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In this work we give the polynomial algorithm for finding the near-optimal rearrangement
in the Steinitz functional for the vectors in the finite dimensional normed space. Maximum
inequality and a Transference theorem, obtained by the authors, as well as a Monte-Carlo
method are applied.
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1. Introduction

The main aim of this paper is to apply our maximum inequality and transference
theorem [1, 2], presented in the next section, to the following problem which is an
important subtask of many problems of machine learning, scheduling theory and
discrepancy theory ([3] - [8]). The main problem is to find or estimate the minimum
in 7 of the Steinitz functional

k
O (m) = maz || > Tx()| (1)

=1
where © = (z1,...,x,) is a fixed collection of elements of a finite dimensional
normed space X and 7 : {1,...,n} — {1,...,n} is a permutation. The problem

was posed by E. Steinitz [9] who was solving the question on sum range of a
conditionally convergent series in a finite dimensional space (the generalization of
the famous Riemann problem).

The peculiarity of the related applied problems is that d, the dimension of X,
can be very large, so that the brute force idea as a rule does not work. Though,
based on the maximal inequalities for the rearrangements of vector summands, we
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construct a polynomial-time algorithm for finding a near-optimal permutation in

(1).

2. The main maximal inequalities

In this section we give two maximal inequalities related to the problems of calcu-
lation or estimation of the Steinitz functional:

Theorem 2.1: ([1, 2]) Let x1,...,x, € X be a collection of elements of a normed
space X with Y ;" | x; = 0.Then

a) For any collection of signs 9 = (91,...,%,),9; = x1, there is a permutation
m:{1,...,n} = {1,...,n} such that

k

Z Lr(i)

i=1

> 2 max
1<k<n

+ mazx
1<k<n

max
1<k<n

(2)

k k
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i=1 i=1

There is an explicit one-to-one correspondence between ¥ and m = 7(19).

b) (Transference Theorem). There is a permutation o : {1,...,n} — {1,...,n}
such that
k k
1262, | 27| = g, | 2 P
1= 1=

for any collection of signs ¥ = (¥1,...,0,),9; = £1.

Remark 1: The correspondence between ¥ and 7 = 7(¢J) in part a) is given
as follows: if ¥, = +1,i =1...,p, and ¥, = —1,5 = 1...,¢,p + q = n, then
m=(ki,....kp,mg,...,mq).

2.1. The greedy algorithm is not in general the best

Given vectors x1,...,x, € X, a greedy algorithm chooses at each step a vector
that minimizes the norm of the next partial sum. In other words, on step 1 it
chooses an element z,, that has a minimum norm. On step 2 it selects an element
Tnys Ty, 7 Ty, such that

for any ng # nq, etc.

The following example constructed by Jakub Wojtaszchik (oral communication)
shows that a greedy algorithm is not in general the best one even in a two-
dimensional space.

Example 2.2 Consider n groups of vectors of [2, each consisting of the three fol-
lowing vectors: (1,1), (2,—3) and (—3,2). Obviously, the greedy algorithm chooses
at the first n steps the vectors (1,1),..., (1,1). Therefore, for the optimal per-
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mutation 7, and greedy permutation 7, we have respectively

mag |[er,q) + -+ Tr | = 3;

and

0z |[@n, )+ + Tr [ = n +2.

In [10] we show that such sort of an example can be constructed in any 2-
dimensional normed space.

2.2. Corollaries to the Transference theorem (Theorem 2.1b)

The Transference theorem allows us to get a permutation theorem given a sign
theorem. Moreover, as we’ll see in Section 3, if the sign algorithm is constructive,
then a desired permutation can also be found constructively. As a first example we
consider the classical Steinitz permutation theorem that we get from the following
Barany-Grinberg-Sevostyanov sign theorem.

Theorem 2.3: ([11, 12]) Let X be a normed space of dimension d, xy,...,Tpn €
X, ||zi]| <1, i=1, ..., n. Then there exists a collection of signs ¥ = (¥1,...,9,)
such that

mazx ||[Y121 + - - + D] < 2d.
1<k<n

The permutation version of Theorem 2.3 found by the Transference theorem can
be stated as follows.

