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On the Generalized Cesáro Means of Trigonometric Fourier Series
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The behavior of generelized Cesáro (C,αn)-means (αn ∈ (−1, d), d > 0) of trigonometric
Fourier series of Hω classes in the space of continuous functions is studied. The unimprove-
ment of the obtained results is given.
In 1953 Nash [20] introduced the class of functions Φ. In this paper the behaviour of general-

ized Cesáro (C,αn)-means (αn ∈ (−1, 0)) of trigonometric Fourier series of Hω ∩ Φ classes
in the space of continuous functions is investigated. The sharpness of the results obtained is
formulated.
Furthermore, analog of theorem (2.9) for the multiple case is given.
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1. Introduction

Let f be a 2π-periodic Lebesgue integrable function and

ai =
1

π

π∫
−π

f(x) cos ixdx and bi =
1

π

π∫
−π

f(x) sin ixdx

be its Fourier coefficients. Also let

Sn(x, f) =
a0
2

+

n∑
i=1

(ai cos ix+ bi sin ix) (1.1)

be partial sums of the Fourier series of fwith respect to the trigonometric system.
Let C ([0,2π]) denotes the space of 2π-periodic continuous functions with the norm
||f ||C([0,2π]) :=maxx∈[0,2π]. If f∈C[0, 2π] then

ω(δ, f) = max{|f(x1)− f(x2)| : |x1 − x2| ≤ δ, x1, x2 ∈ [0, 2π]}

is called the modulus of continuity of f.
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If a modulus of continuity ω (see [1]) is given then Hω denotes the class of
functions f ∈ C([0, 2π]) for which

ω(δ, f) ≤ ω(δ), δ ∈ [0, 2π).

If ω(δ) = C0 · δ, where C0 is a positive constant, then Hω ≡ LipC0
1.

We consider a generalized Cesáro method (see [2]). Let (αn)and (Sn) be sequences
of real numbers, where αn > −1, n = 1, 2, ... . Suppose

σαn
n =

n∑
ν=0

Aαn−1
n−ν Sν/A

αn
n , (1.2)

where

Aαn

k = (αn + 1)(αn + 2)...(αn + k)/k! .

If (αn) is a constant sequence (αn = α, n = 1, 2, ...) then σαn
n coincides with the

usual Cesáro σα
n -means ([3], Ch.III). If in (1.2) instead of Sν we substitute Sν(x, f)

(see (1.1)) then the corresponding means σαn
n are denoted by σαn

n (x, f).
Many authors have considered the convergence behaviour of σα

n(x, f) for func-
tions from various classes (Fejér [4], Riesz [5], Zygmund [6], Natanson [7], Izumi [8],
Satô ([9],[10]), Taberski [11], Stechkin [12], Zamansky [13], Efimov [14], Uljanoff
[15], Zhzhiashvili [16], Totik ([17],[18])).
It is well-known (cf. [19] and [3] (Ch. III, Theorem (1.2)) that a summation

method defined by a matrix (aij) (i, j = 0, 1, ...) is regular if and only if



1. lim
n→∞

anν = 0, ν = 0, 1, . . . ,

2. Nn ≡ |an0|+ |an1| + · · · + |ann| + · · · is a bounded sequence,

3. lim
n→∞

anν = 0, where An ≡ an0 + an1 + · · · + ann + · · · .

In particular, the (C,α)-summation method is regular if and only if α ≥ 0 (see [3],
Ch. III, Theorem (1.21)).
In 1953 Nash [20] introduced the class of functions Φ.

Definition 1.1: Let Φ be a positive sequence with lim
n→∞

Φ(n) = +∞. We say that

a function f ∈ C([0, 2π]) belongs to the class Φ (f ∈ Φ) if for every real number
a, b (|b− a| ≤ 2π) and uniformly in x∣∣∣∣∣∣

b∫
a

f(x+ t) cosntdt

∣∣∣∣∣∣ ≤ 1

Φ(n)
.

