).

SemdegSi Cven vigulisxmebT, rom


[image: image64.wmf])

,

(

:

)

(

y

x

u

z

u

=

.

maqsimumis principi 2.1.1. Tu 

 aris (2.0.1) gantolebis amonax​sni da


[image: image65.wmf]ï

î

ï

í

ì

=

¹

Î

Î

+¥

®

=

=

¥

-

Î

Î

+¥

®

=

,

0

,

0

[,

1

,

0

]

,

,

),

1

(

;

0

,

0

[,

0

,

]

,

,

),

1

(

1

1

b

a

b

R

a

r

o

b

a

b

R

a

r

O

u

an

an

 

roca

an

an

 

roca


maSin



.                      (2.1.14)

damtkiceba. vTqvaT, 
[image: image66.wmf][

1

,

0

[

Î

b

 da 

 naklebia 

-s mniSvnelobaze romelime 

 wer​​tilSi. SevarCioT R imdenad didi, rom Caketili 

 naxevarwre Seicavdes aRniSnul wertils da



 

-Si.

maSin



.      (2.1.15)

vTqvaT, axla 

, 

. davafiqsiroT nebismieri dadebiTi 

 ricxvi da ganvixiloT



,   
[image: image67.wmf]y

x

ctg

arc

=

:

0

q

,
funqcia. (2.1.9)-is gamo 

 funqcia akmayofilebs (2.0.1) gantolebas 

-Si. cxadia, rom



.

SevarCioT R imdenad didi, rom 

 naxevarwris sazRvarze 

 funqcia ara​uar​yo​fiTi iyos. amis miRweva yovelTvis SeiZleba, radgan 

 monakveTze


[image: image68.wmf])

0

,

(

)

0

,

(

x

u

M

x

e

M

x

U

b

a

³

³

+

=

-

*

q

e

, 
[image: image69.wmf]î

í

ì

>

<

=

*

,

0

,

0

,

0

,

x

x

p

q


xolo 

 naxevarwrewirze, u-s SemosazRvrulobis gamo, R-is SerCevis xarjze,


.

aqedan eqstremumis Zlieri principis (ix. Teorema 1.6.3 an, mag., a. fridmani [1], gv. 74) sa​fuZ​velze vaskvniT, rom 

-is nebismier wertilSi 

 funqcia arauaryofiTia. mag​ram, roca z fiqsirebulia da 

, maSin funqcia 

. amdenad 

 naxevar​wris yovel wertilSi gvaqvs



.

eqstremumis Zlieri principis ZaliT, mudmivisgan gansxvavebuli 

 funqcia 

 aris arcerT wertilSi ar miiRebs Tavisi M maqsimaluri mniSvnelobis tol mniS​vne​lo​bas. maSasadame, 

-Si yvelgan adgili aqvs Semdeg mkacr utolobas



.                             (2.1.16)

radgan nebismieri 

 wertilisTvis arsebobs z-is Semcveli 

 naxevarwre, amitom (2.1.16) utolobas adgili aqvs 

-Si.

Tu 

, maSin 

 da, zemoT damtkicebulis gamo,


, roca 

,
e. i.,


, roca 

.                        (2.1.17)

(2.1.16), (2.1.17)-dan vaskvniT, rom



, roca 

.
magram es ukanaskneli da (2.1.15) toloba (2.1.14) tolobis tolfasia.



 SemTxveva klasikuria (ix., mag., f. joni [1], gv. 83).



(
vTqvaT, S caladbmuli area 

 sazRvriT, sadac 

 aris 

-Si mdebare Jor​da​nis*) Ria rkali 

, 

 boloebiT, xolo 

 _ 

 RerZis 

 mo​nak​​ve​Ti.

woniani zaremba-Jiros principi 2.1.2. vTqvaT, 
[image: image70.wmf](

)

S

C

S

C

u

I

)

(

2

Î

 funqcia akmayofi​lebs


[image: image71.wmf][

1

,

0

]

),

0

(

0

)

,

(

Î

£

³

b

u

E

b

a

,
utolobas da Siga 

 wertilSi iRebs udides dadebiT (umcires uaryofiT) mniS​vne​lo​bas, e.i., 
[image: image72.wmf](

)

0

,

)

(

0

x

u

u

>

<

V

. maSin


[image: image73.wmf])

0

(

0

)

(

)

1

(

lim

1

1

0

>

<

-

-

+

-

®

j

j

j

b

j

x

x

y

z

u

y

¶

¶

, 
[image: image74.wmf]2

+

Î

R

z

, 
[image: image75.wmf]l

j

,

,

1

K

=

, 
[image: image76.wmf]N

l

Î

,

Tu


[image: image77.wmf])

(

1

SUI

C

y

u

y

l

l

l

b

Î

-

+

¶

¶

, 
sadac funqciis mniSvnelobad I-s wertilebSi miRebulia maTi I-ze zRvruli mniSvne​lo​be​bi S-idan.

damtkiceba. vTqvaT, jer 
[image: image78.wmf]1

=

l

. zogadobis SeuzRudavad davuSvaT, rom 

 udi​​desi mniSvnelobaa. cxadia, ar SeiZleba, rom



.                         (2.1.18)

davuSvaT, rom



.                         (2.1.19)

cvladTa


[image: image79.wmf]x

=

x

, 
[image: image80.wmf]2

2

2

2

+

=

+

m

y

m

h

, 
[image: image81.wmf]0

>

h

, 
[image: image82.wmf]÷

ø

ö

ç

è

æ

+

=

-

=

2

1

2

m

m

b

b

b

m

, 
[image: image83.wmf])

0

(

1

0

>

<

<

m

b

,
gardaqmnis Semdeg 

 operatori miiRebs


[image: image84.wmf]u

E

m

u

E

m

b

a

~

~

2

2

2

/

1

)

,

(

-

+

=

h


saxes, sadac


[image: image85.wmf]x

hh

xx

h

h

u

a

m

u

u

u

E

m

m

~

2

2

~

~

:

~

~

1

2

-

+

+

+

=

, 
[image: image86.wmf](

)

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

è

æ

+

=

+

2

2

,

:

,

~

2

2

m

u

u

m

h

x

h

x

.
2.1.2 principis pirobebisa da (2.1.19)-is Tanaxmad, cxadia,


[image: image87.wmf](

)

(

)

(

)

0

~

lim

,

1

0

,

~

,

0

~

~

0

,

,

0

0

=

=

³

+

®

h

¶

¶

h

x

u

x

u

u

E

x

.                   (2.1.20)

ganvixiloT (Seadare, smirnovi [1], gv. 34)


[image: image88.wmf](

)

(

)

h

e

h

x

e

h

x

e

e

u

v

A

-

=

~

,

~

,


funqcia, sadac 

 aris 

 rkalis 

 asaxvis wertilTa ordinatebis maqsimumi. radgan 
[image: image89.wmf](

)

0

,

0

x

 wertili ar emTxveva 
[image: image90.wmf]V

~

 rkalis bolo wertilebs, daS​vebis Tanaxmad,

[image: image91.wmf]e

V

-

£

1

~

max

~

u

, 
[image: image92.wmf]1

0

<

=

<

const

e

,
amitom


[image: image93.wmf]{

}

(

)

.

0

,

,

)

0

,

(

~

,

)

1

(

~

0

~

~

\

~

~

~

~

~

0

e

e

e

e

e

e

e

e

e

e

e

e

V

-

=

-

£

-

=

-

<

=

-

-

£

A

A

A

x

I

A

A

A

A

e

x

v

e

e

x

u

v

e

e

e

e

v

               (2.1.21)

(2.1.20)-is pirveli damokidebulebis ZaliT,


[image: image94.wmf]0

2

2

2

~

~

1

2

³

-

-

-

-

+

+

+

-

v

e

e

e

v

e

e

e

v

a

m

v

v

A

A

m

m

h

h

h

h

h

x

hh

xx

e

e

e

e

h

h

.

aqedan eqstremumis susti principis (ix. 1.6.3 Teoremis Sedegi an mag., a. fridmani [1], gv. 75) Ta​nax​​mad v udides dadebiT mniSvnelobas 
[image: image95.wmf]S

¶

sazRvarze, e. i., (2.1.21)-is gamo, 

 wer​til​Si aRwevs.

meore mxriv, (2.1.20)-is ZaliT,


[image: image96.wmf](

)

(

)

(

)

(

)

(

)

(

)

0

~

~

lim

lim

2

~

2

2

~

2

~

0

,

,

0

,

,

0

0

>

-

=

ú

ú

û

ù

ê

ê

ë

é

-

+

-

=

+

®

+

®

e

e

e

e

h

¶

¶

e

e

h

¶

¶

h

h

h

h

x

h

x

A

A

A

x

x

e

u

e

e

e

u

e

e

v

.
es ki ewinaaRmdegeba imas, rom v dadebiT maqsimums 

 wertilSi aRwevs. maSasadame, (2.1.18)-Tan erTad gamoiricxa (2.1.19)-ic. amitom


[image: image97.wmf]0

lim

0

<

®

y

u

y

b

x

z

¶

¶

*) ,

radgan sxva SemTxvevebi araa SesaZlebeli.

uaryofiTi minimumis SemTxveva, 

 funqciis ganxilviT, daiyvaneba wina SemTxve​va​ze.

amiT, roca 
[image: image98.wmf]1

=

l

, principi damtkicebulia. principis samarTlianoba nebismieri l-sTvis, lopitalis wesis gamoyene​biT, gamomdinareobs


[image: image99.wmf]l

l

l

b

x

z

l

j

j

j

b

x

z

j

b

x

z

b

x

z

y

u

y

l

b

y

u

y

j

b

y

y

u

b

y

u

y

¶

¶

¶

¶

¶

¶

¶

¶

1

1

1

1

1

2

2

0

0

0

0

lim

)

1

,

(

)

1

(

lim

)

1

,

(

)

1

(

lim

1

lim

-

+

®

-

-

+

®

-

-

-

®

®

-

-

=

-

-

=

-

=


tolobebidan, radgan ukanaskneli zRvari, pirobis Tanaxmad, arsebobs, xolo 

, 
[image: image100.wmf]l

j

,

,

2

K

=

.


(
maqsimumis principi 2.1.3. vTqvaT, 

. Tu 
[image: image101.wmf]÷

ø

ö

ç

è

æ

Î

*

I

S

SU

C

S

C

u

\

)

(

2

¶

I

 (

, 

 aris 
[image: image102.wmf])

(

z

u

, 
[image: image103.wmf]S

¶

z

Î

, funqciis pirveli gvaris wyvetis wertilebis sasruli simravle) Se​mosazRvruli funqcia (2.0.1) gantolebis amonaxsnia, maSin


[image: image104.wmf])

(

sup

)

(

sup

\

\

z

¶

z

¶

u

z

u

I

S

I

S

SU

z

*

*

Î

Î

=

.                        (2.1.22)

toloba ZalaSi rCeba maSinac, roca 

, Tu damatebiT davuSvebT, rom


[image: image105.wmf]2

,

0

)

(

lim

+

+¥

®

Î

=

R

z

z

u

z

.                         (2.1.23)

damtkiceba. vTqvaT,


[image: image106.wmf])

(

sup

:

\

z

¶

z

u

M

I

S

*

Î

=

.

davafiqsiroT nebismieri 

 dadebiTi ricxvi da ganvixiloT




funqcia, sadac



.



 funqcia, (2.1.6)-is gamo, akmayofilebs (2.0.1) gantolebas, yvelgan metia M-ze da uw​​yvetia 
[image: image107.wmf]*

I

S

SU

\

¶

-Si, amasTan argumentis 
[image: image108.wmf]j

x

 wertilebTan miaxloebisas is miis​wra​fis 

-sken. yve​la 
[image: image109.wmf]j

x

 wertilis, rogorc centris garSemo, SemovxazoT sakmaod mcire 

 radiusis mqo​ne wrewirebi. 

-Ti aRvniSnoT are, romelic S aridan miiReba aseT wrewirebis Sesabamis wreebTan misi yvela Ta​nakveTis mocilebiT. 

 funqcia arauaryofiTia S da 

 areebis sazRvrebis sa​erTo nawilze, xolo roca 

 sakmaod mcirea, arauaryofiTia 

 wrewirebzec, radgan 

 funqcia pirobis Tanaxmad SemosazRvrulia, xolo roca 

, 

-is mniSvnelobebi wrewirebze SemousazRvravad izrdeba. aqedan maqsimumis Zlieri prin​ci​pis safuZvelze vaskvniT, rom 

 da, maSasadame, S aris nebismier wertilSi (radgan S aris nebismieri wertili ekuTvnis romelime 

 ares, roca 

 sakmarisad mcirea) 

 funqcia arauaryofiTia. magram Tu z fiqsirebulia da 

, maSin 

, amitom S-is nebismier wertilSi



.

meore mxriv, maqsimumis Zlieri principis ZaliT 

-s ar SeuZlia S-is SigniT mii​Ros Tavisi M maqsimaluri mniSvnelobis toli mniSvneloba. maSasadame, S-Si yvelgan ad​gi​li aqvs




utolobas.

Tu


[image: image110.wmf])

(

inf

:

\

z

¶

z

u

m

I

S

*

Î

=

,

maSin


[image: image111.wmf][

]

)

(

sup

:

\

z

¶

z

u

m

I

S

-

=

-

*

Î


da, zemoT damtkicebulis Tanaxmad,



, roca 

,
e. i.,


, roca 

.

amrigad,



, roca 

.

aqedan



, roca 

,

rac (2.1.22) tolobis tolfasia. amiT S sasruli aris SemTxvevaSi maqsimumis principi dam​tkicebulia.

axla ganvixiloT 

 naxevarsibrtyis SemTxveva. nebismieri


[image: image112.wmf]ê

ê

ë

é

ú

ú

û

ù

Î

*

Î

)

(

sup

,

0

\

1

z

e

z

u

I

R

-sTvis,

(2.1.23)-is gamo, SeiZleba moiZebnos iseTi R sakmarisad didi ricxvi, rom yvela 


,

sadac


[image: image113.wmf]{

}

2

2

2

2

:

)

,

(

:

R

y

x

R

y

x

K

R

<

+

Î

=

+

,

da 



, roca 

.                      (2.1.24)

meore mxriv, Tu gamoviyenebT sasruli arisTvis zemoT moyvanil maqsimumis princips, gveqneba


[image: image114.wmf])

(

sup

)

(

sup

\

\

z

¶

z

u

z

u

I

K

I

K

z

R

R

*

*

Î

Î

=

.                        (2.1.25)

(2.1.24) da (2.1.25)-dan gamomdinareobs, rom


[image: image115.wmf])

(

sup

)

(

sup

)

(

sup

)

(

sup

\

\

\

\

1

1

2

z

z

z

¶

z

u

u

z

u

z

u

I

R

I

K

I

K

z

I

R

R

z

R

R

*

*

*

*

+

Î

Î

Î

Î

=

=

=

U

.

        (
maqsimumis principi 2.1.4. vTqvaT, 

. Tu 
[image: image116.wmf]÷

ø

ö

ç

è

æ

Î

*

I

S

SU

C

S

C

u

\

)

(

2

¶

I

 SemosazR​vru​li funqcia (2.0.1) gantolebis (e. i., am SemTxvevaSi laplasis gantolebis) amonaxsnia, ma​Sin adgili aqvs (2.1.22)-s. kerZod, dasaSvebia, rom 

.

damtkiceba. S sasruli aris SemTxvevaSi es principi gamomdinareobs eqstremumis principidan, romelic damtkicebulia m. a. lavrentievis*) da b. v. Sabatis [1] wignSi (ix. gv. 211). 

-is SemTxvevaSi is mtkicdeba




saxis funqciis saSualebiT, im meTodis gamoyenebiT, romelic mocemulia 2.1.1 maqsimumis principis damtkicebaSi.

2.2. dirixles amocana naxevarsibrtyeSi

am paragrafSi vTvliT, rom 
[image: image117.wmf]a

 da 
[image: image118.wmf]b

kompleqsuri ricxvebia.

(2.0.1) gantolebis is amonaxsnebi, romlebsac ar aqvT izolirebuli gansakuTrebuli wer​tilebi 
[image: image119.wmf]y

=

0

 wrfeze, rogorc y cvladis funqciebi, roca 
[image: image120.wmf]y

®

+

0

, ZiriTadad ise iq​ce​vian rogorc


[image: image121.wmf]yu

y

bu

y

"

(

)

'

(

)

+

=

0

                          (2.2.1)

Cveulebrivi diferencialuri gantolebis amonaxsnebi.

advili dasanaxia, rom (2.2.1) gantolebis zogad amonaxsns aqvs


[image: image122.wmf]u

y

C

y

C

b

C

y

C

b

b

(

)

,

;

ln

,

,

=

+

¹

+

=

ì

í

î

-

1

1

2

1

2

1

1

roca

roca


saxe, sadac 
[image: image123.wmf]C

1

 da 
[image: image124.wmf]C

2

 nebismieri kompleqsuri mudmivebia.
es imas niSnavs, rom aRniSnuli amonaxsnebi, roca 
[image: image125.wmf]y

®

+

0

, Semdegnairad iqcevian: a) Tu 
[image: image126.wmf]Re

]

,

[

b

Î

-

¥

1

, yvela amonaxsni moduliT SemosazRvrulia; b) Tu 
[image: image127.wmf]b

=

1

, maT Soris arseboben araSemosazRvrulebic, meore mxriv, 
[image: image128.wmf](

)

ln

y

-

1

-ze gamravlebuli yvela amonaxsni SemosazRvrulia; g) Tu 
[image: image129.wmf]Re

]

,

[

b

Î

+¥

1

, maT Soris arseboben araSemosazRvrulebic, meore mxriv, 
[image: image130.wmf]y

b

-

1

-ze gamravlebuli yvela amonaxsni SemosazRvrulia. amis Sesabamisad davsvaT Semdegi sasazRvro amocana:

amocana 2.2.1. 
[image: image131.wmf]R

+

2

-Si vipovoT 
[image: image132.wmf](

)

u

C

R

Î

+

2

2

 funqcia, romelic akmayofilebs (2.0.1) gantolebas da erT-erTs Semdegi sasazRvro pirobebidan:


[image: image133.wmf](

)

lim

(

)

z

x

u

z

f

x

®

=

0

0

, roca 
[image: image134.wmf]Re

]

,

[

b

Î

-

¥

1

;                     (2.2.2)


[image: image135.wmf](

)

lim

ln

(

)

z

x

y

u

z

f

x

®

-

æ

è

ç

ö

ø

÷

=

0

1

1

0

, roca 
[image: image136.wmf]b

=

1

;                      (2.2.3)


[image: image137.wmf](

)

lim

(

)

z

x

b

y

u

z

f

x

®

-

=

0

1

0

, roca 
[image: image138.wmf]Re

]

,

[

b

Î

+¥

1

                   (2.2.4)

sadac 
[image: image139.wmf]z

R

Î

+

2

, 
[image: image140.wmf]x

R

I

0

1

Î

*

\

, f uban-uban uwyveti, SemosazRvruli da, sazogadod, 
[image: image141.wmf]R

1

-ze kompleqsuri mniSvnelobebis mqone funqciaa, 
[image: image142.wmf]I

*

 aris  f funqciis wyvetis wertilTa simravle.

