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In this article the orbits of creation, annihilation and numerical operators at the states of
quantum Hilbert spaces are created. The Hilbert space of finite orbits and the Frechet-Hilbert
space of all orbits for these operators are created. The orbital operators corresponding to these
operators in the spaces of orbits are defined and studied. Generalization of well-known canon-
ical commutation relations for orbital operators corresponding to creation and annihilation
operators are established.
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1. Introduction

Introduced by Paul Dirac creation and annihilation operators have widespread
applications in quantum mechanics, notably in the study of quantum harmonic os-
cillators and many-particle systems. Modern quantum physics almost unthinkable
without them. We create finite orbits and orbits of creation, annihilation and nu-
merical operators at the states of quantum Hilbert space L?(R) (”quantum Hilbert
space” means simply the Hilbert space associated with a given quantum system ([1],
Sect.13.1, p.255)). The Hilbert space of finite orbits and the Frechet-H ilbert space
(note that,initially, Frechet-Hilbert spaces were always supposed to be the strict
projective limits of a sequence of Hilbert spaces; in modern literature, however,
the requirement that the projective limit is strict, is omitted) of all orbits which
elements are the orbits of these operators at some elements of the space L?(R)
are definite and studied. Moreover, the notion of orbital operators corresponding
to these operators in the spaces of orbits is introduced and studied. We establish
well-known canonical commutation relations for orbital operators corresponding to
the creation and annihilation operators in the Hilbert space of finite orbits and in
the Frechet-Hilbert space of all orbits. The orbital spaces and orbital operators for
Hamiltonian of quantum harmonic oscillator are constructed in [2].

The definitions of finite orbits and of the operator at the states was introduced,
respectivelly, in [3] and [4]. We present the following reasoning from [4]: let H be
a Hilbert space and F': D(F) C H — H be a linear operator with the domain of
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definition D(F'). We shall call the sequence orb(F,z) = (z, Fx, F?z,---) the orbit
of the operator F' at the point z, i.e. orb(F, x) is an element of the Frechet-Hilbert
space HV. If Figz € H for j = 0,1,--- ,n, then we denote the finite sequence
(z,Fx,--- ,F"z) by orby(F,z) and call n-orbit of the operator F' at the point
x € H,i.e. orby(F, ) is an element of the space H"*!. The space of such elements
we denote by D(F™),n € Ng = {0,1,2,---}, besides F is the identical operator.
Algebraically D(F™) is a subset of H. In what follows we consider the space D(F")
with the inner product

(orby, (F, @), orb, (F, x))n

=< SO7X> + <F§0,FX> —+ -4 <Fn§0,FnX >’ ne N[],
and with the corresponding norm
lorby (B, )] = (llal > + | P[> +- -+ [[F"2] )2,

where < -,- > and norm || - || are inner product and norm in the space of H, i.e.
the space (D(F™),]| - ||,) is isometrically embedded in the space H" 1.

In [5] the following concept was introduced: “Let X be a linear metric space. Let
F be a linear continuous operator mapping X into itself. Let z € X and consider
the set ¥(F,x) = {F"z;n € No}. We shall call 9(F,z) an orbit of x with respect
to the operator F.” Note that, in this case the set J(F,x) is a subset of a linear
metric space X. Thus, in [4] the notion of an orbit of the operator F' at a point and
in [5] the notion of orbit of x with respect to the operator are introduced, i.e. these
notions are different as subsets, are different as terms and with notations. In [4]
the continuity of the operator F' is not assumed. We also consider the concepts of
an orbital operator F,, [3] that acts in the Hilbert spaces of finite orbits and orbital
operator F'*° that acts in the Frechet-Hilbert spaces of all orbits [4] (see also [6]).

In this article the study of the corresponding to a creation operator C' and a
annihilation operator A is carried out within the framework of the orbital quantum
mechanics, the concept of which was formulated in [7].

In the second section finite orbits of the creation operator C' and of the annihila-
tion operator A at the states, as well n-orbital operators C,, and A,, corresponding
to creation and annihilation operators in the Hilbert space of finite orbits are de-
fined. According to the definition of orbital operators C,, and A,, it is naturally to
determinate its value on the element (¢g, @1+ ,pn) € (D(C))"t N (D(A))"H.
We need this while proving of canonical commmutation relations between C,, and
A,, because we must also consider the value C,, on the orbits of the operator A
and the value A, on the orbits of the operator C' at some states. When proving
the canonical commutative relation, one has to consider the value of the operato
C,, on the orbits of the operator A and the value of the operato A,, on the orbits
of the operator C. Some relations between orbital operators /V,, corresponding to
numerical operator N and with the operators C}, and A,, are also established. The
generalized canonical commutation relations between C,, and A, are proved that
in the case n = 0 coincides with the classical one.

