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The present paper is devoted to construction of hierarchical models for porous elastic and
viscoelastic Kelvin-Voigt prismatic shells on the basis of linear theories. Using I. Vekua’s [1],
[2] dimension reduction method, governing systems are derived and in the Nth approximation
boundary value problems are set.
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1. Introduction

The present paper is devoted to construction of hierarchical models for porous
elastic and viscoelastic Kelvin-Voigt prismatic shells on the basis of linear theories.
Using I. Vekua’s [1], [2] dimension reduction method, governing systems are de-
rived and in the Nth approximation boundary value problems are set. In the N =0
approximation, considering plates of a constant thickness, governing systems math-
ematically coincide with the governing systems of the plane strain corresponding
to the basic three-dimensional (3D) linear theories [3]-[6] up to a separate equation
for the out of plane component of the displacement vector in our cases. The ways
of investigation of boundary value problems (BVPs) and initial boundary value
problems (IBVPs), including the case of cusped prismatic shells [2], are indicated
and some preliminary results are presented.

2. Field equations for Kelvin-Voigt materials

The field equations have the following form [4], [5]:
Motion Equations

X]l,]+(1)z = Pdi($13$2a$3at)a ($15$23x3) €N C [R37 t> to, Z,] = 1’273’ (21)
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Hjj+ Ho = pop — F, (2.2)

where X;; € C1(Q) is the stress tensor; ®; are the volume force components;
po := pk’ (k' is equilibrated inertia), p is the reference mass density; u; € C?(€2)
are the displacements; H; € C1(Q) is the component of the equilibrated stress
vector, Hy and F are the intrinsic and extrinsic equilibrated volume forces; the
points as superscripts mean differentiation with respect to the time, and Einstein’s
summation convention is used; indices after comma mean differentiation with re-
spect to the corresponding variables of the Cartesian frame Ozjzox3 (throughout
the paper we assume existence of the indicated (continuous) derivatives); dots as
superscripts of the symbols mean derivatives with respect to time ¢;
Constitutive Equations (isotropic case)

Xij = Xexrlij + 2ueij + N'€xrbiy + 20" €5 + bpdij + b Py, 1,5 =1,2,3, (2.3)
Hy=ap,+a*p;, j=1,2,3 (2.4)

Hy = —ber, — Ep — Ve — £, (2.5)

where e;; € C1(Q) is the strain tensor; ¢ = 1y — v € C%*(Q) is the change in
the volume fraction from the matrix reference volume fraction v (clearly, the bulk
reference density p = vy, 0 < v < 1, here v is the matrix reference density);
Ay N, pty by b Ay ot vt €, €8 are the constitutive coefficients;

Kinematic Relations

1
eij = 5(uig +ugi), 1,7 =1,2,3. (2.6)

3. Construction of hierarchical models. Nth approximation.

Let us consider prismatic shells (see, e.g., Fig. 1 and [2], [7]) occupying 3D domain
2 with the projection w (on the plane x3 = 0) and the face surfaces

+) 9 (=) 9
x3 = h (r1,22) € C*(w) and x3 = h (z1,22) € C*(w), (21,22) € w.

()
X3=h(x),x;)

T o
x3=h(xx,)

Figure 1. Prismatic shell of a constant thickness. €2 is a Lipschitz boundary
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rth order moments of the following quantities are defined as

(uira Xijr, €ijrs ®jry Hir, Hop, @r, fr)(wl,l‘z,t)

h (xl,xQ)
= / (Ui7 Xij, €ij, ®4, Hi, Ho, ¢, ]-") (w1, 22, x3,t) P, (azx3 — b) dxs,

(=)
h (z1,22)

i,j=1,2,3, (3.1)

where

P.(ax3 —b) a(zy,x2) ==
h — h h — h

are the rth order Legendre polynomials.

(+) (=)
2h(z1,22) == h (z1,22) — h (z1,22), (z1,22) € w,

is the thickness of the prismatic shell.
Under the well-know restrictions (see, e.g., [1]) the following Fourier-Legendre
series

are convergent.
Therefore on the upper and lower face surfaces of the prismatic shell under
consideration

(+) () > 1 2 (£1)%(2s + 1
w = w21, 22, h(z1,22),t) = ZG(S + §>Uis(i1)s =y Muis,

2h
s=0 s=0
1=1,2,3,
whence

)
+ —
( )1 - (_1)7“(“)1 = - ZaSSUzSa 1=1,2,3,

s=0
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where
a;s = g’asa s #, GZT = (2T+ 1) ;La’
(+) =)
T «@ r a -1 s Yo"
e —r%, s = (25 + 1)1 (%) hoo oy
r 1—(=1)5t"
ass == —(2s + 1)(2h)
Using
<Z)(C(3 o)
o Ul () (-)(=)
Pr(azs —b) fra dzs = Jra+ Zaasfs —f hat (D" f h a a=12,
) 5=0
h (z1,z2)