SeniSvna 2.2.2. 2.2.1 amocanis Sesabamisi amocana (2.2.1) gantolebisTvis, cxadia, cxadad amoxsnadia, garda SemTxvevisa, roca 
[image: image143.wmf]Re

b

=

1

, 
[image: image144.wmf]Im

b

¹

0

. am SemTxvevaSi, miuxedavad imisa, rom (2.2.1) gantolebis zogadi

[image: image145.wmf](

)

C

y

C

C

e

C

C

e

C

i

b

y

i

b

i

b

y

1

2

1

2

1

2

-

-

-

+

=

+

=

+

Im

ln

Im

Im

ln


[image: image146.wmf](

)

(

)

[

]

=

-

+

C

b

y

i

b

y

C

1

2

cos

Im

ln

sin

Im

ln


amonaxsni SemosazRvrulia, misi zRvari, roca 
[image: image147.wmf]y

®

+

0

, ar arsebobs da amdenad ar arsebobs amonaxsni, romelic mocemul mniSvnelobas iRebs, roca 
[image: image148.wmf]y

=

0

.

Teorema 2.2.3. 2.2.1 amocanis amonaxsns aqvs


[image: image149.wmf]ï

ï

ï

ï

î

ï

ï

ï

ï

í

ì

¥

Î

-

L

=

+

¥

-

Î

L

=

ò

ò

ò

¥

+

¥

-

-

¥

+

¥

-

-

+¥

¥

-

-

-

)

7

.

2

.

2

(

,

[

,

1

]

Re

,

)

(

)

2

,

(

1

)

6

.

2

.

2

(

;

1

,

)

(

1

1

)

5

.

2

.

2

(

[;

1

,

]

Re

,

)

(

)

,

(

)

(

1

2

1

b

d

e

f

b

a

b

d

e

f

e

b

d

e

f

b

a

y

z

u

b

a

a

a

b

a

b

x

r

x

x

r

x

x

r

x

q

q

p

q


saxe, sadac, roca 
[image: image150.wmf]b

=

1

, f funqcia unda akmayofilebdes pirobas, romelic uzrunvelyofs (2.2.6) integralis krebadobas, magaliTad,


[image: image151.wmf](

)

f

O

const

(

)

,

,

x

x

x

a

a

=

®

+¥

=

>

-

0

,

pirobas.

damtkiceba. (2.0.1) gantolebis wina paragrafSi agebuli 


[image: image152.wmf]y

e

b

a

b

1

2

-

-

q

r

                           (2.2.8)

amonaxsni, cxadia, amonaxsnad rCeba kompleqsur a-sa da b-sTvisac.

ganvixiloT (2.2.5) integrali. radgan 
[image: image153.wmf]Re

b

<

1

, Zneli dasanaxi araa, rom is absoluturad da Tanabrad krebadia 
[image: image154.wmf]x

y

,

-is mimarT nebismier Caketil areSi, romelic 
[image: image155.wmf]R

2

+

-is SigniT mdebareobs da misi diferencireba nebismier ricxvjer SeiZleba x da y parametrebis mimarT. amdenad, (2.2.5) integrali warmoadgens (2.0.1)  gantolebis amonaxsns, radgan integralqveSa gamosaxuleba emTxveva (2.2.8) amonaxsns gamravlebuls

[image: image156.wmf]f

a

b

(

)

(

,

)

x

L

-ze.


[image: image157.wmf]x

=

+

x

yt

 Casmis Semdeg (2.2.5) integrali


[image: image158.wmf](

)

u

x

y

a

b

f

x

yt

e

t

dt

a

arc

ctg

t

b

(

,

)

(

,

)

(

)

(

)

=

+

+

×

-

-

-¥

+¥

ò

1

1

2

2

1

L


saxes miiRebs. aqedan


[image: image159.wmf](

)

(

)

u

x

y

M

a

b

e

t

dt

M

a

b

a

b

a

arc

ctg

t

b

(

,

)

(

,

)

Re

,

Re

(

,

)

(

)

£

+

=

×

-

-

-¥

+¥

ò

L

L

L

1

2

2

1

,
sadac


[image: image160.wmf]M

f

R

:

sup

(

)

=

Î

x

x

1

.                                 (2.2.9)

cxadia,


[image: image161.wmf](

)

(

)

(

)

u

x

y

f

x

a

b

f

x

yt

f

x

e

t

dt

a

arc

ctg

t

b

(

,

)

(

,

)

(

)

(

)

-

=

+

-

+

×

-

-

-¥

+¥

ò

0

0

2

2

1

1

1

L

,      (2.2.10)

sadac 
[image: image162.wmf]x

0

 aris f funqciis uwyvetobis wertili.

(2.2.9)-is gamo,


[image: image163.wmf](

)

f

x

yt

f

x

M

(

)

+

-

<

0

2

, roca 
[image: image164.wmf]2

+

Î

R

z

, 
[image: image165.wmf]1

0

,

R

t

x

Î

.

vTqvaT, 
[image: image166.wmf]e

>

0

 nebismieri ragind mcire ricxvia. maSin (2.2.10) arasakuTrivi integralis 
[image: image167.wmf]z

R

Î

+

2

, 
[image: image168.wmf]x

R

0

1

Î

-s mimarT Tanabari krebadobis ZaliT, arsebobs sakmaod didi, 
[image: image169.wmf]e

-ze, magram ara x, y da 
[image: image170.wmf]x

0

-ze damokidebuli 
[image: image171.wmf]R

(

)

e

>

1

 ricxvi, iseTi rom


[image: image172.wmf](

)

(

)

2

1

3

2

1

3

2

2

1

2

2

1

M

a

b

e

t

dt

M

a

b

e

t

dt

a

arc

ctg

t

b

R

a

arc

ctg

t

b

R

L

L

(

,

)

,

(

,

)

.

Re

(

)

Re

Re

(

)

Re

×

-

-

-¥

-

×

-

-

+¥

+

<

+

<

ò

ò

e

e

               (2.2.11)

radgan f funqcia uwyvetia 
[image: image173.wmf]x

0

 wertilSi, 
[image: image174.wmf]e

-sTvis moiZebneba iseTi 
[image: image175.wmf](

)

d

e

1

0

,

x

 ricxvi, rom


[image: image176.wmf](

)

f

x

yt

f

x

a

b

a

b

(

)

(

,

)

(Re

,

Re

)

+

-

<

0

3

e

L

L

, roca 
[image: image177.wmf]x

yt

x

+

-

<

0

1

d

.

axla, Tu 
[image: image178.wmf]t

R

<

, 
[image: image179.wmf]x

x

-

<

0

d

 da 
[image: image180.wmf]0

<

<

y

d

, sadac


[image: image181.wmf]d

d

d

=

<

1

1

2

2

R

,

maSin


[image: image182.wmf]x

yt

x

x

x

y

t

R

R

R

+

-

£

-

+

<

+

<

+

=

0

0

1

1

1

2

2

d

d

d

d

d

.

maSasadame,


[image: image183.wmf](

)

f

x

yt

f

x

a

b

a

b

(

)

(

,

)

(Re

,

Re

)

+

-

<

0

3

e

L

L

, roca 
[image: image184.wmf]t

R

x

x

y

<

-

<

<

<

,

,

0

0

d

d

.  (2.2.12)

Tu (2.2.10) integrals warmovadgenT sami integralis, romelTa integrirebis sazRvrebia 
[image: image185.wmf]-¥

-

,

R

; 
[image: image186.wmf]-

+

R

R

,

; 
[image: image187.wmf]+

+¥

R

,

, jamis saxiT, (2.2.11) utolobebis safuZvelze, miviRebT, rom


[image: image188.wmf](

)

(

)

e

e

e

=

+

L

+

<

-

ò

+¥

¥

-

-

-

×

dt

t

e

b

a

x

f

y

x

u

b

t

ctg

arc

a

1

2

Re

2

)

(

Re

0

1

)

Re

,

(Re

3

3

2

)

,

(

,       (2.2.13)

roca 
[image: image189.wmf](

)

x

x

x

-

<

0

0

d

e

,

, 
[image: image190.wmf](

)

0

0

<

<

y

x

d

e

,

, e. i., (2.2.5) gamosaxuleba akmayofilebs (2.2.2) sasazRvro pirobas.

SeniSvna 2.2.4. Tu f funqcia Tanabrad uwyvetia 
[image: image191.wmf]R

1

-ze, maSin (2.2.13) utoloba 
[image: image192.wmf]x

0

-is mimarT Tanabrad Sesruldeba. amis gamo, roca 
[image: image193.wmf]z

x

®

0

, (2.2.5) integrali 
[image: image194.wmf]x

0

-is mimarT Tanabrad miiswrafis 
[image: image195.wmf](

)

f

x

0

-sken.

SeniSvna 2.2.5. roca 
[image: image196.wmf]a

=

0

, 
[image: image197.wmf]Im

b

=

0

, (2.2.5)-dan vRebulobT a. vainStainis cnobil formulas [4].

SeniSvna 2.2.6. Tu f uban-uban mudmivi funqciaa, romelic 
[image: image198.wmf](

)

-¥

,

x

1

, 
[image: image199.wmf](

)

x

x

1

2

,

,
[image: image200.wmf]K

,
[image: image201.wmf](

)

x

n

,

+¥

, 
[image: image202.wmf](

)

1

,

,

2

,

1

,

1

-

=

<

+

n

i

x

x

i

i

K

 intervalebSi Sesabamisad 
[image: image203.wmf]1

2

1

,

,

,

+

n

c

c

c

K

, mudmiv kompleqsur mniSvnelobebs iRebs, maSin (2.1.10)-is da (2.1.8)-is ZaliT, (2.2.5) formula miiRebs


[image: image204.wmf](

)

(

)

u

x

y

a

b

c

d

d

x

y

d

c

d

d

x

y

d

x

x

x

(

,

)

(

,

)

,

,

=

-

+

-

+

ì

í

ï

î

ï

-¥

ò

ò

1

1

2

1

1

2

L

W

W

x

x

x

x

x

x

L



[image: image205.wmf](

)

(

)

{

y

x

x

c

b

a

d

y

x

d

d

c

n

x

n

,

)

,

(

1

,

1

1

1

-

W

L

=

ï

þ

ï

ý

ü

-

W

+

ò

¥

+

+

x

x

x



[image: image206.wmf](

)

[

]

(

)

(

)

[

]

þ

ý

ü

-

W

-

-

W

+

-

W

-

L

+

å

=

-

+

n

k

k

k

k

n

n

y

x

x

y

x

x

c

y

x

x

b

a

c

2

1

1

,

,

,

)

,

(


saxes. aq is gaviTvaliswineT, rom

[image: image207.wmf]0

sin

)

,

(

lim

0

0

=

=

-

W

ò

-

-¥

®

t

t

x

t

x

d

e

y

x

b

a


da


[image: image208.wmf]).

,

(

sin

)

,

(

lim

0

b

a

d

e

y

x

b

a

L

=

=

-

W

ò

-

+¥

®

p

t

x

t

t

x


axla ganvixiloT (2.2.6) integrali. is, cxadia, akmayofilebs (2.0.1) gantolebas da, 1.8.3 SeniSvnis Tanaxmad, (2.2.3) sasazRvro pirobas. marTlac,


[image: image209.wmf](

)

[

]

lim

ln

(

)

lim

(

)

z

x

a

a

a

z

x

a

y

e

f

e

d

e

y

f

a

x

y

e

d

®

-

-

-¥

+¥

®

-

-¥

+¥

æ

è

ç

ö

ø

÷

+

=

-

+

-

-

ò

ò

0

0

1

1

1

1

1

1

1

3

p

q

p

q

x

r

x

x

x

r

x



[image: image210.wmf](

)

(

)

=

+

+

+

+

=

®

-

-

-¥

+¥

ò

1

1

1

1

0

2

3

2

0

e

f

x

yt

at

e

t

dt

f

x

a

z

x

a

arc

ctg

t

p

lim

(

)(

)

(

)

,

radgan (1.9.47)-is Tanaxmad


[image: image211.wmf](

)

e

at

t

dt

a

a

a

a

arc

ctg

t

(

)

(

)

(

,

)

(

,

)

-

-

-¥

+¥

+

+

=

-

+

-

ò

1

1

1

1

2

3

2

1

L

L



[image: image212.wmf](

)

(

)

p

p

q

q

q

a

a

e

d

e

a

a

a

+

=

+

=

-

L

+

=

ò

1

sin

1

)

1

,

(

1

0

2

2

.

dasasrul, vTqvaT, 
[image: image213.wmf]Re

b

>

1

. SemoviRoT


[image: image214.wmf]U

z

y

u

z

b

(

)

(

)

=

-

1

                              (2.2.14)

axali saZiebeli funqcia. (2.1.5) Sesabamisobis principis Tanaxmad da (2.2.4)-is gaTvaliswinebiT SeiZleba davaskvnaT, rom U funqcia unda akmayofilebdes


[image: image215.wmf](

)

E

U

z

b

b

a

b

,

*

(

)

,

*

=

=

-

<

0

2

1

,                                  (2.2.15)

gantolebas da


[image: image216.wmf](

)

,

\

,

,

)

(

lim

1

0

2

0

0

*

+

®

Î

Î

=

I

R

x

R

z

x

f

z

U

x

z


sasazRvro pirobas.

bolo amocanis amonaxsnis (2.2.5) formuliT warmodgeniT da (2.2.14) tolobiT 
[image: image217.wmf]u

z

(

)

 funqciaze gadasvlis Semdeg miviRebT (2.2.7)-s.

SeniSvna 2.2.7. Tu 
[image: image218.wmf]a

b

R

,

Î

1

, maSin 
[image: image219.wmf]L

(

,

)

a

b

¹

0

 
[image: image220.wmf](

)

b

<

1

, 
[image: image221.wmf]L

(

,

)

a

b

2

0

-

¹

 
[image: image222.wmf](

)

b

>

1

. roca 
[image: image223.wmf]a

b

R

,

Î

1

, imisTvis, rom (2.2.5), (2.2.7) gamosaxulebebs azri hqondeT, aucilebeli da sakmarisia


[image: image224.wmf]b

ia

N

±

Î

2


pirobebis Sesruleba (ix. Teorema 1.9.4). Tu 
[image: image225.wmf]a

R

Î

1

, maSin 
[image: image226.wmf]1

0

+

¹

e

a

p

 da (2.2.6) gamo​sa​xulebas azri aqvs, xolo roca 
[image: image227.wmf]a

R

Î

1

, maSin amisaTvis aucilebeli da sakmarisia, rom


[image: image228.wmf]a

k

i

¹

+

(

)

2

1

,

sadac k mTel mniSvnelobebs iRebs.
$ 2.3. amocana naxevarsibrtyeSi, roca sazRvarze mocemulia nebismieri fiqsirebuli rigis warmoebuli woniT
(2.2.1) gantolebis zogadi amonaxsnis m-uri rigis


[image: image229.wmf]      (2.3.1)

warmoebuli, roca 
[image: image230.wmf]y

®

+

0

, ar iZleva (2.0.1) gantolebis amonaxsnTa y-iT m-uri rigis warmoebulebis yofaqcevis Sesaxeb, iseT srul informacias, rogoric Cven TviT amonaxsnis yofaqcevis Sesaxeb gvqonda. rogorc amas qvemoT vnaxavT, es yofaqceva damokidebulia ara mxolod b koeficientze, aramed a koeficientzec da m-is luwoba-kentobazec. amitom rigis gadagvarebis mqone gantolebebisTvis, am azriT, modeluri xdeba TviT (2.0.1) gantoleba.

mainc SevniSnoT, rom, rogorc es (2.3.1)-dan gamomdinareobs, yvela m-uri rigis warmoebuli, roca 
[image: image231.wmf]y

®

+

0

, xasiaTdeba Semdegnairad: a) Tu 
[image: image232.wmf]b

m

Î

-

¥

-

]

,

[

1

, yvela nuli xdeba (amonaxsnis usasrulobaSi SemosazRvrulobis daSvebiT m-uri rigis yvela warmoebuli igivurad nulis tolia, roca 
[image: image233.wmf]0

£

<

+¥

y

); b) Tu 
[image: image234.wmf]b

m

=

-

1

, yvela SemosazRvruli rCeba. isini konstantebi arian (amonaxsnis usasrulobaSi SemosazRvrulobis daSvebiT m-uri rigis yvela warmoebuli igivurad nulis tolia, roca 
[image: image235.wmf]0

£

<

+¥

y

); g) Tu 
[image: image236.wmf]b

m

Î

-

+¥

]

,

[

1

 da 
[image: image237.wmf]b

m

¹

-

-

0

1

2

,

,

,

K

, maSin yvela SemousazRvravia (amonaxsnis usasrulobaSi SemosazRvrulobis daSvebiT m-uri rigis yvela warmoebuli igivurad nulis tolia, roca 
[image: image238.wmf]0

£

<

+¥

y

, Tu 
[image: image239.wmf]]

1

,

]

¥

-

Î

b

. meore mxriv, 
[image: image240.wmf]y

b

m

+

-

1

-ze gamravlebuli m-uri rigis yvela warmoebuli SemosazRvruli rCeba, xolo roca 
[image: image241.wmf]b

m

=

-

-

0

1

2

,

,

,

K

, 
[image: image242.wmf]m

³

2

, isini igivurad nulebi arian. aqedan cxadi mxolod isaa, rom (2.0.1) gantolebis SemTxvevaSi 
[image: image243.wmf]R

+

2

-Si, Tu 
[image: image244.wmf][

,

1

]

[

,

1

]

[

,

1

]

+¥

º

+¥

+¥

-

Î

I

m

b

, m rigis warmoebulis wona, roca 
[image: image245.wmf]y

®

+

0

, unda iyos 
[image: image246.wmf]y

b

m

+

-

1

 funqcia.

am paragrafSi (2.1.5), (2.1.6) saxis amonaxsnebis daxmarebiT kvadraturebSi vagebT iseTi sasazRvro amocanebis amonaxsnebs 
[image: image247.wmf]R

+

2

-Si, roca sazRvarze  mocemulia saZiebeli funqciis m rigis warmoebuli Sesabamisi woniT. ufro zogadi amocana kanonikuri saxis, magram aragadagvarebuli elifsuri gantolebisTvis Seswavlilia i. vekuas mier (ix. [3], gv. 113, 138-149, agreTve analogiuri amocanebi i. vekuas [1] da n. musxeliSvilis [1], gv. 285, naSromebSi). 

SemoviRoT Semdegi aRniSvnebi:

vTqvaT,


[image: image248.wmf](

)

(

)

(

)

1

0

1

0

1

)

(

,

  

,

)!

1

(

:

0

R

c

d

f

m

f

m

k

k

k

m

m

Î

+

-

-

=

å

ò

-

=

-

-

x

x

x

t

t

t

x

x

x

x

,

sadac


[image: image249.wmf]c

const

k

=

, 
[image: image250.wmf]m

N

Î

0

 
[image: image251.wmf],...})

2

,

1

{

:

},

0

{

:

(

0

=

=

N

N

N

U

 
[image: image252.wmf](

)

(

)

f

f

(

)

:

0

x

x

=

,

xolo 
[image: image253.wmf]f

 nebismier 
[image: image254.wmf]]

,

[

x

x

0

 intervalze integrebadi funqciaa. aRvniSnoT 
[image: image255.wmf]f

m

*

-

(

)

-iT SemosazRvruli funqciebi 
[image: image256.wmf]f

m

(

)

-

-ebs Soris, xolo 
[image: image257.wmf]f

m

0

(

)

-

-iT _ maT Soris qrobadi, roca 
[image: image258.wmf]x

®

+¥

, funqciebi.