In the third section orbits of creation and annihilation operators at states, the
Frechet-Hilbert spaces of all orbits D(C*) and D(A°) , the orbital operators C'*°
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and A in these spaces are studied and generalized canonical commutation relation
is proved. The analogous relationship between orbital operator N°°, C*° and A*
is established.

2. Orbital operators corresponding to the creation and annihilation
operators in the Hilbert space of finite orbits

A creation operator is a differential operator that has the following form ([8], p.541)
C=—d/dz+z/2. (1)
An annihilation operator is usually denoted by ([8], p.541)
A=d/dx+ z/2. (2)

Note that under the names of creation and annihilation operators, the lightly mod-
ified operators %(d /dx +x) and %(—d /dx + x) are often considered and denoted,

respectively, by a* and a ([1], ch., 11.4). As well, they are denoted by A and A
([10], ch. V). They are often also denoted by a' and @, or by a* and a. The anni-
hilation operator thus defined reduces the number of particles in a given state by
one, and the creation operator increases this number by one. Neither the creation
nor the annihilation operator are defined as mappings on the entire Hilbert space
L%(R) into itself. After all, for ¢ € L?(R) the functions Cp and Ay may fail to be
in L?(R). By definition, the domain of definition D(C) of the operator C' consists
of all b € L?(R) such that C% € L%(R). The operators C' and A are unbounded
operators in L%(R).

It is well-known that the creation and the annihilation operators do not commute,
but satisfy the relation

[A,C]=AC-CA=1 (3)
on D([A,C]) = D(AC)ND(CA), D(CA) ={u € D(A), A(u) € D(C)} and likewise
for D(AC). In (3) [A, (] is the commutator and [ is identity operator on the space
L%(R). Really

AC = 2?4 — d*/dx* +1)21, CA = 2 /4 — d*/dx* —1/2I, AC —CA=1.
The relation (3) is known as the canonical commutation relation.

n-orbits of the annihilation and creation operators (1) and (2) in the state ¢ are
defined as

OI‘bn(A, 90) = (Qpa AQO, A2()07 e 7An90) = (90’ (d/d.’E + 56/2)907 ) (d/d:ﬂ + x/2)n<p)7

and

OI'bn(C, SO) = (307 C‘P» 02(;07 B Cn(p)

= (o, (=d/dz +x/2)¢p, -, (=d/dx +x/2)"p) (4).
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It is well known ([8], formula (56)) that

Cvj =V + 141, ()
where
Gy() = (~1)7 2m) A5 2eap(a? [4)d eap(~a®/2)/da’, j € No,  (6)
are wave functions of harmonic oscillator.

For an acting in a Hilbert space H operator F we introduce the acting in H"+!
operator Fj,, which is defined as

Fo(@o, 01, sn) == (Fpo, For,- -+, Fop),

(g0, @1, »pn) € D(F,) = (D(F))".

For the orbit of creation operator (1) in the state 1); we have

orbn (C,¥5) = {v;, Cj,- -, C"Pj}

= (Vj, VI + 11, Vi + IV + 2540, Vi + 1 G+ i)

and

Crorby, (C,1h;) = (Cipj, C%aj, -+, C" T hepy)

=(WVJi+ Wi, Vi+1Wi+ 2002, Vi+ 1 i+ n+ 1Y)

It is well-known([8], formula (53)), that

A = /b1 (7)

Therefore

orby (A, 15) = (v, Ay, Ay, -+, A™p;)

= (5, Vii-1: VIV = Wja, - NIV — 1T —n+ 1)

and

Anorbn(A7 %) = (ijv A2¢j, to 7An+1wj)

= (Vi¥i-1, VG — Wiz, NG — 1+ \/G +mbj_n1).
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We have
ACY; = AV + 19j41) = Vi + LAY = (5 + 1)y
The operator
N =CA=2/4—d?*/dz* —1/2,
is called the number operator. We have
N = CAp; = C(\/jhj—1) = \/jCpj_1 = jib;

and

Nn(@07"' 790n) = (NQOO)' e 7N@n) for (900"" 79071) € D(Nn) = (D(N))nJrl

Theorem 2.1: The following representations are valid:
a. If (vo, 1, ,pn) € D(Nn), then

Nn(@o, 01, ,0n) = CrAn(po, 1, ,¥n)-

b. For the functions v;, defined by formula (6), we have

Nnorbn(Aa 1/13) ]¢J7 \fi/}; 15

(G = 2VivG—Tja, -+, (G —m)ViVG =1 \/G—n+ 1), j €N,

wjfn =0,if j <n.