Corollary 2.4: (The Steinitz inequality). Let X be a normed space of dimension
d, x,...,on € X, |lz|| <1,i=1, ..., n, and =1 +---+ z, = 0. Then there
exists a permutation o : {1,...,n} — {1,...,n} such that

mag [[@oq) + -+ Tow|| < 2d.

Remark 2: Steinitz [9] proved his inequality straightforwardly, however a proof
through the sign version additionally allows to find the desired permutation con-
structively provided that the collection of signs in the sign version can be obtained
constructively, by use of the Transference theorem (see Section 3)

Another sign-permutation duality example is provided by the case of the space
i
Theorem 2.5: (Spencer [13]). Let X =19, zy,...,2, € X, |zl < 1, i =
1, ..., n. Then there exists a collection of signs ¥ = (V1,...,0,) such that

mazx ||[V1z1 + - - + Dpel| < V20 In2d.
1<k<n

Note that in the above theorem, Spencer also gives an effective way of finding
thetas.
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Due to the Transference theorem, the following dual permutational counterpart
is also valid.

Corollary 2.6: Let X =14, xy,...,2, € X, |lzg| <1, i=1, ..., n and
1+ -+ xn, = 0. Then there exists a permutation o : {1,...,n} — {1,...,n}
such that

1@%{1 Hxa(l) + T H < V2n In2d.

3. An algorithm for near-optimal permutation

In this section we show that the algorithm for near-optimal permutation for the
Steinitz functional

x () = maz,

k
Z L (i)
i=1

can be reduced to the algorithm for the near-optimal sign algorithm. The reduction
is based on the Transference theorem (Theorem 2.1b).
Let us first introduce the notations:

k k
sl = maz ;a%(i)  lwxdl = maz ;ﬁi$w(i>

1= 1=
Theorem 3.1: Let X be a normed space, xi,...,x, € X, |zi|| < 1, i =
1, ..., n, and =1 + -+ x, = 0. Assume that for any permutation w
{1,...,n} — {1,...,n}, there is an algorithm with a polynomial complezity to
define 9 = (¥1,...,0,) such that

9] < D, 3)

where D does not depend on w. Then for any € > 0, there is an algorithm with a
polynomial complexity to define m :{1,...,n} — {1,...,n} such that

|zx| < D +e.

The complezity of the algorithm is w -log(%), where w is the complexity of the sign
algorithm (for finding ).

Proof: According to (2), for any permutation 7 and any collection of signs 1,
there is a permutation 7* = 7* (7, ) such that

|Tr| + 270 > 2|20+

: (4)

On the first step we take an arbitrary mp and due to Theorem 2.3, find ¥ such
that

|ac7r0190| S D.
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By (4), there is a permutation 71 = 7*(mp, J¢) such that

1
o] < 5 lan,| + D).
Choosing 11 so that
\xm191| S D

and using again (4) for 7, we find a permutation my = 7*(m1, 1) such that

1 1
‘1'71—2‘ < Z|'CC7T0| +(1_ Z)D

After the N-th iteration we get

1 1
[Ty | < oN | Ty | + (1 — ﬁ)D-

Therefore, taking N > log, ( x:°|), we get the proof. O

3.1. Applying the Monte-Carlo

Let X =14, z1,...,7,€X, ||| <1,i=1, ..., n,and 21+ -+ 2z, =0.

9w

We choose at random k collections 19( ) i > each of them being a collection

of n signs and choose among them )1, that one for which ‘ﬁgl)x‘ attains its min-

imum. Then we create the permutation my = mo(m1,v1), generated by the initial
permutation (denote it by m) and 9, according to Theorem 2.1 (a). Therefore,
we’ll have

1
|, | < \wml + 5 [0, |

Then we choose at random (independently) 1952), el 191(92) and among them choose

¥J2 minimizing ‘ﬁgQ)xm . Carrying out these iterations [ — 1,1 < I < oo, times, we

find a sequence of permutations 7y, ..., 7 such that for the last permutation we
get the following inequality

1 1
o] < 5 lam |+ (1= )max [0z, 5)

We now show that m; for sufficiently large [ is a near-optimal permutation. For

these purposes let us make sure that the following probability is small enough after
an appropriate choice of C, k and [:

l
i <I§l§fcwix”(“‘ > Gym > = .X;P(Wﬂw(n\ >CyVn )
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i=1

>Cvin ) (’19,(;)90”(2.)

