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As is well known, the Haar and Walsh systems are successfully applied in signal transmission
processes. In this direction an important role is played by the study of the behavior of the
signal, as a sum of the absolute values of the Fourier coefficients.

In this paper we study the problem of absolute convergence of the N-dimensional series of
Fourier-Haar coefficients for the classes of functions with bounded partial p-variations.
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1. Introduction

The problems related to the behavior of single series of Fourier-Haar are well stud-
ied [10]. Namely, P. Ulianov [17] and B. Golubov [9] received the results related
to the problems of absolute convergence of the series of Fourier-Haar coefficients.
Some generalization of these results related were received by Z. Chanturia [4], T.
Akhobadze [1], U. Goginava [8] and by the author [2]. In the term of modulus of
smoothness the problem of absolute convergence of the series of Fourier-Haar co-
efficients was studied by V. Krotov [13]. Multidimensional analogies corresponding
to the results of V. Krotov were formulated in the works of V. Tsagareishvili [16]
and G. Tabatadze [15].

The estimates of Fourier coefficients of functions of bounded fluctuation with
respect to Walsh system were studied in [14] and with respect to Vilenkin system
were studied by G. Gat and R. Toledo [5] and by the author [3].

Let IV =0, 1]N denote a cube in the N-dimensional Euclidean space RY. The
elements of RY are denoted by 7’ = (21, ..., oN).

Let
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is the multiple Haar system on IV = [0,1]" , where
T = (21,...,xNn), 1 = (my,..,my) (mi=1,2,..; i=1,N)

As usual, L,(I"V)(p > 1) denotes the set of all measurable functions defined on
IV, for which

1£llp = / a7 | < oo

0,1V

and C(I"V) is the space of continuous functions on I’V equipped with the maximum
norm

I£lle = max | £(7)]

Let us denote Fourier-Haar multiple coefficients of the function f e L ([0,1])"
by O (f), ie

Carlf) = | Foxzd?.

[0,1]"
We say that f € Lipa on [0,1]V, if
If(-+h) = fC)lle =O([R]%),

where

N 1/2
Hhuz(zh%) . ae(0,1].
=1

We have the following theorem.

Theorem 1.1 ([15]} a) Let f € Lipa on [0,1]Y,a € (0,1]. If 3> 0 and v+ 1 <
B(§ + %), then

[ee] o0 N
S S T G (NP < o0
mi=1 my=11i=1

b) Let v+ 1 = B(5 + %), for some a € (0,1). Then there exists a function f, €
Lip a for which

oo [e’e) N
S Y T (Consn (fa)]? = 0

mi=1 my=11i=1
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The case for v = 0 was considered earlier by V. Tsagareishvili [16].
Let f be a function defined on RY, 1-periodic with respect to each variable.
Denote by

Ahj(f,t):f(tl,...,tj—l-hj,...,tN)—f(tl,...,tj,...,tN)(j:1,...,N),
Ahl,hg,.‘.,hN (f? t) = A]’LN (Ahl,hQ,...,hN_17t) .

Let f € Ly([0,1]"). The partial integrated modulus of continuity are defined by

1/p
w6, )y = sup (/ IAm(fJ)\pdt) (i=1,..,N), 0<d<1.
0.1]¥

[hi| <8

We also use the notion of mixed integrated modulus of continuity. It is defined
as follows

» 1/p
w1, N6, f)p = suppp,<s (ﬁo,l}w |Ahy b, b ()] dt) ,
(t=1,...,N),0<d < 1.

It is not difficult to show that

wi,..n <2V Ywr - Yoy (1.1)

In 1881 C.Jordan [12] introduced a class of functions of bounded variation and,
applying it to the theory of Fourier series proved that if a continuous function has
bounded variation, then its Fourier series converges uniformly. In 1906 G. Hardy
[11] generalized the Jordan criterion to double Fourier series and introduced the
notion of bounded variation (HBV') for a function of two variables. He proved
that if a continuous function of two variables has bounded variation (in the sense
of Hardy), then its Fourier series converges uniformly in the sense of Pringsheim. In
1999 U. Goginava [6] introduced the notion of bounded partial p-variation (PBV})
and proved that the class PBV,(p > 1) guarantees the uniform convergence of
N-dimensional trigonometric Fourier series of the continuous function.