c. For the functions 1;, defined by formula (6), we have

Nnorbn(07 11}]) = (]wja V ] + 1(] + 1)wj+17

VIi+IWG+20+ 202, VT +IVG 2V Fn( + 1))

d. orb,(C + A, ) # orb, (C, ;) + orby, (A, v;), if n > 2.
Proof: a. Let (o, 91, - ,¢n) € D(Ny), then

Nn(po, 01, ,on) = (Npo, No1, -+, Noy) = (CAgpg, CApy,--- ,CApy)
- Cn(A(P()vA(Ply T 7A§0n) - CnAn(@07¢17 e 7%0’"«)'

b. Taking into account that Nv; = CAY; = C(\/jhj—1) = jij, Jj € No, we have

13
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Nn or bn(A, 1/}])

= CnAn(TID]’ \/-;d)j*l? \/-;\/ ] - 1¢j727' te 7\/}\/]_71 ty

\/m¢j—n)
= (NwJ’N\/-;w]_h N\/m;\/]_;le—% T 7]\7\/3\/.7f1 )
m¢j—n)

= (¥, (G — DV/ivj-1, (G — Vi35 — Lbja, -+,
G—n)ViVi—1Vi—n+1j ), ja(z)=0, if j<n;

N, or b, (C, ;)

= CpAn(¥j, V3 + 1)1, \/ﬁ\/j + 240, ,\/jﬁ\/j +2-

\/j+n¢j+n)
= (ijvN\/.m¢j+lvN\/mm¢j+27 7‘7\7\/‘7?\/]—1_;2 )
\/j'i_nwj-kn)

= (¢, Vi + 10 + Dvje, Vi +1V5+ 205 +2)Yj42,- -,
Vit Wi+2 - i+n(+n)jin)

d. The proof is clear.
We prove now the generalized canonical commutation relations between opera-

tors C,, and A,. These relations, in the case n = 0 coincide with the classical one.
O

Theorem 2.2: For the commutator [Ay,, Cy] = AnCy — Cr Ay, the following rela-
tions are hold:

a. If (9007 P1, a‘Pn) € D([Am Cn]) = D(Ancn) N D(CnAn)a then

AnCn(SOO,SOL'“ 78071) - OnAn((P079017' e 79071) = ((10079017"' 79071)-

b. If orb, (A, ) € D(C,A,,) and orb,(C,¢) € D(A,C,,), then

A, Crorb, (C, p)—CyAyorb, (A, p) = (qu,ACng—CAQcp, i ,AC"H@—CA"HQD).

c. If orb, (A, ) € D(A,Cy) and orb,(C,¢) € D(CyA,), then

A, Crorb, (C, p)—CrAnorb, (A, ¢) = (I, ACAp—CACyp,--- , ACA"p—CAC" ).
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Proof: a. AnCn(@Ov ©1y ﬂpn) - CnAn(SO()? P1," 79071)

- A'n,(C(pOa 0@17 e 709077,) - Cn<ASOO7A9017 e 7"49077,)
= (ACyy, ACp1,--- ,ACp,) — (CApy, CApy,--- ,CApy,)
= ((AC - CA)@O? (AC - CA)@I) Ty (AC - CA)SOn) = (8007 P1,° 79071)

b. A, Crorb,(C,¢) — C,Aorb, (A, @)

= AnCn(p,Cop,C?p,- -+ ,C™p) — CnAn(p, Ap, A0, - , A"p)
= An(Cp,C?p,--- ,C" o) — Cp(Ap, A%, -+, A )

= (ACp — CAp, AC?p — CA%p, .- | AC™ L p — CA™ L)

= (I, AC?p — CA%p, .- | AC" T o — CA™ L),

Analogously will be proved the statement
c. A,Crorb, (A4, ¢) — CrA,orb, (C, p)

= A,.Cn(p, Ap, A2, - - , A%p) — CrAn(p, Cp, C?p, - - ,C™p)
=A,(Cp,CAp,--- ,CA"p) — Cr(Ap, ACp,--- , AC"p)

— (ACp — CAp, ACAp — CACy,--- , ACA™p — CAC"p)
={[p, ACAp —CACyp,--- JACA"p — CAC"p).

The statements a. and b. give us the direct generalization of canonical commu-

tation relation. The statements c. and d. also are generalization of the canonical

commutation relation. O

Corollary 2.3: From part a. of Theorem 2.2 it follows that:
a. If orby (C, ) € D([An, Cy]) = D(CrAn) N D(A,Cy), then

A, Crorby (C, @) — CpAporby (C, @) = orby, (C, ¢).
b. If orby (A4, ¢) € D(A,C,, — C,An) = D(CrA,) N D(A,C), then
A, Crorby (A, ) — CrAporby (A, ¢) = orby (4, ¢).