Nash [20] established the fact that if f ∈ C ([0, 2π]) ∩ Φ and

lim
n→∞

Φ(n)/n = +∞
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then f ≡ 0. Therefore, it is natural to assume that Φ(n) = O(n).
Furthermore, Nash [20] proved the theorem from which various tests for uniform

convergence of Fourier series turn out.
Later Satô [21] (see, also, [22], pp.299-302) gave more precise result and she

established analogous of her early statement for Cesáro summability method of
negative order. In [23] we investigated Satô’s [24] results for Fourier series and for
its conjugate series; studied analagous problems for Cesáro summability method
as well

Theorem 1.2 : (cf. [23]). Let f ∈ C ([0, 2π]) ∩ Φ and 0 < α < 1. Then there
exists a positive constant c(f) such that

∥∥σ−α
n (·, f)− f(·)

∥∥
C
≤ c(f)

ω1−α(1/n, f)

(
n

Φ(n)

)α

+
1

n

π∫
π/n

ω(t, f)

t2
dt

 .

The second term on the right side of the last estimation can be omitted (cf. [25]),
i.e. under the conditions of the last theorem the following estimation is valid

||σ−α
n (·, f) − f(·)||C([0,2π]) ≤ c(f)ω1−α(1/n, f)

(
n

Φ(n)

)α

.

In [25] the unimprovement of this statement is proved.

2. Formulation of the results

Theorem 2.1 : Let (αn) be any sequence on the interval (−1, d], where d is a real
number (d ∈ R). The summation method defined by (1.2) is a regular method if
and only if

lim inf
n→∞

(αn lnn) > −∞.

Corollary 2.2: If (αn) is any sequence with αn ≥ −C/ lnn, where C is a positive
constant, then (C,αn) is a regular method.

Theorem 2.3 : If f ∈ Hω and αn ∈ (0, 1], n = 3, 4, ..., then

||σαn
n (·, f) − f(·)||C ≤ Cmax

 nαn − 1

αn · nαn
ω(1/n),

αn

n

π∫
π/n

ω(t)

t2
dt

 ,

where C is an absolute constant.

Corollary 2.4: Let f ∈ Hw . Then

||σαn
n (·, f)− f(·)||C ≤ Cω(1/n) lnn, n = 3.4 . . . .
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Corollary 2.5: If f ∈ Hw and 0 < δ < αn < 1, n = 1, 2, ..., where δ is a
constant, then

||σαn
n (·, f)− f(·)||C ≤ C(δ, ω)ω(1/n) ln (1/ω(1/n)) .

Theorem 2.6 : Let ω be a modulus of continuity and αn ∈ (0, 1], then

sup
f∈Hω

lim sup
n→∞

(||σαn
n (·, f)− f(·)||C/dn) > 0,

where

dn = max

 nαn − 1

αn · nαn
ω(1/n),

αn

n

π∫
π/n

ω(t)

t2
dt

 .

Theorem 2.7 : Suppose f ∈ Hwand for all natural n 1 < αn ≤ d (d is a positive
constant). Then

||σαn
n (·, f)− f(·)||C ≤ C(d)

n

π∫
π/n

ω(t)

t2
dt.

It is well-known that in the case where αn ≡ 1, for all natural n, the correctness
of the last estimation was established by Natanson [7] (see also [15]).

Theorem 2.8 : There exists a function f ∈ Hw such that for every sequence
(αn) (αn ∈ (1, d], n = 1, 2, ..., d > 1) and for all natural n

||σαn
n (·, f)− f(·)||C ≥ C̃

n

π∫
π/n

ω(t)

t2
dt,

where C̃ is a positive constant.

Some of these results were announced in [26] without proof.

Theorem 2.9 : Let (αn) be any sequence on the interval (0, 1), n = 3, 4, ...,and
f ∈ Hω then

||σ−αn
n (·, f) − f(·)||C ≤ Cωω(1/n)

nαn − 1

αn · (1− αn)
. (2.1)

For the class of functions LipC0
1 in the case lim inf

n→∞
αn > 0 we can get more

precise estimation than the last one is.

Theorem 2.10 : If for all natural n αn ∈ (0, 1) and lim inf
n→∞

αn > 0. Then for every

function f ∈ LipC0
1 there exists a positive infinitesimal sequence (εn), such that
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||σ−αn
n (·, f) − f(·)||C ≤ εn

(1− αn)n1−αn
.