We study the problem of absolute convergence of the series of Fourier-Haar co-
efficients for the classes of functions with bounded partial p-variations, which were
first considered by U.Goginava(see [6] for p =1 and [7] for p > 1).

Definition 1.2: Let f be a function defined on [0, 1]N and 1—periodic with
respect to each variable. f is said to be a function of bounded partial p-variation
(f € PBV,(IN)),ifforany i =1,2,..,N and n=1,2,...

n—1
Vi(f)= sup supZ‘f (xl,...,xi_l,azz(»%),a:iﬂ,...,a:N>
wjvje{lv“'vN}\{i} I k=0

2k+1) p
- f (3017---,901'—1,905 ,$i+1,---71'N>‘ < o0,

where II is an arbitrary system of disjoint intervals <$§2k)’x521c+1)>
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(k=0,1,...,n—1)on [0,1], i.e

(271—2) < w(Zn—l)

0< l'l(»o) < xl(l) < xl@) <.<x < 1.

2. Main results

The main results of this paper are presented in the following propositions.

Theorem 2.1: Let f € PBV,(IV),p>1 and 3 > ;fﬁv Then

Z Z |Cn1, SN |5

Theorem 2.2: Let f € PBV,(IV),p>1 and a < ﬁ — % Then

(o) o0 N
S ST T+ 1% Cosnn (D] < 0
n1=0 ny=01i=1

Theorem 2.3: Let f € PBV,(IN),p>1and >0, a+1 <5(ﬁ+%>. Then

Z Z H ni + 1) |Coyoomn ()P < 0.

ny=0i=1

Since Lip% C PBYV), in case p > 1 the sharpness of Theorems 2.1-2.3 follows
from the works [15]-[16].

3. Auxiliary results

Lemma 3.1: Let f € PBV,(IV),p > 1. Then
wi(6, f)p < 3YP6YP.Vi(f), (i=1,...,N), 0<d<1,

where V;(f)p is a partial p-variation of function.

Using the method of [9], we can easily obtain the validity of Lemma 3.1 .

4. Proof of main results
Proof: (of Theorem 2.1.) We write

Z Z |CQ1, :QN /6

1=0 qN—O

= Z |Cq1,0, -0 |6 + Z |CO,Qz, 0,...,0 ‘ﬁ +oet Z |C0,...,qzv(f)
q1=0

(Jz—l qul



+ Z Z |qu,q2,0,...,0(f) 7

q1:1 QQ:1

where ¢, = 2™ + iy,

=1

ip=1,...
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AR O

+ .+ Z Z |CO,.A.,qN71,CIN(f)|ﬁ

gn-1=lgn=1

Fo k3 Coan (PP

qn=1

=0,1,...;

k=1,...,N.

Then using the Holder inequality, from the Lemma 3.1 we get

2m1

Z‘ n1777

i1=1
2m1

2.

i1=1

- f<$1+

pny
=925

pn

<2

=

< 2”1(173)0_){7

<c-27

Let 1+p

2m1

2.