SemoviRoT funqciebis Semdegi klasebi:


[image: image259.wmf]C

G

m

(

)

 aris im funqciebis klasi, romlebsac 
[image: image260.wmf]G

R

p

Ì

-Si aqvT uwyveti kerZo warmoebulebi m rigis CaTvliT yvela cvladis mimarT;


[image: image261.wmf])

(

G

C

m

*

 aris 
[image: image262.wmf]C

G

m

(

)

-s qveklasi, romelic Sedgeba SemosazRvrul warmoebulebiani SemosazRvruli funqciebisagan;


[image: image263.wmf]C

G

C

G

0

(

):

(

)

=

 aris 
[image: image264.wmf]G

-Si uwyveti funqciebis klasi;


[image: image265.wmf](

)

T

G

I

m

m

g

g

,

,

*

æ

è

ç

ö

ø

÷

, 
[image: image266.wmf]G

R

Ì

+

2

, 
[image: image267.wmf]m

N

Î

0

, aris 
[image: image268.wmf](

)

2

2

)

(

+

Î

R

G

C

G

C

u

I

I

 funqciebis klasi, romlebic 
[image: image269.wmf]G

-Si akmayofileben (2.0.1) gantolebas da Semdeg pirobas: sasruli raodenoba wertilebis 
[image: image270.wmf]1

*

R

G

I

I

¶

Ì

 simravlis wertilebis midamoSi SemosazRvruli funqcia


[image: image271.wmf]g

¶

¶

e

m

m

m

y

u

y

C

G

I

R

(

)

\

Î

æ

è

ç

ö

ø

÷

æ

è

ç

ö

ø

÷

*

I

2


sadac


[image: image272.wmf]{

}

1

0

,

:

)

,

(

:

1

2

<

=

£

£

Î

=

const

y

R

x

y

x

R

e

e

,


[image: image273.wmf]]

[

ï

ï

ï

ï

ï

ï

î

ï

ï

ï

ï

ï

ï

í

ì

Î

÷

÷

ø

ö

ç

ç

è

æ

Î

Î

-

=

=

÷

÷

ø

ö

ç

ç

è

æ

Î

-

¥

-

Î

=

Î

-

³

-

=

=

Î

=

-

-

+

-

-

,

)

,

(

  

     

,

1

ln

;

)

,

(

   

       

,

;

  

,

  

,

0

  

  

,

1

ln

;

  

,

,

  

,

0

  

 

          

,

;

 

,

1

2

  

,

0

  

,

)

,

(

 

,

1

)

(

,

3

1

,

2

1

1

1

1

1

0

,

1

m

m

m

b

m

m

i

b

a

y

i

b

a

y

N

m

m

b

a

y

y

N

m

m

b

a

y

N

n

m

n

b

a

i

b

a

y

roca

roca

roca

roca

 

an

 

an

 

roca

g



EMBED Equation.3[image: image274.wmf]]

[

{

}

0

2

0

.

1

  

,

0

,

  

,

0

  

1

,

:

)

,

(

:

N

m

a

N

m

a

m

b

b

a

i

m

Î

=

Î

¹

-

¥

-

Î

=

 

an

 

 

an

 

da

,


[image: image275.wmf]{

,

})

1

{

\

  

,

1

2

2

,

,

2

,

0

(

  

,

1

2

   

,

0

  

 

,

0

 

[,

 

,

1

]

;

 

,

0

 

[,

1

 

,

]

:

)

.

(

0

0

1

,

2

þ

ý

ü

Î

÷

÷

ø

ö

ç

ç

è

æ

-

ú

û

ù

ê

ë

é

-

-

-

¹

Î

-

>

-

¹

=

¹

Î

¥

+

-

Î

Î

=

-

-

Î

=

N

m

m

m

b

N

n

m

n

b

a

a

N

m

m

b

N

m

a

m

m

b

b

a

i

m

 

roca

  

igivea

 

rac

 

an

 

an

 

an

da

 

 

an

 

 

an

 

K



[image: image276.wmf]{

}

},

0

{

:

,...},

4

,

2

{

:

,...},

3

,

1

{

:

,

  

,

0

,

0

  

1

:

)

,

(

2

0

2

2

1

0

2

0

,

3

U

N

N

N

N

N

m

a

N

m

a

m

b

b

a

i

m

=

=

=

Î

=

Î

¹

-

=

=

 

an

 

,

 

an

 

da


xolo 
[image: image277.wmf]I

*

 SeiZleba iyos carieli simravlec;


[image: image278.wmf](

)

(

)

Æ

=

,

),

(

:

),

(

G

y

T

G

y

T

m

m

m

m

g

g

;


[image: image279.wmf](

)

(

)

2

),

(

:

)

(

+

=

R

y

T

y

T

m

m

m

m

g

g

;


[image: image280.wmf]
[image: image281.wmf](

)

(

)

N

n

N

m

y

T

y

T

m

m

m

m

n

Î

Î

Ì

   

,

   

,

)

(

)

(

0

g

g

, iseT funqciebis klasia, romlebic akmayofileben 
[image: image282.wmf](

)

u

C

R

R

Î

+

2

1

U

 da 
[image: image283.wmf](

)

u

x

C

R

n

(

,

)

0

1

Î

*

 pirobebs;


[image: image284.wmf](

)

Ì

)

(

0

y

T

m

m

n

g



EMBED Equation.3[image: image285.wmf](

)

T

y

n

m

m

g

(

)

iseTi  funqciebis klasia, romlebic akmayofileben


[image: image286.wmf]lim

(

,

)

x

u

x

®

+¥

=

0

0


pirobas;


[image: image287.wmf](

)

(

)

(

)

.

)

(

:

)

(

:

)

(

0

  

 

0

0

y

T

y

T

y

T

m

m

m

m

m

m

g

g

g

=

=



[image: image288.wmf]C

m

N

m

*

-

Î

(

)

,

, aris uwyveti, 
[image: image289.wmf]R

1

-ze SemosazRvruli 
[image: image290.wmf]f

 funqciebis klasi, romlebisTvisac arseboben 
[image: image291.wmf]f

j

*

-

(

)

, 
[image: image292.wmf]j

m

=

1

,

,

K

, funqciebi;


[image: image293.wmf]C

m

N

m

0

(

)

,

-

Î

, aris 
[image: image294.wmf]f

C

m

Î

*

-

(

)

  funqciebis klasi, romlebisTvisac arsebobs 
[image: image295.wmf]f

m

0

(

)

-

 funqciebi;


[image: image296.wmf]0

0

0

C

C

º

*

 uwyveti, 
[image: image297.wmf]R

1

-ze SemosazRvruli funqciebis klasia.

TvalsaCinoebisTvis gansaxilveli woniani amocana davSaloT Semdeg amocanebad:
amocana 2.3.1. vTqvaT, 
[image: image298.wmf](

,

)

,

a

b

i

m

Î

1

. vipovoT 
[image: image299.wmf]u

T

m

m

Î

(

)

1

 funqcia, romelic akmayofilebs


[image: image300.wmf](

)

lim

(

)

,

,

z

x

m

m

u

z

y

f

x

z

R

x

R

®

+

=

Î

Î

0

0

2

0

1

¶

¶

,                (2.3.2)

sasazRvro pirobas, sadac 
[image: image301.wmf]f

C

m

Î

*

-

(

)

, da


[image: image302.wmf]u

O

r

a

R

b

a

b

o

r

a

R

b

a

b

=

®

+¥

Î

Î

-

¥

=

=

®

+¥

Î

Î

¹

=

ì

í

ï

ï

î

ï

ï

(

),

,

,

]

,

[,

,

;

(

),

,

,

]

,

[,

,

,

1

0

0

0

1

0

1

0

0

1

1

roca an

an

roca an

an

               (2.3.3)

pirobas.

amocana 2.3.2. vTqvaT, 
[image: image303.wmf]a

=

0

, 
[image: image304.wmf]b

m

Î

-

¥

-

]

,

[

, 
[image: image305.wmf]m

N

Î

1

. vipovoT 
[image: image306.wmf]u

T

y

m

m

Î

+

-

1

1

(

)

 funqcia, romelic akmayofilebs


[image: image307.wmf](

)

lim

(

)

,

,

z

x

m

m

y

u

z

y

f

x

z

R

x

R

®

-

+

=

Î

Î

0

1

0

2

0

1

¶

¶

,                 (2.3.4)

sasazRvro pirobas, sadac 
[image: image308.wmf]f

C

m

Î

*

-

-

(

)

1

, da 


[image: image309.wmf]u

O

r

=

®

+¥

(

),

1

,                              (2.3.5)

pirobas.

amocana 2.3.3. vTqvaT, 
[image: image310.wmf]a

=

0

, 
[image: image311.wmf]b

m

=

-

, 
[image: image312.wmf]m

N

Î

1

. vipovoT 
[image: image313.wmf]u

T

y

y

m

m

Î

æ

è

ç

ö

ø

÷

æ

è

ç

ç

ö

ø

÷

÷

+

-

1

1

1

ln

 funqcia, romelic akmayofilebs


[image: image314.wmf](

)

lim

ln

(

)

,

,

z

x

m

m

y

y

u

z

y

f

x

z

R

x

R

®

-

+

æ

è

ç

ö

ø

÷

=

Î

Î

0

1

1

0

2

0

1

¶

¶

,              (2.3.6)

sasazRvro pirobas, sadac 
[image: image315.wmf]f

C

m

Î

*

-

-

(

)

1

, da (2.3.5) pirobas.
amocana 2.3.4. vTqvaT, 
[image: image316.wmf](

,

)

,

a

b

i

m

Î

2

. vipovoT 
[image: image317.wmf](

)

u

T

y

m

b

m

Î

+

-

1

 funqcia, romelic akmayofilebs


[image: image318.wmf](

)

lim

(

)

,

,

z

x

b

m

m

m

y

u

z

y

f

x

z

R

x

R

®

+

-

+

=

Î

Î

0

1

0

2

0

1

¶

¶

,                   (2.3.7)

sasazRvro pirobas, sadac 
[image: image319.wmf]f

C

Î

*

0

 [roca 
[image: image320.wmf]b

Î

-

¥

]

,

]

1

, vTvliT, rom 


[image: image321.wmf](

)

f

O

(

)

x

x

a

=

-

, 
[image: image322.wmf]x

®

+¥

, 
[image: image323.wmf]a

>

-

1

b

,

an roca 
[image: image324.wmf]b

Î

]

,

]

0

1

, vTvliT, rom 
[image: image325.wmf]f

C

Î

*

-

(

)

1

], da Sesabamiss Semdegi pirobebidan


[image: image326.wmf]u

O

y

r

b

=

®

+¥

-

(

),

1

,                             (2.3.8)

roca an 
[image: image327.wmf]a

R

Î

1

, 
[image: image328.wmf]b

Î

+¥

]

,

[

2

, an 
[image: image329.wmf]a

=

0

, 
[image: image330.wmf]b

=

2

;


[image: image331.wmf]u

o

y

r

b

=

®

+¥

-

(

),

1

,                             (2.3.9)

roca an 
[image: image332.wmf]a

R

Î

1

, 
[image: image333.wmf]b

Î

]

,

[

1

2

, an 
[image: image334.wmf]a

¹

0

, 
[image: image335.wmf]b

=

2

;


[image: image336.wmf]u

O

r

u

u

O

r

r

x

y

=

=

®

+¥

-

-

(

),

,

(

),

1

2

,                    (2.3.10)

da


[image: image337.wmf]lim

y

y

y

u

u

dx

®

+

-¥

+¥

×

=

ò

0

0

,

Tu


[image: image338.wmf]1

1

0

,

0

1

ln

lim

R

x

u

y

y

Î

=

÷

÷

ø

ö

ç

ç

è

æ

-

+

®

,                         (2.3.11)

roca 
[image: image339.wmf]a

R

Î

1

, 
[image: image340.wmf]b

=

1

;


[image: image341.wmf]+¥

®

=

=

+

r

o

u

UR

R

O

u

),

1

(

),

(

1

2

,                   (2.3.12)

roca an 
[image: image342.wmf]a

R

Î

1

, 
[image: image343.wmf]b

Î

]

,

[

0

1

;


[image: image344.wmf](

)

(

)

(

)

u

I

O

r

u

I

O

r

u

I

O

r

r

x

x

y

y

=

+

=

+

=

+

®

+¥

-

-

-

(

)

(

)

(

)

,

,

,

1

1

1

2

1

2

,     (2.3.13)

sadac


[image: image345.wmf]ò

+¥

¥

-

-

-

=

x

r

x

q

d

e

f

m

b

a

M

I

b

a

)

(

)

,

0

,

,

(

:

1

0

)

1

(


da


[image: image346.wmf]lim

y

b

y

y

u

u

dx

®

+

-¥

+¥

×

=

ò

0

0

,

Tu


[image: image347.wmf]lim

,

y

b

m

m

m

y

u

y

x

R

®

+

+

-

=

Î

0

1

1

0

¶

¶

,                      (2.3.14)

roca 
[image: image348.wmf]a

R

Î

1

, 
[image: image349.wmf]b

Î

-

¥

]

,

]

0

.
amocana 2.3.5. vTqvaT, 
[image: image350.wmf](

,

)

,

a

b

i

m

Î

3

. vipovoT 
[image: image351.wmf]u

T

y

m

m

Î

æ

è

ç

ö

ø

÷

æ

è

ç

ç

ö

ø

÷

÷

-

ln

1

1

 funqcia, romelic akmayofilebs


[image: image352.wmf](

)

lim

ln

(

)

,

,

z

x

m

m

y

u

z

y

f

x

z

R

x

R

®

-

+

æ

è

ç

ö

ø

÷

=

Î

Î

0

1

1

0

2

0

1

¶

¶

,              (2.3.15)

sasazRvro pirobas, sadac 
[image: image353.wmf]f

C

m

Î

*

-

(

)

, roca 
[image: image354.wmf]m

>

0

, xolo roca 
[image: image355.wmf]m

=

0

, maSin an 
[image: image356.wmf]f

C

Î

*

-

(

)

1

, an 
[image: image357.wmf]f

 uwyveti funqciaa,


[image: image358.wmf](

)

f

O

(

)

,

,

x

x

x

a

a

=

®

+¥

>

-

0

,                    (2.3.16)

da (2.3.3) pirobas, roca 
[image: image359.wmf]m

>

0

, xolo roca 
[image: image360.wmf]m

=

0

, _ (2.3.10), (2.3.11) pirobebs.
amocana 2.3.6. vTqvaT, 
[image: image361.wmf]a

=

0

, 
[image: image362.wmf]b

=

0

, 
[image: image363.wmf]m

N

Î

. vipovoT 
[image: image364.wmf]R

+

2

-Si y-iT m rigis Semosaz​Rvru​li warmoebulis mqone 
[image: image365.wmf]u

T

m

Î

(

)

1

 funqcia, romelic akmayofilebs (2.3.2) sasazRvro piro​bas, sadac


[image: image366.wmf](

)

f

O

m

(

)

,

,

x

x

x

a

a

=

®

¥

>

-

,

uwyveti funqciaa.

amocana 2.3.7. vTqvaT, 
[image: image367.wmf],

1

2

,

0

m

n

b

a

-

³

-

=

=

 sadac 
[image: image368.wmf]0

N

n

Î

. vipovoT 
[image: image369.wmf])

1

(

m

T

u

Î

 fun​qcia, romelic akmayofilebs (2.3.2) sasazRvro pirobas, sadac


[image: image370.wmf](

)

(

)

.

,

0

,

,

,

;

,

0

,

)

(

0

)

(

0

m

k

k

O

f

m

j

C

f

k

m

k

j

k

=

>

+¥

®

=

=

Î

-

-

-

a

x

x

x

a

          (2.3.17)

Teorema 2.3.8. 2.3.1-2.3.7 amocanebis amonaxsni Sesabamisad moicema Semdegi gamosaxu​le​be​biT:


[image: image371.wmf]ò

+¥

¥

-

-

-

*

-

-

L

=

x

r

x

q

d

e

f

y

b

a

y

x

u

b

a

m

b

m

2

)

(

1

1

1

)

(

)

,

(

)

,

(

,                     
(2.3.18)


[image: image372.wmf]ò

+¥

¥

-

-

-

-

*

-

-

+

L

=

x

r

x

d

f

y

b

y

x

u

b

m

b

m

2

)

1

(

1

1

1

2

)

(

)

,

0

(

)

,

(

,                     
(2.3.19)


[image: image373.wmf]ò

+¥

¥

-

-

-

-

-

*

+

-

+

-

-

-

L

+

=

x

r

x

d

f

y

m

m

y

x

u

m

m

m

m

2

)

1

(

1

1

1

1

3

)

(

)

2

,

0

(

)

2

(

)

,

(

,        
(2.3.20)


[image: image374.wmf]ò

+¥

¥

-

-

-

=

x

r

x

q

d

e

f

m

b

a

M

y

x

u

b

a

)

(

)

,

,

(

)

,

(

1

4

,                        
(2.3.21)


[image: image375.wmf]ò

+¥

¥

-

-

-

-

*

-

=

x

r

x

q

d

e

f

y

a

d

y

x

u

m

a

m

m

m

1

)

(

1

5

)

(

)

(

)

,

(

,                           (2.3.22)

sadac


[image: image376.wmf]î

í

ì

=

+

>

-

-

L

+

-

-

L

+

=

+

,

0

,

1

;

0

),

1

,

(

)

1

,

(

)

1

(

)

(

1

m

e

m

m

a

a

m

a

m

a

d

a

m

m

m

roca

roca

p



[image: image377.wmf]ò

å

¥

+

¥

-

-

ú

û

ù

ê

ë

é

+

=

ï

î

ï

í

ì

÷

÷

ø

ö

ç

ç

è

æ

-

+

+

-

-

=

1

2

1

0

6

2

)

1

(

1

2

1

ln

)

(

)!