The estimations in theorems 2.9 and 2.10 are senseless if there exist a number
ε0(0 < ε0 < 1) and a sequence of natural numbers (mk) such that

αmk
≥ 1− ε0

ln lnmk

lnmk
, k = 1, 2, ....

Indeed,

m
αmk

k

1− αmk

≥ lnmk

ε0 ln lnmk
·m

1−ε0
ln lnmk
lnmk

k

=
lnmk

ε0 ln lnmk
· mk

(eln lnmk)
ε0 =

(lnmk)
1−ε0 ·mk

ε0 ln lnmk
.

Therefore, it is natural to assume

0 < αn ≤ 1− ln lnn

lnn
, n = 3, 4, ....

Corollary 2.11: Let f ∈ Hω and there exists a positive constant C such that
0 < αn < C/ lnn, n = 3, 4, ...,, αn ∈ (0, 1), then

||σ−αn
n (·, f) − f(·)||C ≤ Cωω(1/n) lnn.

In particular, if Dini-Lipschitz condition

ω(1/n) =
=
o(1/ lnn), n → ∞,

is fulfilled then

||σ−αn
n (·, f) − f(·)||C =

=
o(1), n → ∞.

Therefore, Dini-Lipschitz condition is enough not only for the uniform conver-
gence of the corresponding Fourier series, but it ensures the uniform convergence
of σ−αn

n -means for some negative sequence (αn).

Corollary 2.12: If f ∈ Hωand δ1/ lnn ≤ αn ≤ δ2 < 1, n = 3, 4, ..., where
δ1 and δ2 are positive constants, then

||σ−αn
n (·, f) − f(·)||C ≤ Cω(δ1, δ2)ω(1/n)

nαn

αn
, n = 3, 4, ....

Corollary 2.13: Let f ∈ Hω, Hω ̸= LipC0
1 (for any positive constant

C0) and 0 < δ1 ≤ αn ≤ δ2 < 1, n = 3, 4, ..., where δ1 and δ2 are constants.
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Then

||σ−αn
n (·, f) − f(·)||C ≤ Cω(δ1, δ2)ω(1/n)n

αn .

The last corollary, for the constant sequence (αn), implies the well-known
Zygmund [27] statement.

Corollary 2.14: Let f ∈ LipC0
1 and 0 < δ1 ≤ αn ≤ δ2 < 1, n = 3, 4, ..., where

δ1 and δ2 are constants. Then

||σ−αn
n (·, f) − f(·)||C =

=
o(nαn−1), n → ∞.

From the Corollary 2.14 it follows our [28] earlier theorem.

Corollary 2.15: If f ∈ Hω, Hω ̸= LipC0
1 (for any positive constant

C0) and 0 < δ ≤ αn < 1, n = 3, 4, ..., where δ is a constant, then

||σ−αn
n (·, f) − f(·)||C ≤ Cω(δ)ω(1/n)

nαn

1− αn
.

Corollary 2.16: Let f ∈ LipC0
1 and 0 < δ < αn < 1, n = 3, 4, ..., where δ is a

constant. Then

||σ−αn
n (·, f) − f(·)||C =

=
o

(
nαn−1

1− αn

)
, n → ∞.

It is clear that Corollary 2.14 implies directly from Corollary 2.16. Also, from
Corollary 2.12 or from Corollary 2.16 it follows Corollary 2.13.
Formulated results and, in particular, Theorem 2.9 and Theorem 2.10 are the

best possible.

Theorem 2.17 : Let αn ∈ (0, 1), n ∈ N. If lim inf
n→∞

αn = 0 then

sup
f∈Hω

lim sup
n→∞

||σ−αn
n (·, f)− f(·)||C
ω(1/n) nαn−1

αn·(1−αn)

> 0.

Theorem 2.18 : Let (εn) be any positive infinitesimal sequence and 0 < αn <
1, n = 1, 2, .... If lim inf

n→∞
αn > 0 then

sup
f∈LipC01

lim sup
n→∞

||σ−αn
n (·, f)− f(·)||C

nαn−1εn
1−αn

> 0.

