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The nonlinear dynamics of internal gravity waves (IGW) in stably stratified dissipative iono-
sphere with non-uniform zonal wind (shear flow) is studied. Due to the nonlinear mechanism
nonlinear solitary, strongly localized IGW vortex structures can be formed. Therefore, a new
degree of freedom of the system and accordingly, the path of evolution of disturbances ap-
pear in a medium with shear flow. Depending on the type of shear flow velocity profile the
nonlinear IGW structures can be the pure monopole vortices, the transverse vortex chain or
the longitudinal vortex street in the background of non-uniform zonal wind. Accumulation of
these vortices in the ionosphere medium can create the strongly turbulent state.
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1. Introduction

In recent years an increasing interest is paid to investigation of the properties of
internal gravity waves (IGW), arising as a result of vertical density stratification
of the gas, and play an important role in the dynamics of both the lower and
upper atmosphere and ionosphere of the earth and other planets. Grown interest,
first of all, is caused primarily due to the understanding of the fact that these
waves can propagate over hundreds or thousands of kilometers from the source
without significant attenuation. Propagating with group velocity the IGW provide
an efficient transfer of energy, heat and momentum from the troposphere into the
upper atmosphere (which exceeds even the energy supplied by the solar wind),
where they influence on the thermal and dynamic regimes (Francis, 1975; Kim
and Mahrt, 1992; Nakamura et al., 1993; Rishbeth and Fukao, 1995; Fritts et al.,
2006; Alexander et al., 2008; Hecht et al., 2009; Alexander, 2010). Latest numerical
experiments (Gavrilov and Fukao, 2001; Alexander and Rosenlof, 2003; Alexander
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et al., 2010) show that an adequate description of climate change and the circulation
of the middle atmosphere requires taking into account the accelerations of the
background flows and heat inflows generated by the waves (especially by IGW)
propagating from the troposphere.
Currently, the results of numerous observations and experiments reveal the wave

motion in a wide range of frequencies from the acoustic to the planetary ones in the
atmosphere-ionosphere environment on almost all altitudes. In atmospheric acous-
tics the focus is laid on the study of internal gravity waves (IGW), representing
fluctuations of atmospheric and ionospheric layers, the nature of which is mostly
determined by gravity force. These oscillations are going with the frequency, at
which the wave speed is comparable with the acceleration of gravity force. There-
fore, for definiteness, we assume that their periods range from 5 minutes to 3 hours,
and the wavelengths - from 100 m to 10 km.
In this paper, a property of internal gravity waves presents particular interest to

us - propagating vertically up quite easily in an isothermal atmosphere, IGW tends
to increase the amplitude of the hydrodynamic velocity exponentially with height,
which follows from the conservation of energy when the density of the medium
decreases with height growth (Hines, 1960; Gossard and Hook, 1975). Thus, even for
the waves, the initial amplitude of which is small, the nonlinear effects at sufficiently
high altitude becomes significant and must be taken into account. Indeed, it is clear
that this growth can not be continued indefinitely. At some heights velocity becomes
so large that the nonlinear effects can join the game. These effects stop the growth
of the oscillation amplitude through the nonlinear interaction between the modes,
the perturbations energy redistribution (saturation of the waves) and, for example,
self-organization of IGW vortex structures (Aburdjania, 1996, 2006). Nonlinear
vortex structures transfer the trapped particles of the medium. Reaching the critical
heights, the IGW structures, interacting with each other and medium, may form the
atmospheric turbulence (Waterscheid and Schubert, 1990), that creates real threats
to aviation safety, but also leads to a mix of chemicals, released from the lower
atmosphere, chemical reactions between them and the formation of potentially
harmful compounds (Friedrich et al., 2009). Therefore, the IGW structures may
also influence the formation of ”space weather” by generating irregularities in the
ionosphere (Schunk and Sojka, 1996).

2. Nonlinear vortex structures governed by the shear flow

The spontaneously excited internal gravity waves at different layers of the iono-
sphere intensively draw energy from the shear flow at a certain point (in particular,
for a time interval 0 < τ ≤ τ∗) in their evolution. Receiving energy, amplitude of
IGW increases (by an order of magnitude) and, accordingly, the nonlinear pro-
cesses come into play. In this case, in the linear IG waves will be translated into
nonlinear vortex structures and full nonlinear system has to be investigated given
in (Chargazia et al, 2018).
The results of the observations and targeted experiments show (Bengtsson and