1

(

1

)

,

(

m

l

m

l

m

f

m

y

x

u

r

x

p



[image: image378.wmf](

)

´

-

-

+

é

ë

ê

ù

û

ú

-

-

+

+

-

é

ë

ê

ù

û

ú

-

-

+

-

æ

è

ç

ö

ø

÷

(

)

(

)

(

)

1

1

2

1

2

1

1

2

2

2

1

1

2

m

l

l

m

l

y

x

m

m

x



[image: image379.wmf]+

-

-

+

-

-

æ

è

ç

ç

ö

ø

÷

÷

-

é

ë

ê

ù

û

ú

-

+

+

-

-

=

é

ë

ê

ù

û

ú

-

å

arc

tg

y

x

m

l

y

m

m

l

l

l

m

m

x

1

2

1

1

2

1

2

1

2

1

1

2

0

2

1

(

)

(

)

(

)



[image: image380.wmf](

)

´

-

ü

ý

þ

+

é

ë

ê

ù

û

ú

-

æ

è

ç

ö

ø

÷

-

=

-

å

x

d

Q

x

y

m

l

l

l

l

m

x

x

2

2

1

0

1

(

)

,                                 (2.3.23)

sadac


[image: image381.wmf](

):

L

=

=

-

å

0

0

1

l

;


[image: image382.wmf]Q

x

C

x

C

m

m

m

-

-

-

=

+

1

1

1

2

1

(

)

, 
[image: image383.wmf]Q

x

C

x

C

m

m

m

-

-

-

=

+

2

1

2

2

2

(

)

,


[image: image384.wmf]Q

x

l

l

x

t

Q

t

dt

C

x

C

l

m

l

l

x

x

l

l

(

)

(

)(

)

(

)

(

)

,

,

,

=

-

+

+

-

+

+

=

-

+

ò

1

2

0

3

2

1

2

0

K

,

[image: image385.wmf]C

const

l

m

l

a

a

=

=

=

-

,

,

,

,

,

1

2

0

1

K

,                 (2.3.24)


[image: image386.wmf][

]

(

)

(

)

[

]

,

Im

)

1

(

Re

)

1

(

)

1

2

(

)

)(

1

(

)

,

(

)

1

(

2

1

2

1

2

)

(

0

1

0

7

ò

Õ

å

¥

+

¥

-

+

-

+

+

-

=

=

-

+

ï

þ

ï

ý

ü

ï

î

ï

í

ì

-

-

-

-

-

+

G

=

x

r

x

x

p

d

x

i

y

f

j

m

y

k

a

y

x

u

k

k

m

m

m

n

j

n

k

k

n

k

    (2.3.25)

warmodgenas, sadac 
[image: image387.wmf]Re

 Seesabameba 
[image: image388.wmf]m

N

Î

2

0

 da 
[image: image389.wmf]Im

 ki 
[image: image390.wmf]m

N

Î

1

;


[image: image391.wmf];

,

0

,

1

,

0

,

1

),

(

0

,

0

;

,

0

,

)

1

2

(

1

1

1

1

n

j

n

l

a

j

l

a

a

n

k

a

k

n

a

a

j

j

j

l

l

n

k

n

k

n

k

=

-

=

=

<

=

=

=

-

-

-

=

-

-

-

-


2.3.1, 2.3.5 amocanebis amonaxsnebi, roca 
[image: image392.wmf]m

=

0

, da 2.3.4 amocanis amonaxsni erTaderTia.

2.3.1, 2.3.5 amocanebis amonaxsnebi, roca 
[image: image393.wmf]m

>

0

, da 2.3.2, 2.3.3 amocanebis amonaxsnebi ganisazRvrebian aditiuri mudmivis sizustiT.

2.3.6 amocanis amonaxsni ganisazRvreba


[image: image394.wmf]Q

x

y

l

l

l

m

(

)

=

-

å

0

1


Sesakrebis sizustiT, romelic 
[image: image395.wmf]2

m

 raodenobis 
[image: image396.wmf],

2

,

1

,

=

a

a

l

C

 nebismier mudmivs Seicavs [ix. (2.3.24)].

Tu 
[image: image397.wmf]f

C

m

Î

-

0

(

)

, 2.3.1, 2.3.5 amocanebis SemTxvevaSi, roca 
[image: image398.wmf]m

>

0

, da Tu 
[image: image399.wmf]f

C

m

Î

-

-

0

1

(

)

, 2.3.2, 2.3.3 amocanebis SemTxvevaSi, maSin zemoT xsenebuli amocanebis amonaxsnebi erTaderTia Sesabamisad


[image: image400.wmf])

1

(

   

0

T

m

m

, 
[image: image401.wmf]÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

-

1

   

0

1

ln

y

T

m

m

, 
[image: image402.wmf](

)

1

      

0

1

-

+

y

T

m

m

, 
[image: image403.wmf]÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

-

+

1

     

0

1

1

ln

y

y

T

m

m

,

klasebSi (am SemTxvevaSi (2.3.18)-(2.3.20) da (2.3.22) gamosaxulebebSi varskvlavebi nulebiT unda SevcvaloT).

2.3.6 amocanis SemosazRvruli an usasrulobaSi qrobadi amonaxsnebi, sazogadod, ar arseboben. aseTebis arsebobis SemTxvevaSi SemosazRvruli amonaxsnebi ganisazRvrebian mudmiv Sesakrebamde sizustiT, xolo qrobadebi _ calsaxad.
SeniSvna 2.3.9. 
[image: image404.wmf]m

=

0

, 
[image: image405.wmf]1

,

R

b

a

Î

 da 
[image: image406.wmf]m

=

1

, 
[image: image407.wmf]1

R

a

Î

, 
[image: image408.wmf][

,

0

]

+¥

Î

b

, SemTxvevebi Seswavlilia g. jaianis naSromebSi [3,6,8,20]. mogvianebiT 
[image: image409.wmf]m

=

0

1

,

 SemTxveva ramdenadme sxva gziT iqna ganxiluli o.i. mariCevis naSromSi [1], romelSic amonaxsnis erTaderTobis sakiTxi araa gamokvleuli 
[image: image410.wmf]a

 da 
[image: image411.wmf]b

 koeficientebis yvela mniSvnelobisTvis. nebismieri m-is SemTxveva gamokvleulia g. jaianis naSromebSi [13,15,16].

SeniSvna 2.3.10. vTqvaT, 
[image: image412.wmf]f

 uban-uban uwyveti SemosazRvruli funqciaa. Tu (2.3.18)-(2.3.20), (2.3.22) formulebSi 
[image: image413.wmf]f

-s varskvlavebs movaSorebT da 2.3.3, 2.3.5 amocanebis SemTxvevaSi Sesabamisad CavTvliT, rom


[image: image414.wmf](

)

(

)

f

O

f

C

m

m

(

)

(

)

*

,

,

,

-

-

-

+

-

=

®

+¥

>

Î

1

1

1

0

0

x

x

x

a

a

;

da


[image: image415.wmf](

)

(

)

f

O

f

C

m

m

(

)

(

)

*

,

,

,

-

-

-

=

®

+¥

>

Î

x

x

x

a

a

0

1

0

,

maSin (2.3.18)-(2.3.23) gamosaxulebebi 
[image: image416.wmf]R

+

2

-Si daakmayofileben (2.0.1) gantolebas, xolo 
[image: image417.wmf]f

 funqciis uwyvetobis wertilebSi _ Sesabamisad (2.3.2), (2.3.4), (2.3.6), (2.3.7), (2.3.15), (2.3.2) pirobebs, maSinac ki, roca 
[image: image418.wmf]a

 da 
[image: image419.wmf]b

 kompleqsuri ricxvebia, Tu 
[image: image420.wmf]Re

b

 akmayofilebs im pirobebs, romlebsac akmayofilebda 
[image: image421.wmf]b

 namdvili konstanta (garda 2.3.3, 2.3.5 amocanebisa, sadac b mudmivs yovelTvis namdvilad vTvliT). bunebrivia, Cven unda gamovricxoT kompleqsuri 
[image: image422.wmf]a

 da 
[image: image423.wmf]b

-s is mniSvnelobebi, romelTaTvisac (2.3.18), (2.3.19), (2.3.21), (2.3.22) gamosaxulebebSi mniSvneli nuli xdeba (ix. $ 1.9).

2.3.7 amocanis amoxsna. (2.3.17)-dan, roca 
[image: image424.wmf]k

m

=

, cxadia, gamomdinareobs, rom


[image: image425.wmf](

)

(

)

(

)

f

f

O

m

m

m

0

0

1

(

)

,

,

x

x

x

x

a

a

º

=

®

+¥

>

³

-

,

e. i. 
[image: image426.wmf](

)

f

x

 funqcia absoluturad integrebadia 
[image: image427.wmf]R

1

-ze. Tu davuSvebT, rom yvela 
[image: image428.wmf]y

>

0

-saTvis


[image: image429.wmf]¶

¶

j

j

u

x

y

y

j

m

(

,

)

,

,

=

0

,

funqciebi 
[image: image430.wmf]x

-is mimarT absoluturad integrebadia 
[image: image431.wmf]R

1

-ze, amasTan y-is mimarT Tanabrad,


[image: image432.wmf]u

u

x

,

®

0

, roca 
[image: image433.wmf]x

®

+¥

,

da 
[image: image434.wmf](

)

u

C

R

Î

+

2

2

, maSin,


[image: image435.wmf]e

ixt

2

p

-ze

gamravlebis da 
[image: image436.wmf]x

-iT 
[image: image437.wmf]-¥

-dan 
[image: image438.wmf]+¥

-mde integrebis Semdeg,


[image: image439.wmf](

)

y

u

u

nu

xx

yy

y

+

-

=

2

0

,                        (2.3.26)


[image: image440.wmf]¶

¶

m

m

y

u

x

y

y

f

x

(

,

)

(

)

=

=

0

,                        (2.3.27)

tolobebidan miviRebT, rom


[image: image441.wmf]y

U

t

y

y

n

U

t

y

y

t

yU

t

y

¶

¶

¶

¶

2

2

2

2

0

(

,

)

(

,

)

(

,

)

-

-

=

,                (2.3.28)


[image: image442.wmf]¶

¶

m

m

y

U

t

y

y

F

t

(

,

)

(

)

=

=

0

,                        (2.3.29)

sadac 


[image: image443.wmf]U

t

y

u

x

y

e

dx

ixt

(

,

)

(

,

)

=

-¥

+¥

ò

1

2

p

,                      (2.3.30)


[image: image444.wmf]F

t

f

x

e

dx

ixt

(

)

(

)

=

-¥

+¥

ò

1

2

p

.                         (2.3.31)

rogorc cnobilia, (2.3.28) gantolebis amonaxsns aqvs


[image: image445.wmf]U

t

y

y

y

y

V

t

y

y

n

n

(

,

)

(

,

)

=

æ

è

ç

ö

ø

÷

æ

è

ç

ö

ø

÷

+

-

2

1

1

¶

¶

                    (2.3.32)

saxe, sadac 
[image: image446.wmf]V

t

y

(

,

)

 aris


[image: image447.wmf]¶

¶

2

2

2

0

V

t

y

y

t

V

t

y

(

,

)

(

,

)

-

=


gantolebis amonaxsni. ukanasknelis zogad amonaxsns ki aqvs


[image: image448.wmf]ï

î

ï

í

ì

=

+

¹

+

=

-

.

0

,

;

0

,

)

(

)

(

)

,

(

2

1

2

1

t

C

y

C

t

e

t

C

e

t

C

y

t

V

t

y

t

y

roca

roca


saxe. vTqvaT,


[image: image449.wmf]const

C

C

C

t

C

=

=

=

º

2

2

1

1

)

0

(

,

0

,

0

)

(

.

Zneli dasanaxi araa, rom


[image: image450.wmf](

)

y

y

e

y

y

e

a

y

t

n

y

t

n

y

t

k

n

k

k

n

-

-

-

+

-

=

æ

è

ç

ö

ø

÷

æ

è

ç

ö

ø

÷

=

-

å

1

2

1

0

¶

¶

(

)

.

amrigad,


[image: image451.wmf](

)

U

t

y

C

t

e

a

t

y

y

t

k

n

k

k

n

k

(

,

)

(

)

=

-

-

=

å

2

0

                    (2.3.33)

aris (2.3.28) gantolebis amonaxsni.

axla 
[image: image452.wmf]C

t

2

(

)

 SevarCioT ise, rom dakmayofildes (2.3.29) sasazRvro piroba.


[image: image453.wmf](

)

(

)

l

k

t

y

y

k

l

l

m

l

n

k

k

n

k

m

m

y

y

e

t

l

k

l

m

t

a

t

C

y

y

t

U

-

-

+

®

=

-

=

+

®

å

å

-

-

-

÷

÷

ø

ö

ç

ç

è

æ

-

=

0

0

0

2

0

lim

)

,

(

)

1

(

)

(

)

,

(

lim

¶

¶


                         
[image: image454.wmf](

)

=

æ

è

ç

ö

ø

÷

-

=

=

å

C

t

a

m

k

k

t

F

t

k

n

m

k

n

2

0

(

)

!

(

)

.

aqedan, Tu 
[image: image455.wmf]t

¹

0

, maSin


[image: image456.wmf](

)

[

]

C

t

F

t

t

m

j

m

j

n

2

1

2

1

(

)

(

)

(

)

=

-

-

-

-

=

Õ

,                                (2.3.34)

radgan SeiZleba davamtkicoT, rom


[image: image457.wmf][

]

a

m

k

k

a

m

m

k

m

j

k

n

k

n

k

n

k

n

j

n

æ

è

ç

ö

ø

÷

=

-

=

-

-

¹

=

=

=

å

å

Õ

!

!

(

)

!

(

)

0

0

1

2

1

0

.

(2.3.17) pirobebidan gamomdinareobs, rom


[image: image458.wmf]x

f

x

dx

k

m

k

(

)

,

,

-¥

+¥

ò

=

=

-

0

0

1

. 

amdenad, Tu (2.3.31)-s gavawarmoebT t-Ti k-jer, 
[image: image459.wmf]k

m

=

-

0

1

,

, da CavsvamT 
[image: image460.wmf]t

=

0

, miviRebT, rom


[image: image461.wmf]F

x

f

x

dx

k

m

k

k

(

)

(

)

(

)

,

,

0

1

2

0

0

1

=

=

=

-

-¥

+¥

ò

p

.

axla, Tu CavTvliT, rom 
[image: image462.wmf]x

f

x

m

(

)

 funqcia absoluturad integrebadia 
[image: image463.wmf]R

1

-ze, SeiZleba davaskvnaT, rom


[image: image464.wmf][

]

C

F

m

m

j

m

m

j

n

2

1

0

0

1

2

1

(

)

(

)

(

)

!

(

)

(

)

=

-

-

-

=

Õ

,                     (2.3.35)

vinaidan zRvris gamoTvlis lopitalis wesis m-jer gamoyenebiT gveqneba, rom


[image: image465.wmf](

)

(

)

!

)

1

(

)

0

(

lim

)

(

0

m

F

t

t

F

m

m

m

t

-

=

-

®

.

(2.3.34)-is [sadac, Tu 
[image: image466.wmf]t

=

0

, 
[image: image467.wmf]C

t

2

(

)

-s mniSvnelobad miviRebT (2.3.34)-is zRvars, roca 
[image: image468.wmf]t

®

0

, e.i., (2.3.35)-s] (2.3.33)-Si CasmiT miviRebT, rom


[image: image469.wmf](

)

[

]

(

)

U

t

y

F

t

t

m

j

e

a

y

t

m

j

n

y

t

k

n

k

k

n

(

,

)

(

)

(

)

=

-

-

-

-

-

=

-

=

Õ

å

2

1

1

0

.

aqedan, imis daSvebiT, rom 
[image: image470.wmf]u

x

y

(

,

)

 da 
[image: image471.wmf]f

x

(

)

 funqciebi dirixles pirobebs akmayofileben 
[image: image472.wmf]x

-is mimarT, (2.3.30)-is da  (2.3.31)-is Tanaxmad, miviRebT, rom


[image: image473.wmf][

]

(

)

u

x

y

m

j

f

e

d

j

n

i

t

(

,

)

(

)

=

-

-

é

ë

ê

ù

û

ú

=

-¥

+¥

-¥

+¥

Õ

ò

ò

1

2

2

1

1

p

x

x

x



EMBED Equation.3[image: image474.wmf](

)

(

)

´

-

-

-

-

-

å

t

e

a

y

t

e

dt

m

y

t

k

n

k

ixt

k

n

0

.

  
(2.3.36)

aqedan, Tu gaviTvaliswinebT imas, rom (2.3.25)-is ZaliT,


[image: image475.wmf](

)

(

)

f

e

d

it

f

e

d

i

t

m

m

i

t

x

x

x

x

x

x

-¥

+¥

-

-¥

+¥

ò

ò

=

-

(

)

0

,

(2.3.36)-s SeiZleba mivceT (2.3.25) saxe.

axla uSualod SeiZleba imis Semowmeba, rom Tu sruldeba (2.3.17) pirobebi, maSin (2.3.25) akmayofilebs (2.3.26) gantolebas da (2.3.27) sasazRvro pirobas.

radgan, Tu 
[image: image476.wmf]y

>

0

, (2.3.25) integralis diferencireba integralis niSnis qveS 
[image: image477.wmf]x

-is da y-is mimarT SeiZleba nebismier ricxvjer, Zneli ar aris, davrwmun​deT imaSi, rom (2.3.25) akmayofilebs (2.3.26) gantolebas. amisaTvis unda gamoviyenoT


[image: image478.wmf]2

1

2

0

0

1

1

(

)

(

)(

)

,

,

,

n

k

a

k

n

k

a

n

N

k

n

k

n

k

n

-

+

+

-

=

Î

=

-

+

,

tolobebi, romelTa damtkiceba did sirTulesTan ar aris dakavSirebuli.

imis dasamtkiceblad, rom (2.3.25) akmayofilebs (2.3.27) sasazRvro pirobas, (2.3.25) integralSi movaxdinoT 
[image: image479.wmf]x

=

+

x

yt

 Casma, Semdeg gavawarmooT y-is mimarT, roca 
[image: image480.wmf]y

>

0

, rac dasaSvebia (2.3.17)-is ZaliT. mere davubrundeT 
[image: image481.wmf]x

 cvlads da zRvris gamoTvlis dros m-jer gamoviyenoT lopitalis wesi, maSin zRvarSi miviRebT 
[image: image482.wmf]f

x

(

)

-s. amasTan saWiroa visargebloT


[image: image483.wmf]{

}

a

k

k

i

m

l

k

n

k

k

k

k

n

l

l

m

k

(

)

(

)

Re

Im

(

)

min

,

-

+

+

æ

è

ç

ö

ø

÷

ì

í

î

ü

ý

þ

æ

è

ç

ö

ø

÷

-

-

+

=

+

=

=

+

å

å

å

1

1

1

1

1

0

1

0

0

G

d

d

d

d


       
[image: image484.wmf](

)

(

)

(

)

´

-

-

+

-

-

+

-

-

+

+

-

+

=

-

é

ë

ê

ù

û

ú

+

å

k

l

B

k

m

l

k

m

l

m

k

m

l

d

k

k

d

k

,

(

),

,

,

,

(

)

2

1

0

1

0

2

1

1

1

2

1

L


       
[image: image485.wmf][

]

=

-

-

ì

í

ï

î

ï

ü

ý

ï

þ

ï

-

-

³

-

Î

Î

ì

í

î

ü

ý

þ

+

=

Õ

(

)

(

)

!