. [Np,Cpl = Cy, and [Ny, Ap] = —A,.
According to the well-known distributional property, we have

[N, Cp] = [CrA,, Cp] = ChlAn, Cy] + [Cn, Cr]Ay, = Ch,.
As well
[Nn, An] = [CrAn, Ap] = CplAn, An) + [Ch, An]An = — Ay,
If we introduce in D(C™) the inner product

(orby, (C, ), 0rby (C) X))n
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=<, x>+ <Cp,Cx >4+ < C"%,C" >, n€ Ny, (8)
and the corresponding norm
llorba (C @)lln = (lel* + IC%¢|[* + - - - + [|C" | )2, (9)

where < -, > and || - || are inner product and norm in the space L*(R), then it will
turn into a prehilbert space. The same can be said about D(A™). The operator Cy,
is a linear unbounded operator in the space D(C™) with a dense image. Analogously
is defined the Hilbert space D(A™) in which, the inner product and the norm are
defined by formulas (8) and (9) with the replacement of C by A. The spaces D(C™)
and D(A™) can be turned into Hilbert spaces by changing the domains of the opera-
tors A and C. Namely, as the domain of definition of the operators (1) and (2) we
consider the set UNV . The set U consits of all functions o € L*(R) which are abso-
lutely continouos on every finite interval on R and such that ¢' € L*(R). The set V
consists of all functions 1 € L*(R) such that x1)(z) € L?(R). It is well-known that
the operator i% with the domain of definition U is selfadjoint ([12], pp.396). Tak-
ing into account that a function ¢ € U satisfies the equality o(—o0) = ¢(c0) = 0
([12], p.394), we verify that the operators % and —% with the domain of defini-
tion U are conjugate with each other. If we take into account yt selfadjointness of
the position operator of quantum mechanics X¢(x) = x(x), ¥ € V, we obtain
that the annihilation and creation operators (1) and (2) with the domain of defini-
tion U NV, are conjugate with each other. Every adjoint operator is closed ([12],
p.353). Therefore, the operators A and C with the domain of definition U NV are
closed and we can turn D(C™) into a Hilbert space with the inner product (8) and
corresponding norm (9). The same can be said about D(A™).

Theorem 2.4: If as the domain of definition of the operators (1) and (2) is
considered the set U NV, then the sequence {orby(A, )} (resp. {orbn(C,¢k)}) ,
n,k € No, is an orthogonal basis on D(A™), (resp. on D(C™)).

Proof: We prove Theorem for the operator A (for the operator C' proof is carried
out in a similar way). The orthogonality of the sequence {orb, (A, 1)} in the space
D(A™) follows from the orthogonality of {¢(x)} in L?(R) and from the formulae
(5) and (7). Because of the sequence {iy(z)} is a basis in L?(R), we have for
Y(z) € L3(R) that

Y(@) = aptr(),
k=0
where
ay = /Rw(:v)zl)k(x)dm, k € No.

Because of A7y € L*(R), j =1,2,--- ,n, we have for ¢ € L*(R)

Aly(z) = b (),

k=0
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where
= [ Ao
R

Due to the fact that the operators A and C are mutually conjugate to each other,
we obtain

b = / ()T (z)d

In its turn

Clpy, = CI 10y, = CI W+ 11 = VE+ IWE+2- - Vk + jibgy .

Therefore
b= Dk+2) (k) / (&) gy (@) de
= Vk+ Dk +2)- (B + ars;
and
Ap(e) =D N (k+ 1)k +2) - (k+ fags on(e Zak—i-jA]wk—i-j( )
k=0 k=0
= Z ap A1y, (z)
k=j
We have
Al = AT Agy) = VEAT g = (b — 1) AT 24y_s
= VEIA Ry, j—k > 1.
But

Ay = const(i

—22/4 | L _g2/4 _
d:ne + 26 ) 0.