Lighthill, 1985; Chmyrev et al., 1991; Nezlin, 1994; Sundkvist, et al., 2005) that
nonlinear solitary vortex structures can be generated at different layers of the
atmosphere-ionosphere-magnetosphere. These structures transfer trapped rotating
medium particles. Moreover, the ratio of the rotational speed of the particles Uc to



the speed of motion of nonlinear structures U is given by Uc/U ≥ 1.
We introduce the characteristic time T and spatial scales L of the nonlinear

structures. The following relationships are established in [4] between quantities:
Uc ∼ V , U ∼ L/T . Similarly, for the ratio of the nonlinear term with the inertial
one, we have: (V∇)V/(∂V/∂t) ∼ V/(L/T ) ∼ Uc/U . Thus, the nonlinearity plays
an essential role for wave processes satisfying the condition Uc ≥ U . This estima-
tion shows that nonlinear effects play a crucial role in the dynamics of IGW-type
wave, the initial linear stage of development of which is considered in previous
section. Inequality Uc ≥ U coincides with the anti-twisting condition (Williams
and Yamagata, 1984). Satisfying just the latter condition the initial nonlinear dy-
namic equations may have the solitary (vortex) solutions (Williams, Yamagata,
1984; Nezlin, Chernikov, 1999).
From the general theory of nonlinear waves is well known the fact (Whitham,

1977) that if in the system the nonlinear effects are significant, then the principle
of superposition cant be applied and the solution in the form of a plane wave is
unjust. Nonlinearity distorts the wave profile and the wave form differs from a
sinusoid. If in a nonlinear system the dispersion (or non-uniform equilibrium pa-
rameters of the medium) is lacked, all small-amplitude waves with different wave
numbers k propagate with the same speed and have the opportunity for a long time
interaction with each other. So, even a small nonlinearity leads to the accumulation
of distortions. Such nonlinear distortion, as a rule, leads to the wave front curva-
ture growth and its upset (breaking) or to the formation of the shock wave. In the
presence of dispersion the phase velocities of waves with different k vary with the
latter, the waves with different k propagate with different velocities and virtually
unable to interact with each other. Therefore, the wave packet tends to spreading.
For not very large amplitude the wave dispersion can compete with the nonlin-
earity. Because of this before breaking the wave may split into separate nonlinear
wave packets, and the shock wave will not form. Indeed, in the real atmosphere,
the shock wave, as a rule, (spontaneously, without external influence) is not formed
spontaneously. Primarily, this means that in the atmosphere-ionosphere medium
dispersion effects are strongly pronounced and significantly compete with nonlin-
ear distortion. If the nonlinear steepening of the wave is exactly compensated by
the dispersion spreading, there may appear the stationary waves such as solitary
vortices propagating in a medium without changing its shape.
It should be noted also, that the results of ground and satellite observations show

clearly that in the different layers of the ionosphere the zonal winds (currents) are
permanently present, which are non-uniform along the vertical (Gershman 1974;
Gossard and Hook, 1978; Kazimirovskii and Kokourov, 1979). As noted in section
3, at interaction with non-uniform zonal flow the wave disturbance obtains an
additional dispersion as well as a new source of amplification and the nonlinear
effects come into play in their dynamics. Thus, the ionospheric medium with shear
flow creates a favorable condition for the formation of nonlinear stationary solitary
wave structures.
So, we want to find a solution of the nonlinear model (Chargazia et al, 2018)

(a non-dissipative case ν = σp = 0) in the form of stationary regular waves
Ψ = Ψ(η, z) and R = R(η, z), propagating along the parallel (along the x-axis)
with a constant velocity U = const without changing its form, where η = x− Uτ .
Moreover, we consider the case when the wave structures propagate on the back-
ground mean zonal wind, which has the non-uniform velocity.
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In the non-dissipative case (ν = σp = 0), passing to above mentioned auto model
variables η and z and considering that in this case ∂/∂τ = −U∂/∂η, we get:

−U ∂

∂η

(
∆Ψ− Ψ

4H2

)
+
∂R

∂η
+ J (Ψ,∆Ψ) = 0, (1)

−U ∂R
∂η

− ω2
g

∂Ψ

∂η
+ J (Ψ, R) = 0. (2)

Here we have introduced a new feature of the stream function

Ψ(η, z) = Φ0(z) + ψ(x, z), (3)

and the velocity potential Φ0(z) of the background zonal shear flow through the
notation:

v0(z) = −dΦ0(z)

dz
. (4)

Providing the so-called vector integration, according to (Aburjania, 2006), the
general solution of equation (70) can be presented as:

