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The problem of deformation of flexible layered corrugated cylindrical shells of rotation with
orthotropic layers with constant thickness is considered. The study of the regularities of the
shell deformation process is carried out on the basis of a refined nonlinear theory, which takes
into account the nonhomogeneity of the lateral-shear deformations.

The obtained results are compared with the results obtained in accordance with the linear
theory. Graphs and tables of solutions of the problem are given.

Keywords: Corrugated cylindrical shells, orthotropic layers, lateral-shear deformation.

AMS Subject Classification: 74B05.

1. Introduction

In the branches of modern technology, structures are used in the form of flexible
shells of rotation in various configurations, assembled from several layers, which
are under conditions of force and temperature effects.
For shells assembled from several layers, the mechanical characteristics of which

differ significantly, it is essential to take into account the lateral-shear deformation.
In some works [1, 2, 6, 8, 11] devoted to the theory and methods of calculation
of layered shells, the effects due to the inhomogeneity of the layer material are
taken into account to a certain extent. Accounting for lateral-shear deformations in
each layer leads to the complication of the mathematical model and computational
implementation [1, 2, 8].
One of the approaches in which the problem is simplified consider that each

layer has of a local rotation angle due to lateral shear. This assumption makes it
possible to express the displacements and rotation angles of whole layer package
in terms of the parameters of one of layer and to derive equations whose order
does not depend on the number of layers. Such an approach in the case of a linear
problem was proposed in [5]. For a geometrically nonlinear problem of deformation
of layered shells of revolution with layers of constant thickness, this approach was
generalized in [3].
In this article, this approach is extended to a class of problems on the stress-strain

state of flexible layered corrugated cylindrical shells of revolution with orthotropic
layers with constant thickness.
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2. Basic equations

Let’s write the main relations and equations of the theory of layered orthotropic
shells in a geometrically nonlinear formulation with a quadratic approximation,
taking into account the inhomogeneity of transverse shear deformations over layers
[3, 5, 6].
In particular, for the tangential displacements have the following form
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(i)
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where u and v are the tangential displacement of coordinate surface, ψα, ψβ are the

complete angles of rotation of the normal, γ
(0)
α and γ

(0)
β are the lateral shears in the

layer containing the coordinate surface, α and β are the orthogonal coordinates on

the select surface. The formulas for calculation of coefficients a
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given [4, 6]. taking (1) into account, we represent the components of deformation
as

ε(γ)αα = ε(i)αα + γκ(i)
αα, ε

(γ)
αβ = ε

(i)
αβ + 2γκ(i)

αβ ,

ε
(γ)
ββ = ε

(i)
ββ + γκ(i)

ββ , ε(γ)αγ = γ(i)α ,

ε(γ)γγ = 0, ε
(γ)
βγ = γ

(i)
β .

(2)

In expressions (2) the components ε
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αα, ε
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ββ ,..., κ

(i)
ββ are the same as in the work

[4]. The quantities which characterizing the deformation of the coordinate surface
of the shell are represented by the following form:
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where εα, εαβ and εβ are given in [4, 6]
Having expressions (2) and applying the generalized Hooke’s law, we have ob-

tained the following expressions for elasticity relations:
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where Nα, Nβ , Nαβ and Nβα are the tangential forces, Qα and Qβ are the cutting
forces, Mα, Mβ are the bending moments, Mαβ and Mβα are the torque moments,
Cij , Kij , Dij , K1, K2 are the rigidity characteristics determined through the elastic
parameters of the layers and their thickness, A11, A12, ..., F16, F26 are quantities
depending on the geometrical and mechanical parameters of the layers of the shells,
k1 and k2 are the curvatures [4, 6].
The equilibrium equation of the shell has the form

∂BNα

∂α
+
∂ANβα

∂β
+
∂A

∂β
Nαβ − ∂B

∂α
Nβ +ABk1Q

∗
α +ABq1 = 0,

∂ANβ

∂β
+
∂BNαβ

∂α
+
∂B

∂α
Nβα − ∂A

∂β
Nα +ABk2Q

∗
β +ABq2 = 0,

∂BQ∗
α

∂α
+
∂AQ∗

β

∂β
−ABk1Nα −ABk2Nβ +ABq3 = 0,

∂BMα

∂α
+
∂AMβα

∂β
+
∂A

∂β
Mαβ − ∂B

∂α
Mβ −ABQα = 0,

∂AMβ

∂β
+
∂AMαβ

∂α
+
∂B

∂β
Mβα − ∂A

∂β
Mα −ABQβ = 0,

(5)

where

Q∗
α = Qα − (Nα + k1Mα)θα − (Nαβ + k1Mαβ)θβ ,
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In equations (5), the quantities q1, q2, q3 are projections of the surface load in the
direction of the coordinate lines α, β, γ, respectively.