(

)

,

,

,

1

1

2

1

2

1

2

1

2

1

0

2

0

1

m

m

j

n

m

m

j

m

n

n

N

m

N

N

p

,


[image: image486.wmf](

)

(

)

(

)

lim

(

)

(

)

Re

Im

y

m

k

n

k

k

k

k

n

k

f

x

a

k

i

x

®

+

-

+

=

+

=

-

+

-¥

+¥

-

-

+

ì

í

î

ü

ý

þ

-

å

å

ò

0

1

0

1

0

1

1

1

x

x

x

d

d

d

G


       
[image: image487.wmf](

)

{

}

(

)

´

æ

è

ç

ö

ø

÷

-

-

-

+

-

+

-

=

+

=

-

é

ë

ê

ù

û

ú

+

å

å

g

d

g

d

g

d

k

k

g

l

k

l

y

B

k

l

y

l

k

l

l

k

l

(

)

,

(

),

,

,

min

,

1

2

1

0

0

1

2

1


       
[image: image488.wmf](

)

´

=

Î

ì

í

î

ü

ý

þ

-

+

-

-

+

r

x

g

k

2

2

2

0

1

0

k

l

d

m

N

N

,

,

tolobebiT.

amonaxsni erTaderTia im funqciaTa klasSi, romlebic akmayofileben


[image: image489.wmf](

)

u

O

r

=

-

1

, 
[image: image490.wmf](

)

u

u

O

r

x

y

,

=

-

2

, 
[image: image491.wmf]r

®

+¥

,

pirobebs da


[image: image492.wmf]lim

y

b

y

y

uu

dx

®

+

-¥

+¥

ò

=

0

0


pirobas, Tu


[image: image493.wmf]lim

,

y

m

m

u

y

x

R

®

+

=

Î

0

1

0

¶

¶

.

rac advilad mtkicdeba grinis formulis saSualebiT.
SeniSvna 2.3.11. (2.1.3)-is gamo 2.3.1-2.3.6 amocanebis amoxsnaze SeiZleba daviyvanoT Semdegi amocana (ix. g. jaiani [15], gv. 54-55).

amocana 2.3.12. 
[image: image494.wmf]R

+

2

-Si vipovoT 
[image: image495.wmf](

)

u

x

y

C

R

(

,

)

Î

+

2

2

 funqcia, romelic akmayofilebs (2.0.1) gantolebas da erT-erTs Semdegi sasazRvro pirobebidan:


[image: image496.wmf](

)

lim

z

x

m

b

m

y

u

y

f

x

®

-

=

0

1

0

¶

¶

, roca 
[image: image497.wmf](

,

)

,

a

b

i

m

2

1

-

Î

;


[image: image498.wmf](

)

lim

z

x

m

b

m

y

y

u

y

f

x

®

-

-

=

0

1

1

0

¶

¶

, roca 
[image: image499.wmf]a

=

0

, 
[image: image500.wmf][

,

2

]

¥

+

+

Î

m

b

, 
[image: image501.wmf]m

N

Î

1

;


[image: image502.wmf](

)

lim

ln

z

x

m

m

m

y

y

y

u

y

f

x

®

=

+

æ

è

ç

ö

ø

÷

=

0

1

1

1

0

¶

¶

, roca 
[image: image503.wmf]a

=

0

, 
[image: image504.wmf]b

m

=

+

2

, 
[image: image505.wmf]m

N

Î

1

;


[image: image506.wmf](

)

lim

z

x

m

b

m

b

m

y

y

u

y

f

x

®

+

-

-

=

0

1

1

0

¶

¶

, roca 
[image: image507.wmf](

,

)

,

a

b

i

m

2

2

-

Î

;


[image: image508.wmf](

)

lim

ln

z

x

m

m

m

y

y

u

y

f

x

®

=

æ

è

ç

ö

ø

÷

=

0

1

1

0

¶

¶

, roca 
[image: image509.wmf](

,

)

,

a

b

i

m

2

3

-

Î

;


[image: image510.wmf](

)

lim

z

x

m

m

y

u

y

f

x

®

-

=

0

1

0

¶

¶

, roca 
[image: image511.wmf]a

=

0

, 
[image: image512.wmf]b

=

2

, 
[image: image513.wmf]m

N

Î

,

sadac f uban-uban uwyveti, 
[image: image514.wmf]R

1

-ze SemosazRvruli funqciaa, 
[image: image515.wmf]z

R

Î

+

2

, 
[image: image516.wmf]x

R

0

1

Î

.

f-ze damatebiTi pirobebis, agreTve amonaxsnis erTaderTobis pirobebis dadgena did siZneles ar warmoadgens.

saxe vucvaloTY2.3.3 da 2.3.5 amocanebs (ix. g. jaiani [15], gv. 48-53).

amocana 2.3.3*. vTqvaT, 
[image: image517.wmf]a

=

0

, 
[image: image518.wmf]b

m

=

-

, 
[image: image519.wmf]m

N

Î

1

. vipovoT


[image: image520.wmf]u

T

y

y

m

Î

æ

è

ç

ö

ø

÷

æ

è

ç

ç

ö

ø

÷

÷

-

ln

1

1


funqcia, romelic akmayofilebs (2.3.6) sasazRvro pirobas, sadac f uwyveti funqciaa,


[image: image521.wmf](

)

(

)

f

O

m

x

x

x

a

a

=

®

+¥

>

+

-

,

,

1

,                  (2.3.37)

da


[image: image522.wmf](

)

(

)

(

)

u

I

O

r

u

I

O

r

u

I

O

r

r

x

x

y

y

=

+

=

+

=

+

®

+¥

-

-

-

(

)

(

)

(

)

,

,

,

2

1

2

2

2

2

,

sadac


[image: image523.wmf](

)

I

M

m

m

f

d

m

(

)

:

(

,

,

)

2

1

0

2

=

-

-

+

-

-¥

+¥

ò

x

r

x

,

da


[image: image524.wmf]lim

y

m

y

y

u

u

dx

®

+

-

-¥

+¥

×

=

ò

0

0

, roca 
[image: image525.wmf]1

1

0

,

0

1

ln

lim

R

x

y

u

y

y

m

m

y

Î

=

÷

÷

ø

ö

ç

ç

è

æ

-

+

®

¶

¶

,

pirobebs.

amocana 2.3.5*. vTqvaT, 
[image: image526.wmf](

,

)

,

a

b

i

m

Î

3

. vipovoT


[image: image527.wmf]u

T

y

m

Î

æ

è

ç

ö

ø

÷

æ

è

ç

ç

ö

ø

÷

÷

-

ln

1

1


funqcia, romelic akmayofilebs (2.3.15) sasazRvro pirobas, sadac f uwyveti funqciaa,


[image: image528.wmf](

)

(

)

f

O

m

x

x

x

a

a

=

®

+¥

>

-

,

,

,                   (2.3.38)

da


[image: image529.wmf](

)

(

)

(

)

u

I

O

r

u

I

O

r

u

I

O

r

r

x

x

y

y

=

+

=

+

=

+

®

+¥

-

-

-

(

)

(

)

(

)

,

,

,

3

1

3

2

3

2

,

sadac


[image: image530.wmf](

)

I

M

a

m

m

f

e

d

a

m

(

)

:

(

,

,

)

3

1

1

1

1

=

-

-

+

-

-

-¥

+¥

ò

x

r

x

q

,

da


[image: image531.wmf]lim

y

m

y

y

u

u

dx

®

+

-

-¥

+¥

×

=

ò

0

1

0

, roca 
[image: image532.wmf]1

1

0

,

0

1

ln

lim

R

x

y

u

y

m

m

y

Î

=

÷

÷

ø

ö

ç

ç

è

æ

-

+

®

¶

¶

,

pirobebs.

Teorema 2.3.13. 2.3.3* da 2.3.5* amocanebis erTaderT amonaxsnebs aqvT Sesabamisad


[image: image533.wmf](

)

u

M

m

m

f

d

m

*

-

-¥

+¥

=

-

-

+

ò

3

1

0

2

(

,

,

)

x

r

x

                   (2.3.39)

da


[image: image534.wmf](

)

u

M

a

m

m

f

e

d

a

m

*

-

-

-¥

+¥

=

-

-

+

ò

5

1

1

1

1

(

,

,

)

x

r

x

q

                (2.3.40)

saxe.

SeniSvna 2.3.14. (2.0.1) gantolebis (2.3.20) da (2.3.39), (2.3.22) da (2.3.40) amonaxsnebi wyvil-wyvilad akmayofileben erTnair sasazRvro pirobebs. magram, Tu 
[image: image535.wmf]m

>

0

 usasrulobaSi da roca 
[image: image536.wmf]y

®

+

0

, isini (da ara maTi m-uri rigis warmoebulebi y-is mimarT) sxvadasxvagvarad iqcevian. analogiuri SeniSvna unda gakeTdes (23.23) da (2.3.24), roca 
[image: image537.wmf]0

=

a

, 
[image: image538.wmf]0

=

b

, amonaxsnebis mimarTac.

SeniSvna 2.3.15. Tu (2.3.39) [an (2.3.40)] formulaSi f uban-uban uwyveti funqciaa, romelic (2.3.37) [(2.3.38)] pirobas akmayofilebs, maSin (2.3.39) [(2.3.40)] gamosaxuleba 
[image: image539.wmf]R

+

2

-Si daakmayofilebs (2.0.1) gantolebas, xolo f funqciis uwyvetobis wertilebSi _ (2.3.39) [(2.3.40)] pirobas, maSinac ki, roca 
[image: image540.wmf]a

 kompleqsuri ricxvia.

SeniSvna 2.3.16. (2.3.21), (2.3.23), (2.3.39), (2.3.40) amonaxsnebi, sazogadod, SemousazRvravia usasrulobaSi.

magaliTad, Tu 
[image: image541.wmf](

)

f

x

³

0

 finituri funqciaa da 
[image: image542.wmf]b

<

0

, maSin (2.7.21)-is gamo (ix. qvemoT),

[image: image543.wmf](

)

u

M

a

b

m

f

e

d

a

b

4

1

=

-

-

-

+

ò

(

,

,

)

x

r

x

q

g

g



[image: image544.wmf](

)

(

)

³

-

¾

®

¾

¾

+¥

-

-

-

-

+

®

+¥

ò

r

M

a

b

m

f

e

d

b

b

a

r

1

2

1

(

,

,

)

*

e

x

x

q

g

g

.

Tu 
[image: image545.wmf]m

=

1

, maSin (2.3.23) amonaxsni SemosazRvrulia, roca


[image: image546.wmf](

)

f

d

x

x

-¥

+¥

ò

=

0

.

SeniSvna 2.3.17. aRvniSnoT 
[image: image547.wmf]u

k

(

)

-Ti 2.3.4 amocanis amonaxsni, roca sasazRvro pirobaSi mocemulia saZiebeli funqciis k-uri warmoebuli. Tu 
[image: image548.wmf]Re

b

k

>

-

1

, maSin


[image: image549.wmf]u

x

y

b

k

j

u

x

y

k

j

N

k

j

k

j

(

)

(

)

(

,

)

(

)

(

,

)

(

,

),

,

=

-

+

-

Î

+

1

1

0

,

radgan


[image: image550.wmf]lim

(

)

(

,

)

lim

,

,

z

x

b

k

k

k

j

z

x

b

k

j

k

j

k

j

y

u

y

b

k

j

y

u

y

z

R

x

R

®

+

-

®

+

+

-

+

+

+

=

-

+

-

Î

Î

0

0

1

1

2

0

1

1

1

¶

¶

¶

¶

.

vTqvaT, 
[image: image551.wmf]b

=

1

 da 
[image: image552.wmf]u

*

 2.2.1 amocanis amonaxsnia (2.2.3) sasazRvro pirobis SemTxvevaSi, maSin


[image: image553.wmf](

)

(

)

!

(

,

)

(

,

),

-

-

=

Î

*

1

2

m

m

m

u

x

y

u

x

y

m

N

,

radgan


[image: image554.wmf]lim

(

)

(

)

!

lim

,

,

z

x

m

z

x

m

m

m

y

u

m

y

u

y

z

R

x

R

®

-

®

+

æ

è

ç

ö

ø

÷

=

-

-

Î

Î

0

0

1

1

2

1

2

0

1

¶

¶

.

2.3.1 amocanis amoxsna. vTqvaT, u aris 2.3.1 amocanis amonaxsni. maSin, radgan 
[image: image555.wmf]b

m

<

-

£

1

1

 da 
[image: image556.wmf](

)

u

C

R

R

Î

+

2

1

U

, u funqcia 2.2.1 amocanis iseTi amonaxsni iqneba, romelic sazRvarze 
[image: image557.wmf]u

x

(

,

)

0

 mniSvnelobas iRebs. Amdenad, 2.2.3 Teoremis Tanaxmad, is uSvebs


[image: image558.wmf](

)

u

x

y

y

a

b

u

e

d

b

a

b

(

,

)

(

,

)

,

=

-

-

-¥

+¥

ò

1

2

0

L

x

r

x

q

                     (2.3.41)

warmodgenas.

radgan 
[image: image559.wmf](

)

u

x

C

R

m

(

,

)

*

0

1

Î

, 
[image: image560.wmf]x

=

+

x

yt

 Casmis Semdeg SeiZleba (2.3.41) gamosaxulebis y-iT m-jer gawarmoeba integralis niSnis qveS, e. i.,


[image: image561.wmf]lim

(

,

)

(

,

)

(

,

)

(

,

)

,

z

x

m

m

m

m

m

u

x

y

y

a

b

a

b

u

x

x

x

R

®

=

Î

0

0

0

1

0

¶

¶

¶

¶

L

L

.

aqedan, (2.3.2)-is gamo, gveqneba


[image: image562.wmf]L

L

m

m

m

a

b

a

b

u

x

x

f

x

x

R

(

,

)

(

,

)

(

,

)

(

),

¶

¶

0

0

0

1

0

=

Î

,

e. i.,


[image: image563.wmf]1

),

(

)

,

(

)

,

(

)

0

,

(

R

x

x

f

b

a

b

a

x

x

u

m

m

m

Î

L

L

=

¶

¶

.

maSasadame,


[image: image564.wmf]u

x

a

b

a

b

f

x

m

m

(

,

)

(

,

)

(

,

)

(

)

*

(

)

0

=

-

L

L

.

ukanaskneli gamosaxulebis (2.3.41)-Si CasmiT miviRebT (2.3.18)-s. axla Zneli araa uSualod SevamowmoT, rom (2.3.18) namdvilad ekuTvnis 
[image: image565.wmf]T

m

m

(

)

1

 klass da akmayofilebs (2.3.2) sasazRvro pirobas.

2.3.2 amocanis amoxsna. imis gamo, rom 2.3.2 amocanis pirobis Tanaxmad


[image: image566.wmf]b

m

m

<

-

=

-

+

1

1

(

)

,

2.3.1 amocana amoxsnadia, roca 
[image: image567.wmf]m

-is nacvlad gvaqvs 
[image: image568.wmf]m

+

1

, e. i., arsebobs 
[image: image569.wmf]u

T

m

m

Î

+

+

1

1

1

(

)

 funqcia, romelic akmayofilebs


[image: image570.wmf](

)

lim

,

,

z

x

m

m

u

y

f

x

z

R

x

R

®

+

+

+

=

Î

Î

0

1

1

0

2

0

1

¶

¶

,

sasazRvro pirobas. aqedan gamomdinare,


[image: image571.wmf]1

0

2

0

1

1

1

,

),

(

lim

lim

0

0

R

x

R

z

x

f

y

u

y

u

y

m

m

x

z

m

m

x

z

Î

Î

=

=

+

+

+

®

-

®

¶

¶

¶

¶

,             (2.3.42)

tolobas aqvs adgili, Tu


[image: image572.wmf]lim

,

,

z

x

m

m

u

y

z

R

x

R

®

+

=

Î

Î

0

0

2

0

1

¶

¶

.                    (2.3.43)

magram u funqcia, rogorc 2.3.1 amocanis amonaxsni, uSvebs (2.3.19) warmodgenas, romelic miiReba (2.3.18)-dan masSi 
[image: image573.wmf]m

-is 
[image: image574.wmf])

1

(

+

m

-iT SecvliT, da, m-is kentobis gamo, akmayofilebs (2.3.43) pirobas: 


[image: image575.wmf].

0

)

1

(

)

,

0

(

)

(

)

1

(

)

(

)

,

0

(

lim

lim

1

2

2

1

0

*

)

1

(

1

2

2

*

)

1

(

1

1

2

0

0

=

+

L

=

+

+

L

=

-

¥

+

¥

-

¥

+

¥

-

+

-

-

-

-

+

®

®

ò

ò

dt

t

t

b

x

f

dt

t

t

yt

x

f

b

y

u

b

m

m

b

m

m

x

z

m

m

x

z

¶

¶


amdenad, (2.3.42) tolobis Tanaxmad, 
[image: image576.wmf]u

T

m

m

Î

+

1

1

(

)

 funqcia akmayofilebs (2.3.4) sasazRvro pirobasac.
2.3.4 amocanis amoxsna. vTqvaT, jer-jerobiT 

 da u aris 2.3.4 amocanis amonaxsni. maSin, 1.8.1 Teoremis ZaliT da (2.3.7)-is gaTvaliswinebiT gveqneba, rom


[image: image577.wmf](

)

0

1

1

)

,

1

(

)

1

(

)

,

1

(

)

1

(

lim

lim

0

0

x

f

m

b

y

u

y

m

b

u

y

m

m

m

m

b

m

x

z

b

x

z

-

-

=

-

-

=

-

+

®

-

®

¶

¶

.

            (2.3.44)
aqedan u funqcia, rogorc 2.3.1 amocanis amonaxsni (2.2.4) sasazRvro pirobiT, (1.9.43)-is gamo (roca 

), (2.2.7)-is Tanaxmad uSvebs


[image: image578.wmf](

)

(

)

ò

ò

+¥

¥

-

-

-

+¥

¥

-

-

=

-

L

-

-

=

x

r

x

x

r

x

q

q

d

e

f

m

b

a

M

d

e

f

b

a

m

b

u

b

a

b

a

m

)

,

,

(

)

2

,

(

)

,

1

(

)

1

(

1

,

e. i., (2.3.21) warmodgenas. axla, Tu gaviTvaliswinebT 

 funqciis integralur warmodgenas da (1.9.32)-sa da (1.9.35)-s, SeiZleba uSualod Semowmdes, rom (2.3.21) integrali, f-is, 
[image: image579.wmf]a

-s da 
[image: image580.wmf]b

-s mimarT 2.3.4 amocanis pirobebSi, ekuTvnis 

 klass da akmayofilebs (2.3.7) sasazRvro pirobas.

2.3.5* amocanis amoxsna. radgan amocanis pirobis Tanaxmad 

, amitom




da 2.3.4 amocana amoxsnadia 
[image: image581.wmf])

1

(

+

m

-sTvis, e. i. arsebobs 

 funqcia, romelic akmayofilebs


[image: image582.wmf](

)

1

0

2

0

1

1

,

,

lim

0

R

x

R

z

x

f

y

u

y

m

m

x

z

Î

Î

-

=

+

+

+

®

¶

¶

,

sasazRvro pirobas. (2.3.21)-is ZaliT is, rogorc 2.3.4 amocanis amonaxsni, uSvebs


[image: image583.wmf](

)

ò

+¥

¥

-

-

-

+

-

-

=

x

r

x

q

d

e

f

m

m

a

M

y

x

u

m

a

1

1

)

1

,

1

,

(

)

,

(


warmodgenas, sadac f funqcia unda akmayofilebdes (2.3.38) pirobas.

magram meore mxriv,


[image: image584.wmf](

)

0

1

1

1

0

0

lim

1

ln

lim

x

f

y

u

y

y

u

y

m

m

x

z

m

m

x

z

=

-

=

÷

÷

ø

ö

ç

ç

è

æ

+

+

®

-

®

¶

¶

¶

¶

.

amgvarad, Cvens mier agebuli (2.3.40) funqcia ekuTvnis 

-s da akmayofilebs (2.3.15) sasazRvro pirobas.