’il:l

1—2

;LlJrl
ARy
[0,1]¥ -1 ;

on1+1

1
oni+1 » L

2n,1+1

i s
e o) < (

< gm(1=8/p) . (

2iq
/[0,1]1\'1 (/2
241 —1
PoEas
X
[0,)¥ =1 J Zas

-1
nyF1

2n1+1

1—2

on1+1

1-1/pP
ldl'l s d$N>

7 |
9ni(p—1) [0,1]¥-1

(jreros) <2000 3
2 p

V()

2n1+1

on1

Z ’C(h

’ilzl

2, ..,xN>] dac1> dre---dry
o

i1 -2
PYESY

2"1+1

2n1+1

_nip

2V,

i)
7’11,07

P

p
(f, )’dm) divz"'de]

1/p
(f, )‘ da:1> dmg"-d:cN>

(f, )‘ dry---dry

V()

< (3 < p. Using the Holder inequality, from (4.2) we get

, B/p
o) ) 1=/
/p

SC.Qm(l*ﬁ/p) 2~ n1ﬂ/2<c 2n1{1 g g]
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By (4.3) and from the condition of the Theorem 2.1 we obtain

Z |CQ1,0,...,0(f)

q1=2

=3 >t o)

o
‘ﬁ <c Z 2”1[1_§_§] < o0.

n1:0 21:1 n1=0

Using the Holder inequality, by (1.1) and from Lemma 3.1 we get

2m1 —1 2nN 1
2"N
Z Z / /2 (z1,...,ZN)
11=0 in=0 27m 2"1\2’
. i i "1*"2+ N
g —_— e
X XS;)(xl)ng)(xQ) .. .Xgllfvv)(xN)dxl dﬂUN‘ < 9P
271 —1 onN 291 +1 2in+1 »
T A dry---d
2 >3 o do
2iy 20N ‘ 2n1+17 ’2"N+1 (f’ ) 1 N
’LN 0 oni+1 onN 1
< 2pw
21 —1 2"N —1] 21‘1-:11 QiNj;ll ) 1/p
2m1 IIN
i (/ 2i1 /277N oriFl o onyF1 (f’ ) 1 N
in=0 on1+1 onN T
2ip +1 20 +1 1-1/p p
2n1+1 o NI
X 1dx1de
2iq 2ipy
an1+1 onNFL
mtAny 1
n 2(n1++nN)(p71) [0 I]N 2ﬂ1+17 ’2"N+1 (f’ ) 1 N
(n1tnat-+ny)(1-2), p 1
<2 2(,ul27 7 2n1+1""’2nN+1’f
p

ny ny)(1-2 N-1 /N
< gmttnn)(1-5) L o(N—1)p, P <2n1+1’f>

1
2 N-1
2) . o )pm <

< 2(n1+'“+nN)(1—

/N (1
if (27ZN+1 ’f>
p

P

< ¢ 2mttnn)(1-5-53) (4.4)

Let 1 +p < (8 < p. Using the Holder inequality, by (4.4) we write
2m1 2NN — 1
Y fet:
n17 ,nN
11—0 ’LN—O

B_8B B B
. 2(”1+"'+”N)[;—*—TT\,+1—;} _

2

< ¢ gmittnn)(1-5=3) 8 | glmttna) (1-2
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By (4.5) and from the condition of the Theorem 2.1 we get

oco 2"1—-1 2nN 1
E E ,3 _ 11,00
|CQ1 7QN | Cnll, ,nNN)
=1 gn=1 n1=0 ny=0 ;=

/3 8 B

B SR

nNO

o0
< Z 2n1[lf§fp%] Z 2n2[172
n1=0 n2=0

The convergence of the remaining terms of series (4.1) is proved similarly.
The proof of Theorem 2.1 is complete. O

Proof: (of Theorem 2.2.) We write

Z Z (@1 + 1) (o + D% |Cprrngn ()]

gn=0

Z @1+ 1) |Cy0,..0(f)| + Z (g2 +1)% [Co,gs.0....0(f)]

g2=1

4+ 4 Z (qN -+ 1)a |CO,...,qN (f)|

gn=1

o (4.6)
+3 > (@ + D) (g2 + D [Coyg0...0(F)]
=1 q2=1
tot D > (av- D (v + D Cogyoran ()]
gn-1=1qn=1
+ Z Z g+ D)% (gv + 1) Cyoan ()]
a=1 qn
Let 8 =1, then from (4.3) we get
on1 on1
Z (2™ 41 + 1) 07(11,)0,. o(f) ’ <c-2m Z ‘ 7(;11, o0 ‘
=1 =1 (4.7)

17

+1 i].