R(η, z) = ω2
gz + F (Ψ + Uz) , (5)

where F (ξ) is the arbitrary function of its argument. Next, substituting (5) into
(1) and performing the similar transformation we get a nonlinear equation in the
form of the Jacobian:

J

(
∆Ψ+ U

∫
dz

4H2
+
dF (Ψ + Uz)

d(Ψ + Uz)
z,Ψ+ Uz

)
= 0. (6)

The general solution of (6) has the form (Aburjania, 2006):

∆Ψ + U

∫
dz

4H2
+
dF (Ψ + Uz)

d(Ψ + Uz)
z = G(Ψ + Uz), (7)

where G(ξ)- a new arbitrary function of its argument.
As it was mentioned earlier, the results of observations and experiments show

that vortex streets of various forms can be generated in ordinary liquid and plasma
environment in the presence of the shear flow, as a consequence of the nonlinear
saturation of Kelvin-Helmholtz instability. Such structures may occur if the asymp-
totic form of the function in equation (7) is nonlinear (Petviashvili and Pokhotelov,
1992; Aburjania, 2006).
We assume that the nonlinear structure move by a velocity U that satisfies the

following condition:

U

∫
dz

4H2
+
dF (Ψ + Uz)

d(Ψ + Uz)
z = 0. (8)



It is obvious that (8) holds for IGW at only case when the function F (ξ) is a
linear function of its argument over the plane x, i.e. F = −U(Ψ + Uz)/(4H2).
In this case, choosing an arbitrary function G as the following nonlinear function
G(ξ) = ψ0

0κ
2 exp(−2ξ/ψ0

0) (Petviashvili and Pokhotelov, 1992; Aburjania, 2006),
equation (7) reduces to:

∆(Ψ + Uz) = ψ0
0κ

2 exp
[
−2(Ψ + Uz)/ψ0

0

]
. (9)

Now lets choose an expression for the stream function of the background shear
flow in the form:

Φ0 = Uz + ψ0
0 ln(κ0z). (10)

Here ψ0
0 characterizes the amplitude of the background structure, but 2π/κ and

2π/κ0 presents the characteristic size of the vortex structure and parameter of
non-uniform background shear flow, respectively.
Given (3) and using (10), the vorticity equation (9) can be transformed into:

∆ψ = ψ0
0κ

2
0

[
κ2

κ20
e−2ψ/=ψ0

0 − 1

]
. (11)

This equation has the solution (Mallier and Maslow, 1993):

ψ(η, z) = ψ0
0 ln

[
ch(κ) +

√
1− κ20 cos(κη)

ch(κ0z)

]
, (12)

which is a street of the oppositely-rotating vortices. Substituting (12) and (10) into
expression (3), we finally obtain the solution:

Ψ(η, z) = Uz + ψ0
0 ln

[
ch(κ) +

√
1− κ20 cos(κη)

]
. (13)

Finally, we obtain the following expressions for the components of the medium
velocity and shear flow, respectively:

Vx(η, z) = −U − ψ0
0κ

sh(κz)

ch(κ) +
√

1− κ20 cos(κη)
, (14)

Vz(η, z) = −ψ0
0κ

√
1− κ20sh(κz)

ch(κ) +
√

1− κ20 cos(κη)
, (15)

v0(z) = −U − ψ0
0κ0th(κ0z). (16)

At κ0 = 1 the solution (13) describes the background flow to the type of shear
zonal flow (16). At κ20 < 1 in the middle of the zonal flow (16) the longitudinal
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vortex street will form (Fig. 1). Solution (14), (15) with closed streamlines in the
form of ”cat’s eyes” was first obtained by Lord Kelvin.
It must be mentioned that the nonlinear stationary equations (6), (7) also have

an analytical solution in the form of a Larichev-Reznik type dipole pair of cyclone-
anticyclone (Petviashvili and Pokhotelov, 1992; Aburjania, 2006) and vortex trans-
verse chains (Aburjania et al., 2005).