(;—L)(Ilyﬂiz) r
. (+) e
PT(CL.%'?, - b)fa3 d$3 = Za3sfs + f - (_1) f )
s=0

(=)
h (z1,22)

from (2.1)-(2.6), after multiplying them by P, (ax3 —b) and then integrating within

(=) (+)
the limits 4 (x1,z2) and h (z1,x2) with respect to the thickness variable x3, we
obtain the following formulas in w:

d r 0%u;
Xair,a + SZ; aTjsziS +X;=p 8752”7 1=1,3, r=0,1,---, (33)
r
r r .
Har,a+zaisHis+HOT+H:p0(Pr_-’r?”u 7‘:0,1,'” ) (34)
s=0

r =) (=)=
H = Hy — Hoh o + (—1)" [ ~Hy+ Hah,a] + H,
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Xijr = NekkrOij + 21€i5r + N €ppr0ij + 217 €ijr + biprdis + b Pr0ij,

i7j:m7 T:0717"'7 (35)
LI (+)(+) () (=)
Har = d|:§07’,oz + ZaasSOs - ¥ h,a + (_1)T ¥ h,a:|
s=0
LA (+) () (=) (=)
+at [gbr,a + 3 ansps — P ha— (1) h,a} L a=1,2 (3.6)

s=0

I 7 ) L T I ¢ ) )
Hs, = a[za&s@s + ¢ = (_1) 90} +« [Zai’)s(ﬁs + 9 = (_1) ()0]7 (37)
s=0 s=0
ie.,
Hj, = d(«pm + ijscps) + a*(@m’ + ijs%); j=13,r=01---, (38)
evidently,
Hjp = a(W e+ 30 B by ) + o (B + 30 hHib,),
s=r+1 s=r+1
j: 1737 T:(]?la"' )
P
wT L hr+1)
Hor = —beggr — Epr — Vg — & Qr, 7=0,1,---. (3.9)

HOT = _b(hr—’_l'l}'yr,'y + Z h8+1bisvis> - ghr—er
s=r+1

[e.9]
T .
0t (B g+ Y0 B i) — €T, = 0,1,
s=r+1
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1 RN 1o 7
Cijr = 5 (uir,j + ujr,i) t3 ; bisujs + 5 ; bjsuis,

i,j=1,3, r=0,1,---, (3.10)
where
7 r e
97‘ = Eiir = u'yr,fy + Sz:; bks’LLk-S, baﬁ = —(7" + 1) A s b3£ = 0,
0, s <,
(;) ( 1)r+s g
- _ s
bjs '= 4§ —Qas = —(25 + 1) @ oh 2 j=a, s>,
( 1)§+r
—azs = (2s+ 1) 57, , j=3, s>,
a:1727 J:ma TaS:071727“';
r (+) (+) (+) (=) (=)
Xj 1= X3 — Xajha + (—1) { X3 + Xajh } + @jr

j:17737 r:071a2a"' ;
Q. and @, are components of the stress vectors acting on the upper and lower
nj n’j

face surfaces with normals (;_L) and (n), respectively. So, we get the equivalent! to
(2.2)-(3.6), infinite system (3.3)-(3.5), (3.8)-(3.10) with respect to the so called r-th
order moments Xjjy, €ijr, Uir, Hjr, Hor, @r. Then, substituting (3.10) into (3.5)
and the obtained into (3.3), and (3.8) into (3.4) we construct an equivalent infinite
system with respect to the r-th order moments u;., @,. After this, if we suppose
that the moments whose subscripts, indicating moments’ order, are greater than
N equal zero and consider only the first N +1 equations (r = 0, N) in the obtained
infinite system of equations with respect to the r-th order moments wu;., we obtain
the N—th order approximation (hierarchical model) governing system consisting

in the following sense: if X;;, e;;, u;, H;, Ho, and ¢ satisfy the relations (3.2)-(3.
(3.1) functions Xy, €ijr, wir, Hir, Hor, @r will satisfy the infinite relations (3.3)-(3.
versa, if Xijr, €ijr, Wir, Hir, Hor, pr satisfy the infinite relations (3.3)-(3.5), (3.8)-(
by means of (3.2) functions Xjj, e;;, us, H;, Ho, ¢ will satisfy the relations (3.2)-(3.

6), then constructed by
5), (3.8)-(3.10) and, vice
3.10), then constructed
5).