3. Statement and Solution of the Problem

we dwell on problems on the stress-strain state of the layered shells of rotation.
Assuming that α = s is the arc length of the meridian, β = θ is the central angle in
the parallel circle. From general equations (2)-(6) for the case of axisymmetric de-
formation of layered shells of rotation, we obtain the resolving system of differential
equations in the form

dY

ds
= A∗(s)Y + F (s, Y ) + f (s), Y = {Ns, Q

∗
s, Ms, u, ω, ψ

T
} , (7)

here, in the system of differential equations (7), the elements of the matrix A∗(s),
the components of the nonlinear vector function F (s, Y ), and the components of
the vector f (s) are defined as in [3].
Adding the corresponding boundary conditions to equations (7), we obtain a

nonlinear boundary value problem. The boundary conditions are given as follows:
static through forces and moments in an integral form, kinematic - in a discrete
number of points along the end face of the shell.
To solve the nonlinear boundary value problem for the system of equations (7),

the linearization method and the stable numerical discrete-orthogonalization meth-
ods are applied [6, 7].
Based on this version of the refined nonlinear theory, as an example, consider the

deformation of a three-layer orthotropic corrugated cylindrical shell with layers of
constant thickness, rigidly fixed at the edges, under the action of a normal external
pressure q3. When solving problems, we assume that the coordinate surface passes
in the middle of the middle layer of the shell.
When studying the regularities of the process of deformation of a corrugated

cylindrical shell, we restrict ourselves to considering the deformation of one wave
of the corrugation (Fig. 1).

Figure 1.

The parametric equations of the meridian of the corrugated coordinate surface
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of the shell are written in the following form:

r = R− α cos
2π

L
z, z = z, (0 ≤ z ≤ L),

where r is the distance from rotation axis to the coordinate surface.
The geometric characteristics of the shell can be represented as follows:
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where φ is the angle between the normal of the coordinate surface and the axis of
rotation.
Let’s denote by h1, h2, h3 the thickness of the outer, middle and inner layers,

respectively, by Ei
1, E

i
2 the elasticity modulus according to the coordinate direc-

tions: s, θ; vi12, v
i
21 are the Poisson coefficients; Gi

13 is the shear modulus in the
plane θ = const, where i = 1, 2, 3 is the layer number. The problem was solved
with the following values of the shell parameters:

R = 20; α = 1; L = 24; h1 = 0.5; h2 = 2; h3 = 0.5; E1
1 = 1.5 · 105;

E1
2 = 3 · 105; E2

1 = 2 · 104; E2
2 = 3 · 104; E3

1 = 1.5 · 105; E3
2 = 3 · 105;

γ112 = 0.2, γ121 = 0.34; γ212 = 0.1; γ221 = 0.15; γ312 = 0.2; γ321 = 0.34;
G1

13 = 0.15 · 105; G2
13 = 0.15 · 104; G3

13 = 0.15 · 105.

On fig. 2 given graphs express the dependence between the bending w and the

Figure 2.

surface normal load q3 at the point z = 6. The solid line indicates the solution
according to the nonlinear theory, the dashed line indicates the solution according
to the linear one. On fig. 3 shows the distribution of bending along the axis of
rotation under normal load q3 = 100. The bending receives the greatest value at
the points z = 6 and z = 18.
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Figure 3.

Table 1 shows the solution of the considered problem for the bending w at various
points along the axis of rotation for various values of the normal surface load q3. The
solution of the problem was carried out both in linear and non-linear formulations.
The first line of the table shows the solutions of the linear theory, and the second
line shows the non-linear ones.
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Table 2 shows the distributions of normal σs, circumferential σθ stresses on the
outer and inner surfaces of the shell under normal load q3 = 100. The first line
shows the values of the indicated functions obtained from the linear theory, and the
second - from the non-linear one. The sign (+) corresponds to the outer surface,
and (−) corresponds to the inner surface.
Concluding remark. One of the authors of the present article, Ukrainian scien-

tist and great patriot of his country, Academician of National Academy of Sciences
of Ukraine Y.M. Grigorenko (born October 12, 1927) passed away in January 18,
2022.
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