2.3.5 amocanis amoxsna. vTqvaT, u aris 2.3.5 amocanis amonaxsni. maSin, radgan 

, roca 

 da 

, u funqcia iqneba agreTve 2.2.1 amocanis amonaxsni, romelic sazRvarze 
[image: image585.wmf]u

x

(

,

)

0

 mniSvnelobas iRebs. amdenad 2.2.3 Teoremis Tanaxmad is uSvebs (2.3.41) warmodgenas. radgan 

 (e. i., 

 da Tanabrad 

-Si krebadia



                 (2.3.45)

integrali), 

 Casmis Semdeg m-jer y-iT gawarmoebis da qvemoT moyvanili martivi gardaqmnebiT miviRebT


















,

radgan daSvebis Tanaxmad u gansaxilveli amocanis amonaxsnia. aqedan



,

e. i.,



.

ukanaskneli gamosaxulebis (2.3.41)-Si CasmiT miviRebT (2.3.22)-s, roca 

. axla uSualod advili sanaxavia, rom (2.3.22), roca 

, namdvilad ekuTvnis 

 klass da akmayofilebs (2.3.15) sasazRvro pirobas.



 SemTxveva ganxiluli iyo $ 2.2-Si.

2.3.3* amocanis amoxsna. radgan amocanis pirobis Tanaxmad 

, amitom




da 2.3.5* amocana amoxsnadia, roca sasazRvro pirobaSi warmoebulis rigi 

-a, e. i., arsebobs iseTi 

, romelic akmayofilebs



,

sasazRvro pirobas. (2.3.40)-is ZaliT is, rogorc 2.3.5*-is amonaxsni, uSvebs



,

warmodgenas, sadac



.

magram meore mxriv, adgili aqvs




tolobas, Tu



.

Cvens mier agebuli amonaxsni ki, (1.9.35)-is gamo, akmayofilebs ukanasknel tolobas. marTlac,


[image: image586.wmf](

)

ò

å

¥

+

¥

-

-

+

-

+

=

®

-

*

®

+

+

-

+

-

-

=

dt

t

yt

x

f

m

m

B

y

m

m

M

y

u

m

m

x

z

m

m

x

z

1

2

2

2

1

1

1

3

1

)

(

)

0

;

,

(

~

lim

)

2

,

,

0

(

lim

0

0

k

k

k

¶

¶



[image: image587.wmf](

)

ò

+¥

¥

-

-

®

+

-

+

+

-

+

-

-

=

dt

t

yt

x

f

y

m

m

B

m

m

M

x

z

m

2

1

2

2

1

1

1

)

(

lim

)

0

;

,

(

~

)

2

,

,

0

(

0



[image: image588.wmf](

)

ò

+¥

¥

-

-

®

+

-

-

+

-

-

=

x

r

x

d

f

y

m

m

B

m

m

M

x

z

m

1

2

1

1

0

lim

)

0

;

,

(

~

)

2

,

,

0

(



[image: image589.wmf](

)

2

3

2

1

1

0

lim

)

0

;

,

(

~

)

2

,

,

0

(

-

+¥

¥

-

-

®

+

-

-

-

-

+

-

-

=

ò

y

d

f

y

m

m

B

m

m

M

x

z

m

x

r

x



[image: image590.wmf](

)

0

1

)

(

lim

)

0

;

,

(

~

)

2

,

,

0

(

2

3

2

2

1

1

0

=

+

+

-

+

-

-

=

ò

+¥

¥

-

-

®

+

-

dt

t

yt

x

f

y

m

m

B

m

m

M

x

z

m

,

radgan



,

roca 

, da analogiurad



.

amgvarad, 
[image: image591.wmf]÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

Î

-

*

1

3

1

ln

y

y

T

u

m

 da akmayofilebs (2.3.6) sasazRvro pirobas.

2.3.3 amocanis amoxsna. vTqvaT, u aris 2.3.3 amocanis amonaxsni. maSin, radgan 

 da 

, amitom u funqcia iqneba 2.2.1 amocanis amonaxsnic, romelic 

 mniSvnelobas iRebs, roca 

. amdenad, 2.2.1 Teoremis Tanaxmad, is uSvebs



                   (2.3.46)

warmodgenas. radgan 
[image: image592.wmf](

)

1

1

*

)

0

,

(

R

C

x

u

m

+

Î

, amitom Tu gaviTvaliswinebT (2.3.45)-s 
[image: image593.wmf])

1

(

+

m

-sTvis gveqneba, rom









,        

  (2.3.47)

radgan, daSvebis Tanaxmad, u gansaxilveli amocanis amonaxsnia. (2.3.47) gamoTvlebis Catarebis dros Cven is gaviTvaliswineT, rom m-is kentobis gamo



,

radgan



.

amrigad,


[image: image594.wmf](

)

)

(

)

2

,

0

(

)

2

(

)

,

0

(

0

,

1

1

1

x

f

m

m

m

x

x

u

m

m

m

-

-

L

+

-

L

=

+

+

+

¶

¶

,

e. i.,



.

ukanaskneli gamosaxulebis (2.3.46)-Si CasmiT miviRebT (2.3.20)-s. axla Zneli araa imis uSualod Semowmeba, rom (2.3.20) ekuTvnis 
[image: image595.wmf]÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

-

+

1

1

1

ln

y

y

T

m

m

 klass da akmayofilebs (2.3.6) sasazRvro pirobas.

2.3.6 amocanis amoxsna. SemoviRoT aRniSvna



.

maSin



,

da



.

(2.2.5)-is Tanaxmad, roca 

, gveqneba




e. i.,



.

aqedan



.         (2.3.48)



;



,

formulebis gamoyenebiT da 

 funqciis ise SerCeviT, rom (2.3.48) gamosaxuleba 

-Si harmoniuli funqcia iyos, rigi gardaqmnebisa da gamartivebis Semdeg miviRebT (2.3.23)-s.

2.3.8 da 2.3.13 Teoremebis damtkicebis dasrulebisTvis gamovikvlioT agebuli amonaxsnebis erTaderTobis sakiTxi.

2.1.1 maqsimumis principis ZaliT, 2.3.1 amocanis amonaxsni, roca 

, erTaderTia, Tu sruldeba (2.3.3) pirobebi. maSasadame, rogorc es 2.3.7 amocanis nebismieri amonaxsnis agebis meTodidan gamomdinareobs, roca 

, is calsaxad ganisazRvreba 

-is saSualebiT, Tu sruldeba (2.3.3) pirobebi. magram, Tavad 

 ganisazRvreba aditiuri mudmivis sizustiT, e. i. 

, Tu sruldeba (2.3.3) pirobebi, ganisazRvreba




Sesakrebis sizustiT. Tu amonaxsns movZebniT 

 funqciebis klasSi, maSin is calsaxad ganisazRvreba 

-is saSualebiT. magram 

-ic calsaxad ganisazRvreba, amitom amonaxsni erTaderTia.

analogiurad SeiZleba gamovikvlioT 2.3.5 amocanis, roca 

, 2.3.2 da 2.3.3 amocanebis amonaxsnebis erTaderTobis sakiTxi.

2.3.5 amocanis SemTxvevaSi, roca 

, (2.1.2) formula, roca 

, gamoviyenoT ori SesaZlo amonaxsnis sxvaobisTvis. Tu gaviTvaliswinebT (2.3.10)-s da 

-s mivaswrafebT 

-ken, miviRebT, rom



,       

      (2.3.49)

radgan



,



,

sadac 

.

axla, Tu mxedvelobaSi miviRebT (2.3.11)-s da (2.3.49)-Si 

-s mivaswrafebT 

-sken, miviRebT, rom



.                        (2.3.50)

aqedan 

, radgan u qreba usasrulobaSi.

2.3.4 amocanis amonaxsnis erTaderTobis dasamtkiceblad cal-calke ganvixiloT 

, 

, 

 da 

 SemTxvevebi.



 SemTxvevaSi, roca 

, (2.1.5) Sesabamisobis principis Tanaxmad (2.3.8) da (2.3.9) erTaderTobis pirobebi gamomdinareobs 2.3.1 amocanis (2.3.3) erTaderTobis pirobidan, roca 

. Tu 

, maSin imis gamo, rom (2.3.44) tolobis Tanaxmad 2.3.4 amocanis yoveli amonaxsni, roca 

, imave dros 2.2.1 amocanis amonaxsnicaa, is erTaderTia im daSvebebSi, romlebic uzrunvelyofen 2.3.4 amocanis amonaxsnis erTaderTobas, roca 

, e. i., roca sruldeba (2.3.8) da (2.3.9) pirobebi.

Tu 

, maSin gamosakvlevi amocanis amonaxsni,




tolobis ZaliT, 2.3.5 amocanis amonaxsnic iqneba, roca 

. maSasadame, is erTaderTia (2.3.10), (2.3.11) pirobebSi.

vTqvaT, 

. ori SesaZlo, usasrulobaSi qrobadi, amonaxsnis v sxvaobisTvis 

 sakmao didi radiusis mqone 

 naxevarwrewirze gveqneba



,                              (2.3.51)

sadac 

 ragind mcire ricxvia.

zaremba-Jiros ganzogadebuli principis Tanaxmad (ix. $ 2.1),



,

pirobis gamo v funqcias 

 intervalze ar SeuZlia miiRos udidesi dadebiTi da umciresi uaryofiTi mniSvnelobebi. meore mxriv, eqstremumis Zlieri principis Tanacmad v funqcias ar SeuZlia miiRos eqstremaluri mniSvnelobebi 

 naxevarwreSi. maSasadame, (2.3.51)-s adgili aqvs 

-Si.

radgan v-s mniSvnelobebi 

-ze araa damokidebuli, amitom, cxadia,



, roca 

.

vTqvaT, 

. rogorc zemoT, 2.3.5 amocanis (roca 

) SemTxvevaSi, radgan 2.3.4 amocanis ori SesaZlo amonaxsnis v sxvaobisTvis gveqneba



,



,

Sefasebebi (ix. (2.3.13), (2.3.14)), amitom jer miviRebT (2.3.49)-s, xolo Semdeg _ (2.3.50)-s, sadac y da 

 unda iyvnen b xarisxSi. aqedan vaskvniT, rom 

, roca 

.

2.3.6 amocanis amonaxsni, 

-is SemosazRvrulobis SemTxvevaSi, ganisazRvreba


[image: image596.wmf]å

-

=

1

0

)

(

m

k

k

k

y

x

Q

                               (2.3.52)

(romlisTvisac sruldeba (2.3.24) pirobebi) Sesakrebamde sizustiT, romlebic 

 nebismier mudmivs Seicaven. ori SesaZlo amonaxsnis v sxvaobis ganxilvisas mas eqneba (2.3.52) saxe, romlisTvisac Sesruldeba (2.3.23) pirobebi. Tu damatebiT moviTxovT amonaxsnis SemosazRvrulobas, v sxvaobac aseve SemosazRvruli iqneba. magram amas adgili eqneba mxolod maSin, roca



,

da 

 funqcia SemosazRvrulia. magram (2.3.24)-is gamo es mxolod maSin moxdeba, roca



.

amdenad, rCeba mxolod 

 konstanta, romlis sizustiTac ganisazRvreba amonaxsni.
$ 2.4. woniani amocanis amonaxsnisa da misi warmoebulebis yofaqceva sazRvarze
2.3.1-2.3.6 amocanebis amonaxsnebisa da maTi warmoebulebis yofaqceva sazRvarze xasiaTdeba Semdegi qvemoT moyvanili tolobebiT.


[image: image597.wmf](

)

1

0

2

*

0

)

(

*

1

,

,

,

)

,

(

)

,

(

lim

0

R

x

R

z

C

f

x

f

b

a

b

a

x

y

u

m

p

m

p

m

j

j

p

j

p

x

z

Î

Î

Î

L

L

=

+

-

-

-

®

¶

¶

¶

,     (2.4.1)

roca 

, 

, 

. amasTan, Tu 

 da 

, maSin


[image: image598.wmf](

)

1

*

0

)

1

(

*

1

1

1

,

)

,

0

(

)

,

0

(

lim

0

+

-

+

-

+

-

-

®

Î

L

L

=

m

p

m

p

m

j

j

p

j

p

x

z

C

f

x

f

b

b

x

y

u

y

¶

¶

¶

,         (2.4.2)

roca 

, da


[image: image599.wmf](

)

1

*

0

)

1

(

*

1

1

1

,

)

,

0

(

)

2

,

0

(

)

2

(

1

ln

lim

0

+

-

+

-

+

-

-

®

Î

-

L

-

-

L

+

=

÷

÷

ø

ö

ç

ç

è

æ

m

p

m

p

m

j

j

p

j

p

x

z

C

f

x

f

j

j

j

x

y

u

y

y

¶

¶

¶

,  (2.4.3)

roca 

.


[image: image600.wmf](

)

ï

î

ï

í

ì

=

L

L

>

=

-

-

®

,

0

,

)

,

(

)

,

(

,

0

,

0

lim

0

)

(

*

1

0

j

x

f

b

a

b

a

j

x

y

u

y

m

p

m

j

p

j

p

j

x

z

Tu

Tu

¶

¶

¶

            (2.4.4)

roca 

, 

, 

, 

.


[image: image601.wmf](

)

1

*

0

)

1

(

*

1

2

,

)

,

0

(

)

,

0

(

lim

0

-

-

-

-

+

-

®

Î

L

L

=

m

p

m

p

m

j

j

p

j

p

x

z

C

f

x

f

b

b

x

y

u

¶

¶

¶

,             (2.4.5)

roca 
[image: image602.wmf][

1

,

]

[

,

]

j

m

b

-

¥

-

-

¥

-

Î

I

, 

, 

, 

. amasTan, Tu 

, maSin


[image: image603.wmf](

)

m

p

m

p

m

j

j

p

j

p

x

z

C

f

x

f

b

b

x

y

u

y

-

-

+

+

-

-

®

Î

L

L

=

*

0

)

(

*

1

1

2

1

,

)

,

0

(

)

,

0

(

lim

0

¶

¶

¶

,            (2.4.6) 

roca 

,


[image: image604.wmf](

)

m

p

m

p

m

j

j

p

j

p

x

z

C

f

x

f

j

j

j

x

y

u

y

y

-

-

+

+

-

-

®

Î

-

L

-

-

L

+

=

÷

÷

ø

ö

ç

ç

è

æ

*

0

)

(

*

1

1

2

1

,

)

,

0

(

)

2

,

0

(

)

2

(

1

ln

lim

0

¶

¶

¶

,    (2.4.7) 

roca 

.


[image: image605.wmf](

)

ï

î

ï

í

ì

=

L

L

>

=

-

-

+

-

®

,

0

,

)

,

0

(

)

,

0

(

,

0

,

0

lim

0

)

1

(

*

1

2

0

j

x

f

b

b

j

x

y

u

y

m

p

m

j

p

j

p

j

x

z

Tu

Tu

¶

¶

¶

            (2.4.8)

roca 
[image: image606.wmf][

,

1

[

m

j

b

-

-

Î

, 

, 

, 

, 

.


[image: image607.wmf](

)

1

*

0

)

1

(

*

1

3

,

)

2

,

0

(

)

2

(

)

,

0

(

lim

0

-

-

-

-

+

-

®

Î

-

-

L

+

-

L

=

m

p

m

p

m

j

j

p

j

p

x

z

C

f

x

f

m

m

m

x

y

u

¶

¶

¶

,       (2.4.9) 

roca 

, 

, 

, 

, 

. amasTan, Tu 

, maSin


[image: image608.wmf](

)

m

p

m

p

m

j

j

p

j

p

x

z

C

f

x

f

m

m

m

x

y

u

y

-

-

+

+

-

-

®

Î

-

-

L

+

-

L

=

*

0

)

(

*

1

1

3

1

,

)

2

,

0

(

)

2

(

)

,

0

(

lim

0

¶

¶

¶

,      (2.4.10)  

roca 

, da


[image: image609.wmf](

)

j

p

j

p

j

p

j

p

x

z

C

f

x

f

x

y

u

y

y

-

-

-

-

®

Î

-

=

÷

÷

ø

ö

ç

ç

è

æ

*

0

)

(

*

3

1

,

1

ln

lim

0

¶

¶

¶

,              (2.4.11) 

roca 

.



,                  (2.4.12)  

roca 

, 

, 

, 

, 

.



,         (2.4.13)  

roca 

, 

.


[image: image610.wmf](

)

m

p

m

p

j

m

j

p

j

p

x

z

C

f

x

f

m

a

a

d

x

y

u

-

-

-

-

®

Î

-

L

=

*

0

)

(

*

1

5

,

)

1

,

(

)

(

lim

0

¶

¶

¶

,        (2.4.14)

roca 

, 

, 

, 

. amasTan, Tu 

 da 

, maSin


[image: image611.wmf](

)

1

*

0

)

1

(

*

1

1

5

1

,

)

1

,

0

(

)

0

(

lim

0

+

-

+

-

+

-

-

-

®

Î

-

L

=

m

p

m

p

j

m

j

p

j

p

x

z

C

f

x

f

m

d

x

y

u

y

¶

¶

¶

,       (2.4.15)

roca 

, da


[image: image612.wmf](

)

,

,

)

1

,

0

(

)

0

(

)

1

(

1

ln

lim

1

*

0

)

1

(

*

1

5

1

0

+

-

+

-

-

-

-

®

Î

-

-

L

+

-

=

÷

÷

ø

ö

ç

ç

è

æ

m

p

m

p

m

m

j

p

j

p

x

z

C

f

x

f

m

d

m

x

y

u

y

y

¶

¶

¶

         (2.4.16)

roca 

.


[image: image613.wmf](

)

ï

î

ï

í

ì

>

=

+

³

>

=

-

-

®

,

0

,

0

,

1

)

,

,

(

,

,

0

,

0

lim

0

)

(

5

0

j

m

x

f

e

j

b

a

M

m

j

m

x

y

u

y

j

p

a

j

p

j

p

j

x

z

Tu

Tu

p

¶

¶

¶

      (2.4.17) 

roca 

, 

, 

.


[image: image614.wmf](

)

p

p

p

p

x

z

C

f

x

f

x

u

y

*

0

)

(

5

1

,

1

ln

lim

0

Î

-

=

÷

÷

ø

ö

ç

ç

è

æ

-

®

¶

¶

,                (2.4.18) 

roca 

 (am SemTxvevaSi 

), 

.



,                   (2.4.19)  

roca 

, 

, 

.



,                (2.4.20)  

roca 

.


[image: image615.wmf](

)

j

p

j

p

j

p

j

p

m

j

x

z

C

f

x

f

m

m

M

j

m

M

x

y

u

y

-

-

-

*

-

-

®

Î

+

-

-

-

=

*

0

)

(

*

3

1

,

)

2

,

,

0

(

)

,

,

0

(

lim

0

¶

¶

¶

,       (2.4.21)

roca 

, 

, 

.


[image: image616.wmf](

)

j

p

j

p

j

p

j

p

m

j

x

z

C

f

x

f

m

m

M

j

m

a

M

x

y

u

y

-

-

-

*

-

®

Î

+

-

-

-

=

*

0

)

(

*

5

,

)

1

,

1

,

0

(

)

,

1

,

(

lim

0

¶

¶

¶

,        (2.4.22)

roca 

 da an 

, 

, 

, an 

, 

, 

.