Vol. 21, No. 1, 2017 39

N N
of 4N + 4 equations with respect to 4N + 4 unknown functions ., ¥, (roughly

. N N | . . N .
speaking u;., ¥, is an “approximate value” of wu;., ., since u;., ¥, are solutions
of the derived finite system), i = 1,3, » = 0, N. Because of

};31“ = 07 h’T+1(h’_T_1)aa = £a£7 o = 17 27

we can rewrite (3.3) for

3 —r—1
Vip +— h Wiy

as follows

1 1 & r r
€ijr = §hr+1 (Uir,j + 'Ujr,i) + 5 s_zr;_l hs+1 (b’isUjs + b]’svis)7

i,j=1,3,7r=0,1,--. (3.11)

00
r
L _ pr+l E s+1 —
HT = Eiipr = h Vryr,y + h bksvk& r= 07 17 e
s=r+1

Multiplying equality (3.3) by A" and, taking into account that &iz =rh7h,,, we
get

= O?hr 1y,
(h Xa]r o TR" § astz]s + hr = phrTja
G=T3, r=01,--. (3.12)

Substituting (3.11) into (3.5) we have

o0
T
1 1 1
Xijr = Nijh" vy + ph" (i 4 vjri) + Z Bijksh® ks
s=r+1

XSGR 4 R (G D) Z BZ]kShS—I—l
s=r+1

DR by + bR 6y, i, = 1,3

where

T T T '
Bijks = Nijbrs + 10k;bis + [10ikbjs,
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r

Fiks 1= N 0ijbks + 11 0kjbis + 11 0ikbyjs,
Multiplying (3.4) by h" we obtain

r—1
(B Hep) o + 1" aigHis + h" Hop + " H = poh” @ — b F,. (3.13)
s=0

In the N-th Approximation the governing system has the following form

N

d[(herrlwna) I Z (hr+s+1b;s¢s> Oj

N ’

+a*{(hzr+1¢m) a+ i (hr+s+1bls¢s> J

’ s=r+1

r—1 N
S
+dzazs (hr+s+1ws’i n Z hTHHbilﬂn)
5=0

l=s+1

)

r—1 N
. S .
ot 3 g (W b+ S (W )
s=0 l=s+1

N
,
—b(h2T+1vw,«,7+ Z hr+s+1bisvis> _ Ry,
s=r+1

N
r
—F <h2r+17.)’yr,'y + § hT—i—s—‘rlbis,l-)iS)
s=r+1

RN L BTH = poh" G — W F,, =0, N. (3.14)

N N
M <h2r+lvar,i> + <h2r+lvir,a>
« «

N
r N " N ri+1 [ N N
§ : +s+1 r +1 it
+ <Baiks h' TS Uk5> + E aji |:)\5th Vyly + uh Vil + Vilj
s=r+1 =

ra1
+ )\5()“‘ <h2 +1'U'yr,7>

e’

N N
r4st1
+ Z B]zksh Uks]
s=Il+1

h27‘-|—1]y . h2r+1N,
Var,i + Vir,a
ey o

)

N
+ X0 (h”“ @Wﬂ)
[e7

)
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r r—1 N N N
+1 T r4l+1 r+l+4+1 . .
+ ) < ks ks> + ) aj {A*%h U1y + ph (”jl,i + Uw)
s=r+1 e =0

+s+1N
+ E ]zks Uks

s=l+1

r—1
b[ h27‘+1 + Z a; hT+s+1 ] + b* |:(h27‘+1wr 4+ Z a; hr+s+1’¢)3
s=0
N
r 92pr+1 Vir q—-
+h"X; = phTT, r=0,N, i= Z )=0 (3.15)
q
where
N U
kr
Vg = o, k=13, r=0,N. (3.16)

Now, we consider the following two mixed 3D BCs:

- on the face surfaces of the prismatic shell under consideration the stress vectors
(+)
Qv , =123, Q- , j=1,2,3, and equilibrated stress vectors H;, j = 1,2,3,
nj nj

Hj, j =1,2,3, are prescribed;
- on the lateral boundary

) (+)
T = {(21,72,23) € R®: (x1,22) € Qw, hj(w1,22) <z3 < h (21,72)}

of the prismatic shell
either BCs:

up =1, P =9,
or BCs:
Xjing = fi, Hjnj =g,
where 4, f;, p, g are given continuous functions, are prescribed.

To the last BCs on the lateral boundary I' correspond the following BCs in the
Nth approximation:




42 Bulletin of TICMI

and

le?"nj :firv i = 172737 H]?“n] =0Gr, T:O,N, on awa
respectively, where ., pr, fir, gr, @ = 1,2,3, r = 0, N are rth order moments of
Ui, @, fiy g, t = 1,2, 3, correspondiugly.
Note that, if we take
AN=0, p*=0, b*=0, =0, v*"=0, £ =0, (3.17)

from the above obtained governing system, we get hierarchical models for porous
elastic prismatic shells.