Thus A/ (x) =0,if k=0,1,---,j — 1, and it is proved that
Ay(x ZakAﬂwk

Therefore, for the orby, (A, ) the following representation is valid

orby ( Z agorby (
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This equality proves the Theorem 2.4. O

3. Orbital operators corresponding to the creation and annihilation
operators in the Frechet-Hilbert space of all orbits

In this section the orbital operators corresponding to the creation and annihilation
operators in the Frechet-Hilbert space of all orbits are constructed. Note that for the
general operator F' with the discrete spectrum, the space D(F°°) circumstantially
was studied in (][9], Chapt. 8), where D(F*°) was the whole symbol and F*°, if taken
separately, meant nothing. D(F'*°) is the intersection N2 (D(F™) of the spaces
D(F™). This means that, on the function of D(F°°) one can apply the operator F’
infinitely many times. In [4] we have defined the operator F*° as follows

FOO(SOaF(pa"' 7an7"'):(FQDaF2907"' 7Fn+1()07"'>a
or
F>orb(F, p) = orb(F, Fy). (10)

Due tu this notation, the space D(F'°) acquare new meaning that differs from the
classical case. Namely, now D(F*°) is also the domain of definition of the operator
F*°, defined by equality (10). According to ([10], Sect.X.6), D(F*°) is the set of
infinitely differentiated elements of F' and is denoted as C*°(F).

The space D(F*°) is isomorphic to the space of all orbits orb(F,p) =
{e,Fp,--- ,F™ ---} of the operator F' at the states ¢ and this isomorphism is
obtained by the mapping D(F>°) > ¢ — orb(F, ). It is easy to prove that alge-
braically D(H*>°) C D(C*) C D(C™), where C is the creation operator and H
is the Hamiltonian of quantum harmonic oscillator. D(H°) is isomorphic to the
Schwartz space of rapidly decreasing functions [2] and is a nonempty set of the
second category. The topology of the space D(C) is generated with the sequence
of norms (6). As well D(C*) is also the domain of definition of the operator C*°
defined by the equality

COO(SO(‘T)v C@(x)v T Cnil@(x)v T ) = OI‘b(C, C‘:O)

= (CW(I')’CQSD(:E)V” 7Cn+130(1:)3"')7 (11)

It will be also noted that the space D(C°) is represented as projective limit of the
sequence of the Hilbert spaces {D(C™)} and is a Frechet-Hilbert space.
Problem 1. It is not known whether the Frechet space D(C*) is nuclear and
countable-Hilbert (The example of a nuclear Frechet space that is not countable-
Hilbert, was constructed in [11]).

In the case of annihilation operator A analogously is defined the space of all
orbits D(A*). The space D(A%) is also the domain of definition of the operator
A defined by the equality

AOO(QDa ASDa" : )An(pv"') = (A§07A2907"' 7An+1‘107"')7 (12)



Vol. 27, No. 1, 2023 19

This means that A®(p, Ap,--- , A", ---) = (d/dx 4+ x/2)>*0rb(A, ¢), where the
operator A>orb(A, ¢) is really defined by the equality

(d/dx + x/2)*orb(A, ¢)
= ((d/dz + z/2)p, (d/dx + /2)%p,- -, (d/dx + 2/2)" T, ---).

According to the assertion a. of Theorem 2.1, we have

22 d? 1
Norb(C, i5) = C% A%orb(C, ) = (* = = + 5)¥orb(C 1)

= (jU5, VI + 10+ D¥jpn, VT +H G+ 2+ 00 +n)Yjm, ).

Problem 2. It is not known whether the locally convex space D(A>) is nuclear
and countable-Hilbert.

Theorem 3.1: For the commutator [A®,C>®] = A®C>® — C®A>®, where C*°
and A* are defined, respectivaly, by equalities (11) and (12), the following relations
hold:

a. If (o, yon, ) € D([A>®,C*)), then

[AOOjCOO](QOO’ 7SO7L7"') = (8007"' 7907“"')'
b. If orb(A, p) € D(C*°A>) and orb(C, 1)) € D(A*®C), then

(A C*orb(C, p) — C*°A®0orb(A, ¢)
= (1907 ACZSD - CAQQOa e 7A0n+lgo - CA”+1907 e )

c. If orb(A, ) € D(A*,C*°) and orb(C, ¢) € D(C*®A>®), then

A®C™orb(A, ¢) — C° A>®orb(C, ¢)
= ([Ip,ACAp — CACyp,--- ,ACA"p — CAC" ¢, ---).
The statement a. gives us the direct generalization of canonical commutation re-

lation. The statements b. and c. also are generalization of canonical commutation
relation.

Corollary 3.2: From the proposition a. of Theorem 8.1 it follows that
a. If orb(A, @) € D([A%,C™)]), then

(4%, C=]orb(4, ¢) = orb(4, ¢).
b. If orb(C, @) € D([A>,C™)]), then
[A%°, C™]orb(C, ) = orb(C, ¢).

¢.[N®,C®) = C® and [N®, A®] = A<,
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Really, according to the distributivity property, we have

[N, 0] = [C® A, 0] = C®[A™,C] + [C™,C¥]|A® = C.

As well
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