<coomagmlizi] _oogmle

y (4.7) and from the condition of Theorem 2.2 we obtain

e e} co 2™

S @+ 1) |Coo, oAl = D2 3 @ i+ 17|, o)

q1=1 n1=04;=1
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2"

<cz2”10‘2‘ 7(;11”7 ‘<022m +7_7}<oo.

nlf 7,1—1 nlf

Let 8 =1, then by (4.5) and from the condition of Theorem 2.2 we get

S @D (an 1) Cor,an ()]

q1=1 gn=1

<37 3 Y S o)
n1=0 ny=0 13=1 in=1 i

<c Z gilites Z grel 3o . i g [3remi] < oo
ny=0 ny=0

nlf

The convergence of the remaining terms of series (4.6) is proved similarly.
The proof of Theorem 2.2 is complete. O

Combining the methods of Theorems 2.1-2.2 we can prove validity of Theorem

2.3.

References

(1]
2]
(3]

[4]

(5]

T. Akhobadze. Generalized BV (p (n) 1 p,®) class of bounded variation, Bull. Georgian Acad. Sci.,
163, 3 (2001), 426-428

A. Aplakov. On the absolute convergence of the series of Fourier-Haar coefficients, Bull. Georgian
Acad. Sci., 164, 2 (2001), 238-241

A. Aplakov. On the absolute convergence of the series of Fourier coefficients with respect to Haar-
like systems in the class BV (p(n) 1 p, ), Journal of Contemporary Mathematical Analysis, 50, 6
(2015), 287-295

Z. Chanturia. On the absolute convergence of the series of Fourier-Haar coefficients, Commentationes
Math., 11 (1979), 25-35

G. Gat, R. Toledo. Fourier coefficients and absolute convergence on compact totally disconnected
groups, Math. Pannon., 10, 2 (1999), 223-233

U. Goginava. On the uniform convergence of multiple Fourier series with respect to the trigonometric
system, Bull. Georgian Acad. Sci., 159, 3 (1999), 392-395

U. Goginava. On the uniform convergence of multiple trigonometric Fourier series, East J. Approx,
5 (1999), 253-266

U. Goginava. On the absolute convergence of the series of Fourier-Haar coefficients, Bull. Georgian
Acad. Sci., 164, 1 (2001), 21-23

B. Golubov. On the Fourier series of continuous functions with respect to Haar system (Russian),
Izv. AN SSSR, seria matem, 6, 28 (1964), 1271-1296

B. Golubov. Series in the Haar System In Mathematical Analysis (Russian), 1970, p.109-146.
VINITI, Moscow, 1971

Hardy C.H. On double Fourier series and especially those which represent double zeta function with
real and incommensurable parameters, Quart J. Math., 37, 1 (1906), 53-79

C. Jordan. Sur la series de Fourier, C.R. Acad. Sci., Paris, 92 (1881), 228-230

V. Krotov. Fourier coefficients with respect to a certain ortonormal system that forms a basis in the
space of continuous functions (Russian), Izv. VUZ. Mathematica, 10, 161 (1975), 33-46

F. Schipp, W. Wade, and P. Simon. Walsh Series. An Introduction to Dyadic harmonic Analysis,
Adam Hilger Ltd., Bristol, 1970

G.Z. Tabatadze. On absolute convergence of Fourier-Haar series, Bull. Acad. Sci. Georgian SSR
(Russian), 103, 3 (1981), 541-543



Vol. 27, No. 1, 2023 47

(16] V. Tsagareishvili. Fourier-Haar coefficients (Russian), Bull. Acad. Sci. Georgian SSR, 81, 1 (1976),
29-31
[17] P.L. Ulianov. On the Haar series. Matem. sb. (Russian), 63, 105 (1964), 356-391