4. N=O0 approximation for viscoelastic Kelvin-Voigt prismatic shells

The governing system has the following form (see (3.14), (3.15)):

| (ha0,9).0 + (Ws0.0).a| + AAvs04)5+ b(ht0) s + 1* | (0,80 + (0500

: 0

FA*(hinoy),8 + 07 (hiho) g + X3 = phiigo, [ =1,2; (4.1)
0

1(hv30,a).a + 15 (h030,0) 0 + X3 = phiiso; (4.2)

. . 0 .
d(hlpﬂ,a)px_bhv'yO,'y_gth"i_a*(th,oa),a_V*h®7077_§*h¢0+ﬂ = pd}O_FO‘ (43)

5. N=O0 approximation for porous elastic prismatic shells

From (4.1)-(4.3), taking into account (3.17), we get the following governing system

0
M[(hvao,ﬂ),a"’_(hvﬁo,a),a + AM(hvy0,4) 3+ b(htho) s+ X 3 = philgo, B =1,2; (5.1)

0
p(hv3o.a).a + X3 = phiis; (5.2)

0
d(hwo,a),a - bhv’yﬂ,’y - fh’l[)g + H = ,0950 - -F0~ (53)

BCs for the weighted displacements and the weighted volume fraction are non-
classical in the case of cusped prismatic shells (see Figures 2, 3). Namely, we are
not always able to prescribe them at cusped edges.

Let w be a domain bounded by a sufficiently smooth arc (0w \ 7,) lying in the
half -plane zo > 0 and a segment 7, of the x;—axis (z2 = 0).
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(6]
X3=h(x),X,)

X3

)
X3=h(x,x,)

Figure 2. A sharp cusped prismatic shell with a Figure 3. A cusped plate with sharp 7; and
semicircle projection. 9f2 is a Lipschitz boundary blunt v2 edges, 70 = 71 U v2. 92 is a non-
Lipschitz boundary

If the thickness looks like
2h(z1, x2) = hoxs, ho, Kk = const > 0, (5.4)
then the displacements and volume fraction we can prescribe at cusped edge 7, if
k < 1, while we cannot do it if K > 1.
Let us show it for the particular case of deformation when

Va0 =0, a=1,2; vy Z0.

Then in the static case, taking into account (5.4), from (5.2), (5.3) we get

T9U30.00 + kU302 = 2(ptho) txy X3, (5.5)

290,00 + Kiho2 — Ea” taathy = —2(ahg) tay " (H + ]:0>, (5.6)

respectively.

Problem D (Find v, ¥g € C?(w) N C(@) by their values prescribed on dw) and
Problem E (Find bounded vz, ¥ € C%(w) N C(w U (dw \ 7)) by their values
prescribed only on the arc dw \ 7)) are uniquely solvable for equations (5.5), (5.6)
by k2 < 1 and k2 > 1, correspondingly. It follows from the theorem (see [8]).

Theorem 5.1: If the coefficients an, o = 1,2, and ¢ of the equation
5 Uyaa +0a (21, Z2)Uo +c(x1, 22)u =0, ¢ <0, Ky =const >0, a=1,2,

are analytic in w, then
(i) if either ko < 1, or ko > 1,

az(r1,x2) < :ng_l (5.7)
in wWs for some 6 = const > 0, where
ws = {(x1,22) Ew : 0 < xg <0},

the Dirichlet problem (Problem D) is well-posed;
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(ii) if 2 > 1,
ag(x1,xe) > :L'g"’_l (5.8)

in ws and ai(z1,x2) = O(x'), o — 04 (O is the Landau symbol), the Keldysh
problem (Problem E) is well-posed.

Indeed, from (5.7) and (5.8), it follows as(z1,22) = k < 1 for Problem D and
az(x1,x2) = k > 1 for Problem E, respectively, since k; = kg = 1.

To the general system (5.1)-(5.3) in the static case we apply results obtained for
the more general system (see [9]).

Remark 1: In the similar way we construct hierarchical models for piezoelectric
thermoviscoelastic Kelvin-Voigt prismatic shells with voids as well. It turned out
that considering cusped prismatic shells by setting BCs at cusped edges the elec-
tric and magnetic potentials expose the same peculiarities which characterize the
displacements and volume fraction by setting BCs for the displacements, volume
fraction, electric and magnetic potentials on the lateral boundary of the prismatic
shells. These results will be published in the forthcoming paper.
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