Consider the estimations of Corollaries 2.4 and 2.11. They are Dini-Lipschitz
type estimations. It is natural because the following statements are true.
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Theorem 2.19 : If −C1/ lnn ≤ αn ≤ C2/ lnn, n = 2, 3, ..., ( C1 and C2 are
positive numbers) then σαn

n (·, f) convergence at a point x if and only if Sn(x, f) is
convergent.

Theorem 2.20 : If αn ≥ C/(εn lnn) where (εn) is a positive null sequence and
C is a positive constant, then there exists a continuous function f for which
σαn
n (0, f) convergence and Sn(0, f) is a divergent sequence.

Theorem 2.21 : If αn ≤ −C/(εn lnn) where C is a positive constant, εn > 0
and lim

n→∞
εn = 0. Then there exists a continuous function f such that Sn(0, f)

convergence but σαn
n (0, f) does not.

Remark 1 : Using Kolmogorov’s well-known theorem we can conclude that there
exists an integrable 2π-periodic function f generalized σαn

n (·, f) means (0 < αn ≤
C/ lnn) of which are divergent at each point.

Theorem 2.22 : a) Let (αn) be a sequence on the interval (0, 1) and f ∈ Hω ∩Φ.
Then for every sufficiently large natural number n

∥∥σ−αn
n (·, f)− f(·)

∥∥
C
≤ cΦ

αn · (1− αn)
ω

(
1

n

)[(
n

Φ(n)ω(1/n)

)αn

− 1

]
. (2.2)

b) For every sequence (αn) of the interval (0, 1) and for arbitrary modulus of conti-
nuity ω (Hω ̸= Lip1) and a positive sequence Φ ( lim

n→∞
Φ(n) = +∞, Φ(n) = O(n))

there are a function f0 ∈ Hω∩Φ, a sequence (nk) of natural numbers and a positive
constant c0 , such that∥∥∥σ−αnk

nk (·, f0)− f0(·)
∥∥∥
C
≥ c0

αnk
· (1− αnk

)
ω

(
1

nk

)[(
nk

Φ(nk)ω(1/nk)

)αnk

− 1

]
.

The case Hω = Lipc01 is studied in [6] (see Theorems 2, 3 and 5).

Corollary 2.23: Under the assumptions of the last theorem we have for a suffi-
ciently large number n :

a) ∥σ−αn
n (·, f)− f(·)∥C ≤ c(Φ,η)

αn
ω
(
1
n

) [(
n

Φ(n)ω(1/n)

)αn

− 1
]
if αn ∈ (0, η), 0 <

η < 1;

b) ∥σ−αn
n (·, f)− f(·)∥C ≤ c(Φ,η)

1−αn
ω1−αn

(
1
n

) (
n

Φ(n)

)αn

if αn ∈ (η, 1), 0 < η < 1;

c) ∥σ−αn
n (·, f)− f(·)∥C ≤ c(Φ, η, γ)ω1−αn

(
1
n

) (
n

Φ(n)

)αn

if αn ∈ (η, γ), 0 < η <

γ < 1;

d) ∥σ−αn
n (·, f)− f(·)∥C ≤ cΦω

(
1
n

)
ln n

Φ(n)ω(1/n) if lim
n→∞

(
n

Φ(n)ω(1/n)

)αn

= 1.

The proof of Corollary 2.23 is evident.

Corollary 2.24: Let (αn) be any sequence on the interval (0, 1) and f ∈ Hω.
Then for every sufficiently large natural number n (2.1) is correct.
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Proof : It is enough to prove the last statement for function f with ∥f∥C ≤ 1.
Since f ∈ Hω by Lemma 1 of [23] we may enclose that f ∈ Φ, where Φ(n) =
cω/ω(1/n). Thus from (2.2) we obtain

∥∥σ−αn
n (·, f)− f(·)

∥∥
C
≤ cω

αn · (1− αn)
ω

(
1

n

)
[(cω · n)αn − 1] .

Thus

∥∥σ−αn
n (·, f)− f(·)

∥∥
C
≤ cω

αn · (1− αn)
ω

(
1

n

)
nαn .

If αn ≥ 1/ ln(cωn) then for sufficiently large n

nαn ≥ n1/ ln(cωn) =
1

c
1/ ln(cωn)
ω

· (cωn)1/ ln(cωn)

=
1

c
1/ ln(cωn)
ω

· e >
9

10
e.