)

=S (P (|0, > ova )

=1

The next step is to use the estimation of the tail probability for the Rademacher
random variables with values in a normed space (in our case it is the space 19) (see
the monograph by M. Ledoux and M.Talagrand [14], p.101). Then we get

Cn
. . <. k+1 N, .
P <I£1<alx |’19zx7r(l)| > C\/ﬁ > l-2 e:vp{ 32n}

Up to now [ and k were arbitrary. Letting [ = k, as well as C = 32 - [n4, we get
P V5 Cyn | < i
I"glg;‘\ i) > OV ) < g

These computations along with (5) imply that with a large probability (which can
be made arbitrarily close to one) the following inequality holds

1
2| < 5 o] + CVR

According to Theorem 2.1b, the order of y/n is correct, and it is also known that
it can not be improved.
Therefore, we proved the following

Theorem 3.2: The random algorithm described in this section leads to the nearly
optimal permutation. The algorithm runs in a polynomial time.

Acknowledgements

G. Ghlonti was partially supported by the European Commission HORIZON
EUROPE WIDERA-2021-ACCESS-03 Grant Project GAIN (grant agreement
n0.101078950).

References

[1] S.A. Chobanyan and G.J. Georgobiani. A Problem on Rearrangements of Summands in Normed
Spaces and Rademacher Sums. Probability Theory on Vector Spaces, IV (Laricut, 1987), 3346,
Lecture Notes in Math., 1391, Springer, Berlin, 1989

[2] S. Chobanyan.Convergence a.s. of Rearranged Random Series in Banach Space and Associated In-
equalities, Probability in Banach spaces, 9 (Sandjberg, 1993), 3-29, Progr. Probab., 35, Birkhduser
Boston, Boston, MA, 1994

[3] S.V. Sevast’janov. On some geometric methods in scheduling theory: a survey, Discrete Appl. Math.,
55, 1(1994), 59-82

[4] J. Beck and V.T. Sos. Discrepancy theory, in “Handbook of Combinatorics” (R. L. Graham et al.,
Eds.), Vols. 1 and 2, pp. 1405-1446, Elsevier, Amsterdam, 1995



Vol. 27, No. 1, 2023 27

M. Makai. Reroute sequence planning in telecommunication networks and compact vector summation,
Appl. Math. Comput., 150, 3 (2004), 785-801

L. Chobanyan, S. Chobanyan, and G. Giorgobiani. A mazimum inequality for rearrangements of
summands and its applications to orthogonal series and scheduling theory, Bull. Georgian Natl. Acad.
Sci. (N.S.), 5, 1 (2011), 16-20

L. Chobanyan, V.V. Kvaratskhelia. A Monte-Carlo algorithm for finding a near-optimal arrangement
in the Steinitz functional. 9t" International Conference CSIT-2013, Yerevan, Armenia, Proceedings:
pp. 58-60, 2013

N. Harvey, S. Samadi. Near-Optimal Herding, JMLR: Workshop and Conference Proceedings 35,
(2014), 1-18

E. Steinitz. Bedingt konvergente Reihen und konveze Systeme. (German) J. Reine Angew. Math.,
143 (1913), 128-176

G. Chelidze, S. Chobanyan, G. Giorgobiani, and V. Kvaratskhelia. Greedy algorithm fails in compact
vector summation, Bull. Georgian Natl. Acad. Sci. (N.S.), 4, 2 (2010), 5-7

V.S. Grinberg and S.V. Sevast’janov. Value of the Steinitz constant (Russian), Funktsional. Anal. i
Prilozhen, 14, 2 (1980), 56-57

Barany and V.S. Grinberg. On some combinatorial questions in finite-dimensional spaces, Linear
Algebra Appl., 41 (1981), 1-9

J. Spencer. Balancing Games, J. Comb. Theory B, 23 (1977), 68-74

M. Ledoux, M. Talagrand. Probability in Banach Spaces, Isoperimetry and processes, Springer-Verlag
Berlin, 1991