(2.4.1)-(2.4.3), (2.4.5)-(2.4.7), (2.4.9)-(2.4.11), (2.4.13)-(2.4.16), (2.4.18), (2.4.22), (2.4.21) tolobebi mtkicdeba $$ 2.2, 2.3-Si gamoyenebuli teqnikiT. (2.4.4), (2.4.8), (2.4.12), (2.4.17) tolobaTa damtkiceba ramdenadme gansxvavebulia. davamtkicoT, magaliTad, (2.4.4), roca 

:






,

radgan


[image: image617.wmf](

)

[

]

ò

+¥

¥

-

-

-

-

+

-

x

r

x

¶

¶

¶

q

d

e

x

y

y

x

b

a

k

k

b

q

p

q

p

2

1



[image: image618.wmf](

)

0

)

,

(

2

1

=

L

=

ú

û

ù

ê

ë

é

-

=

+

+¥

¥

-

-

-

-

+

ò

q

p

k

q

p

b

a

k

k

b

q

p

q

p

y

x

b

a

d

e

x

y

y

x

¶

¶

¶

x

r

x

¶

¶

¶

q

,   

 (2.4.23)

roca 

, 

, 

, 

.

(2.3.23) amonaxsni, cxadia, SeiZleba gadaiweros (2.3.48) saxiT, sadac 

 funqciebi agebulia (2.3.24) pirobebis gaTvaliswinebiT. maSin (2.3.47)-is m-jer y-iT gawarmoebis Semdeg gveqneba








[image: image619.wmf](

)

ï

î

ï

í

ì

=

>

=

-

,

,

,

,

0

0

)

(

*

m

j

x

f

m

j

m

p

Tu

gamo,

 

is

-

(2.4.23)

Tu


e. i., davamtkiceT (2.4.19) da (2.4.20) tolobebis samarTlianoba.
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2.5.6 Teoremis damtkiceba. 2.5.1 amocanis SemTxvevaSi 2.5.6 Teorema gamomdinareobs ufro zogadi gantolebisaTvis damtkicebuli Teoremidan (ix. g. jaiani [24]).

(2.1.5)-is Tanaxmad, 2.5.3 amocana dadis 2.5.1-ze.

2.5.2 da 2.5.4 amocanebis SemTxvevaSi 2.5.6 Teorema TiTqmis analogiurad mtkicdeba. amitom SemovifargloT 2.5.2 amocanis ganxilviT.

(2.5.1)-is Tanaxmad, f funqcia SeiZleba uwyvetad gagrZeldes mTel x RerZze CavTvliT ra, rom is nulis tolia 

 segmentis gareT.

2.3.8 Teoremis ZaliT [ix. formula (2.3.22) 
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sxvaoba. Tu 

 2.5.2 amocanis amonaxsnia, 

 (2.0.1) gantolebis iseTi amonaxsni iqneba, romelic akmayofilebs
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,                    (2.5.7)

sasazRvro pirobebs.

davamtkicoT, rom arseboben
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 ricxvi imdenad mcirea, rom 

 wertili imyofeba 

 rkalis wrfiv daboloebaze (maSasadame, 

) da 

 miekuTvneba 

 wertilis im midamos, sadac 

 akmayofilebs hiolderis pirobas. marTlac, am SemTxvevaSi 
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Tu am zRvrul mniSvnelobebs 

 funqciis mniSvnelobebad miviRebT Sesabamisad 

 da 

 wertilebSi da gaviTvaliswinebT (2.5.1)-s, maSin (2.5.6) tolobiT gansazRvruli 

 funqcia SeiZleba 

 rkalze uwyvetad CaiTvalos, e. i. 

 funqcia SeiZleba uwyvetad gagrZeldes 

-Si. amis Semdeg vineris meTodiT (ix., mag., a. biwaZe [3], gv. 189) SeiZleba aigos (2.0.1) gantolebis 

 SemosazRvruli amonaxsni, romelic akmayofilebs (2.5.6) pirobas. 

 funqciis SemosazRvrulobis gamo Sesruldeba agreTve (2.5.7)-ic. axla, cxadia, (2.5.5) tolobidan vipoviT 2.5.2 amocanis u amonaxsns. amiT damtkicdeba 2.5.2 amocanis amonaxsnis arseboba.

vTqvaT,  u 2.5.2 amocanis ori amonaxsnis sxvaobaa. maSin




funqcia daakmayovilebs



                        (2.5.8)

gantolebas da




sasazRvro pirobas. magram, erTi mxriv, (2.5.8) gantolebisTvis adgili aqvs eqstremumis sust princips, xolo meore mxriv



.

maSasadame,



.

amiT 2.5.2 amocanis amonaxsnis erTaderTobac damtkicda.

2.5.5 amocanis SemTxvevaSi 2.5.1 Teorema, roca 

 (holmgrenis amocana),  damtkicebulia v. i. evsinis [1] naSromSi. roca 

, erTaderToba, cxadia, gamomdinareobs zaremba-Jiros ganzogadebuli principidan (ix. $ 2.1), xolo 2.5.5 amocanis amonaxsnis arsebobis damtkiceba arsebiTad emTxveva damtkicebas, roca 

. mxolod unda SevniSnoT, rom 

 warmoebulis arseboba 

-is SigniT gamomdinareobs pikaris Teoremidan (ix., mag., i. vekua [3], gv. 39).

SeniSvna 2.5.7. Tu arseboben (2.0.1) gantolebis amonaxsnebi, romlebic Sesabamisad 2.5.2 da 2.5.4 amocanebis sasazRvro pirobebs akmayofileben, sadac 

 Jordanis rkalia, xolo f da 

 uwyveti funqciebia, maSin es amonaxsnebi erTaderTia.

2.5.7 SeniSvnis damtkiceba, zemoT moyvanili erTaderTobis mtkicebis msgavsad eyrdnoba (2.5.8) gantolebis ganxilvas.

SeniSvna 2.5.8. Tu, roca 

, arsebobs (2.0.1) gantolebis amonaxsni, romelic akmayofilebs 2.5.5 amocanis sasazRvro pirobebs, sadac 

 Jordanis rkalia, xolo f da 

 uwyveti funqciebia, maSin is erTaderTia.

2.5.8 SeniSvnis damtkiceba. Tu 
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, ori SesaZlo amonaxsnis 
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 sxvaobisaTvis gveqneba
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da amdenad sakiTxi davida 2.5.3 amocanis amonaxsnis erTaderTobaze.

Tu 
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da sakiTxi dadis 2.5.2 amocanis amonaxsnis erTaderTobaze, radgan
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$ 2.6. amocanebi wyvetili sasazRvro pirobebiT
vTqvaT, f aris 

-ze uban-uban uwyveti funqcia, romlis pirveli gvaris wyvetis wertilTa simravlea 

, 

, 

, xolo 

 da 

 f funqciis zRvruli mniSvnelobebia, roca 

 miiswrafis 

 wertilisken aris Semovlis Sesabamisad uaryofiTi da dadebiTi mimarTulebebiT. vTqvaT, 

 da 

 kuTxeebia x RerZsa da Jordanis gluvi 

 rkalis mimarT mxebs Soris Sesabamisad 

 monakveTis 
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x

 da 
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x

 boloebSi (ix. g. jaiani, [18,23] da [16], gv. 31-35).

amocana 2.6.1. vTqvaT, 

. vipovoT 

 funqcia, romelic akmayofilebs
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amocana 2.6.2. vTqvaT, 

. vipovoT 

 funqcia, romelic akmayofilebs
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sasazRvro pirobas.

amocana 2.6.3. vTqvaT, 
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Teorema 2.6.4. arsebobs 2.6.1 amocanis iseTi amonaxsni, romelic uSvebs



,              (2.6.2)

warmodgenas, sadac









 aris 2.5.1 amocanis amonaxsni



,                (2.6.3)

uwyveti sasazRvro funqciis SemTxvevaSi.



 wertilis f funqciis 

 wyvetis wertilTan sxvadasxva gziT miaxloebisas 

 funqcia miiswrafis 

 da 

 mniSvnelobebs Soris moTavsebul nebismieri mniSvnelobisken.

Tu an 

, 

, an 

, 

, 2.6.1 amocanis amonaxsni, e. i., (2.6.2) warmodgena, erTaderTia.

Tu an 

, 

, an 

, 

, 2.6.1 amocanis amonaxsnis erTaderToba SenarCundeba im funqciaTa klasSi, romlebsac ganuzR​vre​lo​bis erTnairi zRvrebi aqvT, roca 

 (Seadare k. miranda [1], gv. 108).

Teorema 2.6.5. 2.5.2 amocanis pirobebSi 

 rkalisa da (2.6.5) (ix. qvemoT) sasazRvro funqciis mimarT  arsebobs 2.6.2 amocanis amonaxsni, romelic uSvebs
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warmodgenas, sadac 

, 

, 
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 2.5.2 amocanis amonaxsnia



,         (2.6.5)

uwyveti sasazRvro funqciis SemTxvevaSi.



 wertilis f funqciis 

 wyvetis wertilTan sxvadasxva gziT miaxloebisas 

 funqcia miiswrafis 

 da 

 mniSvnelobebs Soris moTavsebul nebismieri mniSvnelobisken.

2.6.2. amocanis amonaxsni erTaderTia im funqciaTa klasSi, romlebsac 
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Teorema 2.6.6. arsebobs 2.6.3 amocanis amonaxsni, romelic uSvebs
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          (2.6.6)

warmodgenas, sadac 

 aris 2.5.3 amocanis amonaxsni



,

uwyveti sasazRvro funqciis SemTxvevaSi.



 wertilis f funqciis 

 wyvetis wertilTan sxvadasxva gziT miaxloebisas 

 funqcia miiswrafis 

 da 

 mniSvnelobebs Soris moTavsebul nebismieri mniSvnelobisken.

Tu an 

, 

, an 

, 

, 2.6.3 amocanis amonaxsni, e. i. (2.6.6) warmodgena erTaderTia.

Tu an 

, 
[image: image669.wmf][

,

2

]

+¥

Î

b

, an 

, 

, 2.6.3 amocanis amonaxsnis erTaderToba SenarCundeba im funqciaTa klasSi, romlebsac ganuzR​vre​lo​bis erTnairi 

 woniani zRvrebi aqvT, roca 

.
2.6.4 Teoremis damtkiceba.



,                 (2.6.7)

funqcia (ix. (2.1.7)) (2.0.1) gantolebis amonaxsnia, is uwyvetia yvelgan 

-Si da SemosazRvrulia. garda amisa
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        (2.6.8)

Tu 

 im gziT, romlis mimarTac 

 wertilSi gavlebuli mxebi x RerZTan 

 kuTxes adgens (cxadia, 

, 

, wertilebSi kuTxe 

, 

 wertilSi 

, xolo 

 wertilSi 

), maSin (2.6.7) funqcia miiswrafis




zRvrisken. 

 mrudis gaswvriv 

 wertilze dadebiTi mimarTulebiT gadasvlisas 

 funqcia, (2.6.8)-is gamo, ganicdis naxtoms
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, roca 

;



, roca 

,

da



, roca 

.

amdenad (2.6.3) funqcia uwyveti rCeba yovel 

 wertilze gadasvlisas, radgan mis gamosaxulebaSi 

 funqcias, romelsac 

 wertilze 

 naxtomi aqvs, akldeba funqcia, romelic



                                 (2.6.9)

uwyveti funqciis da imave 

 naxtomis mqone 

 funqciis jams warmoadgens. amrigad, 
[image: image672.wmf])

(

1

z

U

 funqcia, rogorc 2.5.1 amocanis amonaxsni, roca sazRvarze mocemulia uwyveti (2.6.3) funqcia, arsebobs da erTaderTia. maSasadame, (2.6.2) gamosaxuleba miiswrafis 

-sken, roca 

, SemosazRvrulia da akmayofilebs (1) gantolebas S-Si. gamovikvlioT misi yofaqceva, roca 

. vTqvaT, 

 im gziT, romlis mimarT mxebi 

 wertilSi x RerZTan 

 kuTxes adgens. (2.6.2) gamosaxulebi​dan gamomdinareobs, rom 

 am dros miiswrafis



                   (2.6.10)

zRvrisken, sadac 

 aris 

 da (2.6.9) funqciebis jamis zRvruli mniSvneloba, romelic damokidebuli araa 

 wertilTan z-is miaxloebis gzaze. kerZod, 

 rkalis gaswvriv uaryofiTi mimarTulebiT 

 wertilTan miaxloebiT miviRebT



,                           (2.6.11)

sadac




(2.6.11)-dan gansazRvruli 

 gamosaxulebis (2.6.10)-Si CasmiT miviRebT




ukanaskneli tolobis marjvena mxare 

-ze uwyvetad damokidebuli funqciaa 

, 

, 
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,

)

(

 segmentebze, roca, Sesabamisad, 

; 

 da 

, romelTa boloebzec is 

 da 

 mniSvnelobebs iRebs. aqedan, bolcano-koSis meore Teoremis Tanaxmad (ix. mag., g. m. fixtengolci [1], gv. 171], is xsenebul segmentebze miiRebs maT Soris moTavsebul yvela mniSvnelobas.

Tu 

 da 

, (2.6.2) warmodgenis erTaderToba gamomdinareobs 2.1.3 maqsimumis principidan.

Tu 

, (2.6.3) warmodgenis erTaderToba damtkicebulia, magaliTad, m. a. lavrentievis da b. v. Sabatis wignSi [1] (ix. gv. 212).

vTqvaT, an 

 da 

, an 

, 

. Tu ganvixilavT 2.6.1 amocanis ori SesaZlo amonaxsnis sxvaobas, romlebsac ganuzRvrelobis erTnairi zRvrebi aqvT, roca 

, advili SesamCnevia, rom es sxvaoba nulad iqceva mTel sazRvarze, garda 

-sa, sadac zRvrebi nebismieri gzis gaswvriv miswrafebisas nulia, radgan marTalia orive amonaxsni sxvadasxva gziT sxvadasxva zRvrul mniSvnelobebs iRebs, magram erTi da igive gziT miswrafebis dros tol zRvrul mniSvnelobebs iRebs. Tu amonaxsnTa sxvaobebis mniSvnelobad 

 wertilebSi mis zRvrul mniSvnelobas _ nuls miviRebT, is (2.0.1) gantolebis iseTi amonaxsni gaxdeba, romelic uwyvetia 

 Caketil areSi da nuli xdeba sazRvarze. maSin eqstremumis susti principis ZaliT, SesaZlo amonaxsnTa sxvaoba nulia.

2.6.5 Teoremis damtkiceba.



,                     (2.6.12)

funqcia (2.0.1) gantolebis amonaxsnia S-Si.



                           (2.6.13)

funqcia uwyvetia yvelgan 

-Si da SemosazRvrulia. marTlac, uwyvetoba 

-Si cxadia. 

 simravleze is uwyveti gaxdeba Tu iq funqciis mniSvnelobad






       (2.6.14)

zRvrul mniSvnelobas miviRebT. Tu 

 gziT, romlisadmi 

 wertilSi gavlebuli mxebi x RerZTan 

 kuTxes adgens, maSin, 1.8.4-is SeniSvnis Tanaxmad, (2.6.13) funqcia miiswrafis



                        (2.6.15)

zRvrisken, romelic SemosazRvrulia 

-s mimarT (maSasadame, SemosazR​vru​lia (2.6.13) funqciac)). 

 mrudis gaswvriv dadebiTi mimarTulebiT 

 wertilze gadasvlisas (2.6.13) funqcias, (2.6.14)-is gamo, aqvs Semdegi naxtomi:



, roca 

;



, roca 

*)
da



, roca 

.*)
amdenad (2.6.5) funqcia uwyveti rCeba yovel 

 wertilze gadasvlisas, radgan mis gamosaxulebaSi 

 funqcias, romelsac 

 wertilSi 
[image: image674.wmf]k

h

 naxtomi aqvs, akldeba funqcia, romelic warmoadgens



                     (2.6.16)

uwyveti funqciis da (2.6.13) funqciis, romelsac igive 

 naxtomi aqvs, jams. maSasadame, 

-sa da (2.6.5) funqciis mimarT Teoremis pirobebis ZaliT arsebobs 

. amrigad, Tu gaviTvaliswinebT (2.6.12), (2.6.13) funqciebis Tvisebebs, mivalT im daskvnamde, rom (2.6.4) gamosaxuleba akmayofilebs (2.6.1) sasazRvro pirobas, roca 

, da ekuTvnis 

 klass. gamovikvlioT (2.6.13) funqciis yofaqceva, rodesac 

. vTqvaT, 

 gziT, romlisadmi 

 wertilSi gavlebuli mxebi x RerZTan 

 kuTxes adgens. (2.6.4), (2.6.15)-is Tanaxmad,




funqcia miiswrafis



                 (2.6.17)

zRvrisken, sadac 

 aris 

 da (2.6.16) funqciebis jamis zRvruli mniSvneloba, romelic damokidebuli araa z-is 

 wertilTan miaxloebis gzaze. kerZod, 

 mrudis gaswvriv uaryofiTi mimarTulebiT 

 wertilTan miaxloebisas miviRebT



,

sadac
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ase rom (2.6.17) SeiZleba gadaiweros
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saxiT. Semdeg CavatarebT wina Teoremis damtkicebis analogiur msjelobas.

roca erTaderTobis damtkicebaze gadavdivarT, vixilavT ori SesaZlo amonaxsnis u sxvaobas da vrwmundebiT, rom mTel 

 sazRvarze




funqcia nuli xdeba. magram is S-Si akmayofilebs (2.5.8) gantolebas. ase, rom eqstremumis susti principis ZaliT S-Si 

 da, maSasadame, 

.

2.6.6 Teoremis damtkiceba 

 tolobiT axali ucnobi funqciis Semoyvanis Semdeg (2.1.5) Sesabamisobis principis Tanaxmad daiyvaneba 2.6.1 Teoremaze.

Sedegi 2.6.7. 2.6.4 - 2.6.6 Teoremebi ZalaSi rCeba 

-sTvisac, Tu erTaderTobisTvis davuSvebT, rom sruldeba (2.3.3) da rom



,

roca an 

, 

, an 

, 

;



,

roca an 

, 

, an 

, 

; garda amisa sruldeba (2.3.10), (2.3.11) pirobebi, roca 

, 

.

am SemTxvevaSi (2.6.2), (2.6.4), (2.6.6) warmodgenebi Sesabamisad emTxveva (2.2.5)-(2.2.7)-s (ix. am paragrafis bolo nawili).

winaswar davamtkicoT Semdegi lema.

lema 2.6.8. adgili aqvs





 EMBED Equation.2  
;  (2.6.18)
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 EMBED Equation.2  
,   (2.6.19)

tolobebs, sadac 

 da integralis ganzogadebuli mTavari mniSvneloba ganisaz​Rvre​ba (ix. gansazRvra 1.8.5)


[image: image678.wmf]ò

ò

*

-

+¥

®

¥

+

¥

-

*

=

)

(

lim

:

.

R

p.v.

R

R

R

R


tolobiT, aq



,                        (2.6.20)

da 

 funqcia aracxadaa mocemuli



                           (2.6.21)

tolobiT.

2.6.8 lemis damtkiceba. radgan




amitom



.

aqedan marjvena mxareSi 

 Casmis Semdeg miviRebT  (2.6.18)-s.*)
sanam (2.6.19) tolobis gamoyvanaze gadavidodeT, gamovarkvioT Sesabamisad (2.6.21) da (2.6.20) tolobebiT mocemuli 

 da 

 funqciebis buneba.