Hence in the examined case we obtain the validity of (2.1).
Now let’s examine the case αn < 1/ ln(cωn). We shall prove that

(cωn)
αn − 1 ≤ 2(nαn − 1)

i.e.

1

nαn
≤ 2− cαn

ω .

For this purpose we consider the function

f(x) = 2− (cω)
x − 1/nx, x > 0,

and

f ′(x) =
lnn

nx
− (cω)

x ln cω.

Since f(0) = 0 and f ′(x) > 0 on the interval (0, 1/ ln(cωn)] for sufficiently large n,
we obtain (2.1). �

Now we shall formulate the analog of Theorem 2.9 for a multiple case. First we
formulate some necessary notations.

Let C([0, 2π]n) be the space of continuous on Tn = [0, 2π]n, 2π-periodic relative
to each variable functions f with the norm:

||f ||C = ||f ||C([0,2π]n) = max
x∈[0,2π]n

|f(x)|.
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Let Rn be an n-dimensional Euclidean space, M = {1, 2, ..., n} let (n ∈ N, n ≥ 2),
let B be an arbitrary subset of M , and |B| be a number of elements of B.
For any x = (x1, x2, ..., xn) ∈ Rn and B ⊆ M let xB = (u1, u2, ..., un), where
ui = xi if i ∈ B and ui = 0 if i ∈ B′ = M\B. Let B = {s1, s2, ..., sr} then

∆{si}(f, x, h{si}) = f(x+ h{si})− f(x).

The expression we get by successive application of operations ∆{s1}, ...,∆{sr} will
be denoted by ∆B(f, x, hB).
The expression

ωB(δ, f) = sup
|hi|≤δi; i∈B

||∆B(f, ·, hB)||C (δi ∈ (0, π])

is called a mixed or a particular modulus of continuity of a function f when |B| ∈
[2, n] or |B| = 1 respectively. Let ωB be mixed or a particular modulus of continuity
(see, for example, [30], Ch. II, 1.1). If δ(B) = {δi1 , δi2 , ..., δir} then

H(ωB, C) = {f : ωB(δ, f) ≤ ωB(δ(B)), δij ∈ (0, π], j = 1, r} ;

H(M,C) =
∩

B⊆M

H(ωB, C) .

Suppose Sp(x, f) is a rectangular partial trigonometric sums of a function f (see,
for example, [30], Ch. II, 2.1) and

σαm
m (x, f) =

(
n∏

i=1

A
α(i)

mi
mi

)−1 m∑
p≥0

n∏
i=1

A
α(i)

mi
−1

mi−pi
Sp(x, f) ,

where m = {m1,m2, ...,mn}, αm = {α(1)
m1 , α

(2)
m2 , ..., α

(n)
mn}, p = {p1, p2, ..., pn} and

Al
k = (l + 1)(l + 2)...(l + k)/k!.

Notation p ≥ 0 means that pi ≥ 0, i = 1, n.

Theorem 2.25 : Let f ∈ H(M,C) and αm = {α(1)
m1 , α

(2)
m2 , ..., α

(n)
mn} is a sequence

in Rn, αmi
∈ (0; 1), i = 1, n. There exists a positive constant (which doesn’t depend

on f and the sequence (αm) ) such that

||σ−αm
m (·, f)− f(·)||C ≤ Cω

∑
B⊆M

ωB

(
1

mi1

,
1

mi2

, ...,
1

mir

)
×

×
∏
ik∈B

m
α

(ik)
mik

ik
− 1

α
(ik)
mik

(1− α
(ik)
mik

)
.
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Corollary 2.26: If f ∈ C([0, 2π]n) and for some i0 (1 ≤ i0 ≤ n)

ω{i0}

(
1

k
, f

)
·

(
kα

(i0)

k

α
(i0)
k (1− α

(i0)
k )

)−n

→ 0, k → ∞,

and

ω{i}

(
1

k
, f

)
= O

((
kα

(i)
k − 1

α
(i)
k (1− α

(i)
k )

)n)
(i = 1, n, i ̸= i0)

then

||σ−αm
m (·, f)− f(·)||C → 0, mi → ∞, (i = 1, n).
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