3. Energy transfer by the vortex structures

In the dynamic equations of IGW structures (Chargazia et al, 2018) the source of
convergence of external energy due to shear flow (non-uniform wind), the terms
with v0(y), and divergence sources of energy due to dissipative processes in the
environment-terms of induction σp and viscous ν damping are included obvious.
The above mentioned nonlinear solitary vortex structures can self-sustain only at
the existence of an appropriate balance between the convergence and divergence of
energy in the wave perturbations in the ionosphere medium.
Energy transport equation for the IGW vortex structures will have the form:

∂E

∂t
=

∫
v′0(z)

∂Ψ

∂x

∂Ψ

∂z
dxdz −

σpB
2
0y

ρ0

∫ (
∂Ψ

∂x

)2

dxdz

−σpB
2
0

ρ0

∫ [(
∂Ψ

∂z

)2

+
Ψ

2

4H2

]
dxdz

−v
∫ [(

∂2Ψ

∂2x

)
+

(
∂2Ψ

∂2z

)2

+ 2

(
∂2Ψ

∂x∂z

)2
]
dxdz,

(17)

where

E =
1

2

∫ [(
∇Ψ

)2
+

Ψ
2

4H2
+
R2

ω2
g

]
dxdz, (18)

presents energy of the nonlinear internal-gravity vortex structure.
It should be mentioned, that the equation (17) is valid for linear as well as for

nonlinear stage of evolution of IGW perturbations. In this equation the first term
of the right hand side describes transient sway-generation of the IGW structures
due to the shear instability; the second and the third terms an induction damping
of the wave disturbances due to Pedersen conductivity, and the last term describes
the viscous damping of the perturbations. According to (17), for generation of the
structures it is necessary the velocity of the shear flow to have at least the first
derivative with respect to vertical coordinate different from zero (v′0(z) ̸= 0).
The considered IGW perturbations in the linear modes propagate along the

Earths parallel (along the x axis). The induction and viscous damping takes energy
from these IGW structures and heat the ionospheric environment. In this case,
shear flow temporarily supply the medium with energy, causing generation - swing
of IGW structures and the development of shear instability.
Thus, the revealed internal gravity vortices in the ionosphere are sufficiently

long-lived, so they can play a significant role in the transport of solid matter, heat,
energy and form strong turbulence state in the medium (Aburjania et al., 2009).
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4. Energy transfer by the vortex structures

In this article the nonlinear evolution of IGW structures in the dissipative stably
stratified (ω2

g > 0) ionosphere in the presence of shear flow (non-uniform zonal
wind) is studied. The self-organization of nonlinear wave perturbations into the
solitary vortex structures and the transformation of the perturbation energy into
heat is revealed.
The equation of energy transfer by nonlinear wave structure in the dissipative

ionosphere is established. Based on the analysis of this equation it is revealed that
the IGW structure effectively interacts with the local background non-uniform
zonal wind and self-sustained by the shear flow energy in the ionosphere.
On the basis of analytical solutions of nonlinear dynamical equations it’s shown

that the internal-gravity waves organize themselves (due to the shear flow energy)
in the form of stationary solitary vortex structures. The solution of the nonlinear
equations has an exponential asymptotic behavior ∼ exp(−κ|r|) at |r| → ∞, i.e.
structures are strongly localized along the plane transverse to the Earth’s surface.
Depending on the type of velocity profile of the zonal shear flow (wind) v0(z), the
generated nonlinear structures maybe the monopole solutions, cyclone, anticyclone,
dipole cyclone-anticyclone pair, longitudinal vortex streets or transverse vortex
chain in the background of non-uniform zonal wind (see also Aburjania, et al.,
2005). The presence of spatially non-uniform winds in the ionosphere gives IGW the
properties of self-organization and self-sustaining in the form of the aforementioned
nonlinear solitary vortex structures of different shapes.
It should be noted that the discussed nonlinear two-dimensional vortex struc-

tures are very different from the atmospheric Rossby-type vortices (Larichev and
Resnick, 1976; Aburjania, 2006). The main difference is that the motion velocity of
our vortices is completely symmetric, i.e. the structures can move with velocities
greater than the maximum phase velocity of linear waves in any horizontal direc-
tion. While Rossby vortices can move to the west only at the velocities exceeding
the maximum velocity of Rossby waves. In the East such vortices can move with
any speed as far as the linear Rossby waves do not propagate in this direction. In
addition, we assumed that the atmospheric-ionospheric medium is isothermal.
IGW structures are eigen degrees of freedom of the ionospheric resonator. There-

fore, influence of external sources on the ionosphere above or below (magnetic
storms, earthquakes, artificial explosions, etc.) will excite these modes (or inten-
sified) in the first, (Aburjania and Machabeli, 1998). For a certain type of pulsed
energy source the nonlinear solitary vortical structures will be generated (Aburd-
jania, 1996; Aburdjania, 2006), which is confirmed by experimental observations
(Ramamurthy et al., 1990; Cmyrev et al., 1991; Nezlin, 1994; Shaefer et al., 1999;
Sundkvist et al., 2005). Thus, these wave structures can also be the ionospheric
response to natural and artificial activity.
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