(2.6.20)-is meore tolobidan Cans, rom 

, roca 

 da, Tu ganvixilavT R-is sakmaod did mniSvnelobebs (Cven ki mxolod R-is didi mniSvnelobebi gvainteresebs), fiqsirebuli 
[image: image679.wmf]x

-isa da 
[image: image680.wmf]y

-isTvis  yovelTvis SeiZleba CaiTvalos, rom 

. (2.6.21) tolobis marjvena mxare uwyvetad da mkacrad monotonurad izrdeba (radgan integralqveSa gamisaxuleba mkacrad dadebiTia) da iRebs 0-dan 

-mde yvela mniSvnelobas, roca 

 uwyvetad icvleba 

-dan 0-mde. analogiurad iqceva marcxena mxarec 

-s mimarT. maSasadame, yoveli 

 ricxvisTvis moiZebneba iseTi erTaderTi 

 ricxvi, rom sruldeba (2.6.21) toloba, da piriqiT. amdenad (2.6.21) tolobiT mocemulia mkacrad monotonurad zrdadi 

 funqcia, amasTan



.

magram (2.6.20)-is pirveli tolobidan cxadia



.

amrigad



.

axla 

-is ganmartebis Tanaxmad, (2.6.14) formulis, 

 Casmis da (2.6.20), (2.6.21) formulebis TanmimdevrobiT gamoyene​bis Semdeg, (2.6.19)-is marcxena mxare miiRebs
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.

saxes.

amrigad, damtkicebulia  (2.6.19) tolobac.

2.6.7 Sedegis damtkiceba. 2.6.4-2.6.6 Teoremebis damtkicebisas Cven gamoviyeneT uwyveti sasazRvro funqciis SemTxvevaSi arsebobis da erTaderTobis Teoremebi, magram aris sasrulobiT arsad ar gvisargeblia. amdenad, Tu f funqcias SemosazRvrulad CavTvliT da gamoviyenebT Sesabamis mtkicebebs 

-sTvis, 2.6.4_2.6.6 Teoremebi ZalaSi rCeba naxevarsibrtyisTvisac, Tu maTSi moyvanil gamosaxulebebSi jamebs ganvixilavT mxolod 2-dan 

-mde, radgan 

 da 

 wyvetis wertilebi am SemTxvevaSi ar iarsebeben.

amgrigad, (2.6.2) da (2.6.4) formulebi miiReben


[image: image685.wmf](

)

(

)

ò

ò

å

+¥

¥

-

-

-

-

-

=

-

P

ú

ú

û

ù

ê

ê

ë

é

-

L

=

x

r

t

t

a

x

q

x

x

t

d

e

d

e

b

h

f

b

a

y

z

u

b

a

b

a

n

k

k

k

b

k

2

arg

0

1

2

1

)

1

(

sin

)

(

)

,

(

)

(



 EMBED Equation.2  
  (2.6.22)

da
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(2.6.23)

saxes. SevniSnoT, rom gamosakvlev SemTxvevaSi (2.6.1) sasazRvro pirobas Cven vcvliT (2.2.3) pirobiT da viyenebT (2.2.6) formulas 

-is azriT (1.8.6 Teoremaze dayrdnobiT uSualod SeiZleba SevamowmoT, rom (2.2.6) gamosaxuleba (2.6.5) simkvriviT, sadac jams vixilavT 2-dan 
[image: image688.wmf])

1

(

-

n

-mde, e.i., 
[image: image689.wmf])

(

)

2

(

z

u

P

, sadac 

, 

, warmoadgens 2.2.1 amocanis amonaxsns (2.2.3) sasazRvro pirobiT, roca 

 da sasazRvro funqcias aqvs (2.6.5) saxe, sadac 

, 

).

(2.6.18)-isa da (2.6.19)-is ZaliT, advili dasanaxia, rom 

 emTxveva (2.2.5) gamosaxulebas, xolo 

 _ (2.2.6) gamosaxulebas. ra Tqma unda, am daskvnamde misvla Cven ukusvliTac SegveZlo.

erTaderToba gamomdinareobs 2.1.1, 2.1.2, 2.1.3 maqsimumis principebidan.



 SemTxveva, rogorc es ara erTxel iyo gakeTebuli adre, daiyvaneba 

 SemTxvevaze.
$ 2.7. sasazRvro amocanebis miaxloebiTi amoxsnis sakiTxisTvis
qvemoT gamokvleulia naxevarsibrtyeSi sasazRvro amocanebis kvadraturebSi gamosaxul amonaxsnTa gamoyenebis sakiTxi sasrul areSi Sesabamisi amocanebis miaxloebiTi amoxsnisTvis. dadgenilia pirobebi aris, gantolebis koeficientebisa da sasazRvro monacemebis mimarT, romelTa Sesrulebis SemTxvevaSi aigeba miaxloebiTi amonaxsnebi mocemuli sizustiT (ix. g. jaiani [19] da [16], gv. 36-42).

vTqvaT, 

 Seicavs 

, 

, monakveTs, xolo S are _ 

 naxevarwres.

ganvixiloT Semdegi sasazRvro pirobebi:



;                                (2.7.1)



;                          (2.7.2)



;                 (2.7.3)



;               (2.7.4)



      (2.7.5)

sadac




vTqvaT,



.

Teorema 2.7.1. vTqvaT,



                 (2.7.6)

sadac 

 winaswar mocemuli ragind mcire ricxvia, 

 nebismieri fiqsirebuli ricxvia,




maSin



                 (2.7.7)

warmoadgens 

 klasis funqcias, romelic akmayofilebs (2.7.2) sasazRvro pirobas da



                    (2.7.8)

pirobas.

Tu 

 da 

 aris (2.0.1), (2.7.1), (2.7.2) (e. i., 2.5.1 amocanis kerZo SemTxvevis) amocanis amonaxsni, maSin adgili aqvs



                     (2.7.9)

Sefasebas.

Teorema 2.7.2. vTqvaT,



            (2.7.10)

maSin



                        (2.7.11)

warmoadgens 

 klasis funqcias, romelic akmayofilebs (2.7.3), (2.7.8) pirobebs.

Tu 

 da 

 aris (2.0.1), (2.7.1), (2.7.3) (e. i., 2.5.2 da 2.5.4 amocanebis kerZo SemTxvevis) amocanis amonaxsni, maSin adgili aqvs



                 (2.7.12)

Sefasebas.

Teorema 2.7.3. vTqvaT,



             (2.7.13)

maSin



                (2.7.14)

warmoadgens 

 klasis funqcias, romelic akmayofilebs (2.7.4), (2.7.8) pirobebs da



,

pirobas.

Tu 

 da 

 aris (2.0.1), (2.7.1), (2.7.4) (e. i., 2.5.3 amocanis kerZo SemTxvevis) amocanis amonaxsni, maSin adgili aqvs



                     (2.7.15)

Sefasebas.

Teorema 2.7.4. vTqvaT,



        (2.7.16)

maSin



           (2.7.17)

warmoadgens 

 da 

 klasebis funqcias, Sesabamisad, ro​ca 

 da 

, romelic, Sesabamisad, akmayofilebs (2.7.5) da (2.7.8) piro​bebs.

Tu 

 da




aris (2.0.1), (2.7.1), (2.7.5) (e. i. 2.5.5 amocanis kerZo SemTxvevis, roca 

) amocanis amonaxsni, maSin adgili aqvs



;                          (2.7.18)



;                    (2.7.19)



,                  (2.7.20)

Sefasebebs.
2.7.1 Teoremis damtkiceba. 

 funqcia uwyvetad gavagrZeloT 

 segmentis gareT da iq nulis tolad CavTvaloT. maSin 

-Si dirixles amocanis zust amonaxsns, 2.2.3 Teoremis Tanaxmad (ix. (2.2.5) formula), eqneba (2.7.7) saxe. amdenad 

 daakmayofilebs (2.7.2) pirobas. axla R sidide ise SevarCioT, rom 

 naxevarwrewirze 

 amonaxssni winaswar mocemul ragind mcire 

-ze naklebi iyos. imis gaTvaliswinebiT, rom



,                  (2.7.21)

roca



, 

, 

,

(2.7.7)-dan 

-Si gveqneba



.           (2.7.22)

aqedan, cxadia, Tu R SerCeulia ise, rom sruldeba (2.7.6), maSin



.

radgan nebismier 

-isTvis, (2.7.22), (2.7.6)-is ZaliT,
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-mde sizustiT SeiZleba CavTvaloT, rom 

 akmayofilebs erTgvarovan sasazRvro pirobas 

-s gaswvriv, ramdenadac 

 rkalis TiToeuli wertili raRac 

 radiusian naxevarwrewirze devs.

Tu 

, maSin



,
da, eqstremumis susti principis Tanaxmad,



,

radgan ukanasknels adgili aqvs 

-ze. miRebuli utoloba (2.7.9) Sefasebis tolfasia.

2.7.2 Teoremis damtkiceba. 2.7.1 Teoremis damtkicebis analogiurad SeiZleba davrwmundeT imaSi, rom Tu R akmayofilebs (2.7.10) pirobas, maSin, roca 

, gveqneba



,



,

sadac 

 aqvs (2.7.11) saxe.

SemoviRoT
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aRniSvnebi. 

 da 

 funqciebi daakmayofileben (2.5.8) gantolebas da




utolobas, radgan



;



.
aqedan, eqstremumis susti principis Tanaxmad, (2.5.8) gantolebisTvis gveqneba



,

utoloba. rac (2.7.12) Sefasebis tolfasia.

2.7.3 Teoremis damtkiceba. advili dasanaxia, rom Tu R akmayofilebs (2.7.13) pirobas, maSin, roca 

, gveqneba



,



,

sadac 

-s aqvs (2.7.14) saxe.

SemoviRoT


[image: image693.wmf]3

1

3

:

u

A

y

v

b

-

÷

ø

ö

ç

è

æ

=

, 
[image: image694.wmf]T

b

T

u

A

y

v

3

1

3

:

-

÷

ø

ö

ç

è

æ

=


aRniSvnebi. (2.1.5) Sesabamisobis principis Tanaxmad, 

 da 

 funqciebi daakmayofileben




gantolebas. eqstremumis susti principis Tanaxmad, gveqneba



,

radgan



;



,

e. i., adgili aqvs
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e

,

utolobas, rac (2.7.15) Sefasebis tolfasia.

2.7.4 Teoremis damtkiceba. advili dasanaxia, rom Tu R akmayofilebs (2.7.16) pirobas, maSin, roca 

, gveqneba



,



,

sadac 

-s aqvs (2.7.17) saxe.

eqstremumis susti principis da zaremba-Jiros ganzogadebuli principis (ix. $ 2.1) Tanaxmad, 

 funqcias, roca 

, eqstremaluri mniSvnelobebis miReba SeuZlia mxolod 

-ze, e. i., adgili aqvs



,

utolobas, rac (2.7.18) Sefasebis tolfasia.

vTqvaT, 

. maSin



.

aqedan



.

radgan



,                           (2.7.23)

amitom



,                        (2.7.24)



,              (2.7.25)

sadac



.                         (2.7.26)

(2.7.24)-is, (2.7.25)-isa da 2.7.2 Teoremis ZaliT,



,                (2.7.27)

sadac



.                         (2.7.28)

(2.7.26), (2.7.28)-is gamo, (2.7.27)-dan gamomdinareobs (2.7.19).

analogiurad ganixileba 

 SemTxveva.



.

aqedan



,                    (2.7.29)

sadac



.                          (2.7.30)

(2.7.23)-is Tanaxmad,



.                         (2.7.31)

(2.7.29)-is, (2.7.31)-isa da 2.7.3 Teoremis ZaliT,



,                    (2.7.32)

sadac



.                          (2.7.33)

(2.7.30)-isa da (2.7.33)-is gamo, (2.7.32)-dan gamomdinareobs (2.7.20).

$ 2.8. zogierTi gamoyeneba
am paragrafSi moyvanilia zemoT miRebuli Sedegebis uSualo gamoyenebani


               (2.8.1)

gantolebis RerZsimetriuli amonaxsnebisa (ix. g. jaiani [15], gv. 56-59) da



              (2.8.2)

gantolebisaTvis (ix. g. jaiani [16], gv. 24), sadac a, b da c, sazogadod, kompleqsuri ricxvebia.

(2.8.1) gantolebis mTel namdvil evklidur p ganzomilebian 

 sivrceSi 

-is mimarT RerZsimetriuli
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amonaxsnebi akmayofileben (2.0.1) gantolebas, sadac
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2.3.8 Teoremidan gamomdinareoben Semdegi mtkicebebi:

1. (2.3.21) gamosaxuleba, sadac
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, 

 

, warmoadgens Semdegi amocanis erTaderT amonaxsns:
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-Si vipovoT (2.8.1) gantolebis 

 RerZis mimarT simetriuli


[image: image700.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

´

´

´

Î

-

-

4

3

4

2

1

L

jer

)

1

(

1

2

0

0

\

p

p

R

R

C

u

}

{

}

{


amonaxsni, romelic akmayofilebs Semdeg pirobebs:

a) simetriis 

 RerZze



,

sadac f uwyveti SemosazRvruli funqciaa;

Tu 

, damatebiT moviTxovT, rom



,                (2.8.3)

da



,          (2.8.4)

roca



;          (2.8.5)

b) usasrulobaSi




xolo roca 

, moviTxovT, rom



,         (2.8.6)



.  (2.8.7)

2. (2.3.22) gamosaxuleba, sadac
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, warmoadgens Semdegi amocanis erTaderT amonaxsns:
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gantolebis 

 RerZis mimarT simetriuli 
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 amonaxsni, romelic akmayofilebs Semdeg pirobebs:

a) simetriis 

 RerZze



,

sadac f uwyveti funqcia akmayofilebs (2.8.3) pirobas da adgili aqvs (2.8.5)-s, roca sruldeba (2.8.4);

b) usasrulobaSi sruldeba (2.8.6) da (2.8.7) pirobebi.




igivobidan, sadac



,                            (2.8.8)

gamomdinareobs, rom



,                              (2.8.9)

sadac 

 (2.8.2) gantolebis amonaxsnia 

 klasidan.

(2.8.9) toloba (2.8.2) gantolebis TiToeul 

 amonaxsns uTanadebs (2.0.1) gantolebis 

 wyvil amonaxsns da piriqiT.

(2.8.9) toloba imis saSualebas iZleva, rom (2.0.1) gantolebisTvis zemoT moyvanili Sedegebi Sesabamisad gadavitanoT (2.8.2) gantolebis SemTxvevaze.

magaliTad, Tu gamovricxavT SemTxvevas, roca 

 uaryofiTi ricxvia, 2.2.1 amocanaze daiyvaneba

amocana 2.8.1. 
[image: image704.wmf]R
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2

-Si vipovoT 

 funqcia, romelic akmayofilebs (2.8.2) gantolebas da erT-erTs Semdegi sasazRvro pirobebidan:



, roca 

;



, roca 

;



, roca 
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sadac 

, 

 da f akmayofilebs 2.2.1 amocanis pirobebs.

amdenad 2.2.3 Teoremidan gamomdinareobs

Teorema 2.8.2. 2.8.1. amocanis amonaxsns aqvs
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sadac, roca 

, f funqcia akmayofilebs 2.2.3 Teoremis pirobebs.

SeniSvna 2.8.3. (2.8.8)-dan, cxadia, rom 

, maSasadame, Tu 

, maSin 

 da piriqiT.

SeniSvna 2.8.4. Tu 

, maSin (2.8.2) gantoleba emTxveva (2.0.1) gantolebas, xolo, roca 

, rogorc es 2.8.2 Teoremidan gamomdinareobs, (2.8.2) gantolebisTvis koreqtuli SeiZleba iyos mxolod woniani sasazRvro amocana.

$ 2.9. zogierTi zogadi SeniSvna da gamosakvlevi amocanebi

am TavSi dasmuli amocanebi analizurad sruladaa Seswavlili, erTi SeniSvniT, rom, sasurvelia, gamokvleul iqnes amocana 2.5.2-Si 
[image: image707.wmf]V

 rkalis mcire wrfivi boloebis x RerZisadmi orTogonalobis moTxovnis Sesustebis sakiTxi.

ricxviTi eqsperimentis gamoyenebiT gamosakvlevia $2.7-Si mocemuli sasazRvro amocanebis miaxloebiTi amoxsnis meTodis efeqturoba-saimedoba.

dasamuSavebelia $2.5-sa da $2.6-Si analizurad gamokvleuli sasazRvro amocanebis miaxloebiTi da ricxviTi amoxsnis meTodebi.

gamosakvlevia $2.2-sa da $2.3-Si sasazRvro amocanebis kvadraturebSi agebuli amonaxsnebis efeqturobis sakiTxi Sesabamisi sasazRvro amocanebis ricxviTi amoxsnis TvalsazrisiT.

*) s. d. puasoni (1781 _1840) _ frangi meqanikosi, fizikosi, maTematikosi


**) j. g. stoqsi (1819 _ 1903) _ ingliseli fizikosi da maTematikosi


***) e. beltrami (1835 _ 1900) _ italieli maTematikosi


*) g. f. b. rimani (1826 _ 1866) _ germaneli maTematikosi


*) i. l. fuqsi (1833 _ 1902) _ germaneli maTematikosi 


**) j. grini (1793 _ 1841) _ ingliseli maTematikosi da fizikosi


*) g. f. a. de lopitali (1661 _ 1704) _ frangi maTematikosi


*) m. e. k. Jor�da�ni (1838 _ 1922) _ frangi maTematikosi


*) am utolobis gamoyvanisas dasaSvebia � EMBED Equation.2  ���.


*) m. a. lavrentievi (1900 _1980) _ rusi maTematikosi da meqanikosi


*)  2.5.2 amocanis amonaxsnis arseboba damtkicebulia, roca � EMBED Equation.3  ��� da � EMBED Equation.3  ���, e.i. � EMBED Equation.3  ���, � EMBED Equation.3  ���. amitom � EMBED Equation.3  ��� da � EMBED Equation.3  ���. magram Tu davuSvebT amonaxsnis arsebobas am SezRudvis gareSe, maSin 2.6.5 Teorema ZalaSi darCeba maSinac, roca  � EMBED Equation.3  ���, � EMBED Equation.3  ���.





*)  kidev erTxel SevniSnoT, rom 2.5.2 amocanis pirobebSi � EMBED Equation.2  ���-s mimarT SezRudvebSi, cxadia � EMBED Equation.3  ��� da � EMBED Equation.3  ���. Sesabamisad � EMBED Equation.3  ��� da � EMBED Equation.3  ���. magram msjeloba aq da SemdegSic samarTliania maSinac, roca  � EMBED Equation.3  ���, � EMBED Equation.3  ���.


*) (2.6.18) ტოლობა უშუალოდ გამომდინარეობს იქიდან, რომ 


� EMBED Equation.2  ���


aris (2.0.1) gantolebis iseTi amonaxsni � EMBED Equation.2  ���-Si, romelic � EMBED Equation.2  ��� sazRvarze iRebs uban-uban mudmiv


� EMBED Equation.2  ���


mniSvnelobas. aseTi amonaxsni ki (2.2.5) formuliT warmoidgineba, romelic Cven SemTxvevaSi (2.6.18) tolobis marcxena mxares emTxveva.
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