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A FORM OF A GENERAL SOLUTION FOR A CLASS OF HIGH-ORDER
HYPERBOLIC EQUATIONS AND SOME OF ITS APPLICATIONS
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Abstract. For one class of high-order hyperbolic equations with two independent variables,
a general solution formula is obtained. This formula allows solving initial, initial-boundary
and some non-local problems. In particular, in some cases solutions of Cauchy problems are
written out in quadratures.
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In the theory of partial differential equations, an important role is assigned to the so-
called obtaining a general solution for a given partial differential equation. In the paper, a
general solution formula is obtained for one class of high-order hyperbolic equations, which
can be used in the investigation of initial, initial-boundary, and non-local problems. In order
to obtain the final form of the general solution, simple equations have been considered several
times, and as a result of their gradual complication and generalization, the form of the general
solution of the equation under consideration has been obtained. In particular, the solution
of some special cases of the Cauchy problem is given in an explicit form.

Consider the following equation [1]:
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where u = u(z,t) is an unknown two-variable function, a; = const,i = 0,,n — 1, are given
constant coefficients, while f(z,t) is the given function. Consider the characteristic equation
of the given equation:

PA) =N+ ap N4 oA L agh + ag = 0. (2)

Suppose that equation (1) is of hyperbolic type, which means that equation (2) has only
real A, g, ..., \; roots of multiplicity ki, ke, ..., k; respectively and, therefore, P(\) can be

represented as follows
!
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According to (3) equation (1) can be rewritten as follows [2]:

Lu = ﬁ (gt . Aé)ki u= f(z,1). (4)

=1

For some cases of equation (4) let us write its general solution.
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1) For the following nonhomogeneous equation

0 0
<8t _/\Zal‘> u:f(x—l—)\jt), )\i 7é/\j, (5)
the general solution is given by formula:
u(z,t) = gl + A\jt) + 7(z + A\it), (6)
1 s
where f = f(s) is a given continuous function, g(s) = T [7 f(o)do, while 7 = 7(s)
j— Ai

is any one-variable function from the class C', and 7(x + A\;t) is a general solution to its
corresponding homogeneous equation.

2) Consider the nonhomogeneous equation of type (5) when A\; = A;,, i.e.

0 0
For equation (7) a general solution is given by the formula:
u(z,t) = tf(z 4+ M\t) + 7(x + \it). (8)

Here, in contrast to equation (5) f = f(s) is a given function of class C! and 7 = 7(s),
as in (6), is an arbitrary one-variable function from the class C?.

Based on representations (6) and (8), using the method of mathematical induction, the
general solution of the following equation
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is given by the formula:
w(et) = D p ) 45 ) (10)
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when A\; = X;, where f = f(s) is given, and 7, = 7(s), k= 1,..,n, C" class arbitrary
functions, while when \; # \;, the general solution of equation (9) is given by the formula

u(z,t) = 5 _IA) (z + \jt) +Z (4 \it). (11)

Here f = f(s) is the given continuous function, and g = g(s) is the n-th order antideriva-
tive function of f = f(s):

(n_lm / (s — o) f(0)do

(that is ¢"(s) = f(s),¢*(0) = 0,i = 1,2,...,n — 1, , and, therefore, g(s) is the solution of the
mentioned Cauchy problem), while 7, = 7%(s) is an arbitrary function of class C™.

Remark 1. As a result of the analysis of the output structure of the considered non-
homogeneous equations, we get that the smoothness of the right-hand side of the equation

g(s) =
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is closely related to A; # Aj, or A\; = \; and also to the degree of iteration of the first-order

0 0
o Nox

If we introduce the notation

operator > included in the equation.

) o\ "
L’i =\ 5 N4 )
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then equation (4) can be rewritten in the following form:

l
Lu:=[] Liv = f(=,1). (12)

=1

Consider the homogeneous equation corresponding to (12):

l
[[Liu=0. (13)
=1

Lemma 1. Any solution u of homogeneous equation (13) can be represented in the form:

l
w=Yu (14)
=1

where u; is a solution of the homogeneous equation L;yu = 0.
From Lemma 1 and representation (10) it follows
Theorem 1. A general solution of homogeneous general type hyperbolic equation (13)

with constant coefficients is given by the formula:
Lo ks thi—J
U= Zi)‘ﬂj(ﬂf+>\it), (15)

— (ki —j
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where T;; = T;5(s)  are arbitrary functions from C", i =1,...,1;7 =1,..., k;.
From Theorem 1 it follows that the equation

. 2 9\"

has a general solution given by formula:

tn—j n tn—j

j)!ﬁj(w — 1)+ Z ﬁsz(w +1).

= (n —J)!

n
u =

(n—
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Here 71; = 71(s), 70j = T(s) are arbitrary functions from the class C™. This formula
follows from representation (15) and the following equality

e (P FN (9 9\ (0 oY
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Remark 2. The representation (15) of the general solution of equation (13) can
be used in solution of the Cauchy’s problem posed for this equation with the following
initial conditions: ,

where ¢;,i = 0,...,n — 1, are given functions of the class C"~*.

Consider particular cases of the Cauchy’s problem (13), (16), when equation (13)
is strictly hyperbolic and n=2 or n=3.

In the case n=2 the Cauchy’s problem (13), (16) can be written in the form:

0 0 0 0
(a — )\1%) (a — )\2%) u=0, A # M\, (17)

w(@,0) = @o(x),  w(z,0) = ¢i(2). (18)

According to Theorem 1 the general solution of equation (17) is given by the formula
u(z,t) = 11(x + Mit) + 72( + Aot), (19)

where 7 and 7, are arbitrary functions of the class C*.Putting expression (19) into
initial conditions (18) and solving obtained system of equations with respect to 7, and
Ty, and putting them afterwards into representation (19) we get the solution of the
Cauchy problem (17), (18) by the formula

1 T+t 1
uet) =3 [ eaodo 5 (Sl 4 ) + Aol + ). (20)
1 2 Jat ot 1 2

The formula (20) represents natural generalization of well-known D’Alembert’s for-
mula with Ay =1 and Ay = —1.
In the case n=3 the Cauchy problem (13), (16) can be written in the form:

0 0 0 0 0 0

U(ﬂ?, O) = ‘;00(33)’ ut(xv O) = ‘;01(33)’ utt(xa 0) = 902(3:)' (22)

According to Theorem 1 the general solution of equation (21) is given by the formula
U(l',t) :Tl(l'—l-)\lt)—FTQ(l’—l-)\gt) +T3(.Z'+>\3t), (23)

where 71, 7o and 73 are arbitrary functions of the class C®. Putting expression (23) into
initial conditions (22) and solving obtained system of equations with respect 71, 7o and
73, and putting them afterwards into expression (23)we get the following representation
of the Cauchy problem (21), (22)

wle. 1) = Adgpo(z +Mit)  Midspo(T + Aot) At Aao( + Ast)
’ A= A)As = A1) (A= A)(A3—A2) (A3 —A)(As — Ag)
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s+ ) [T M poi(a)do Mg+ M) [T oi(0)do (Mo + N[5 01 (0)do

T A A T el O AI0s A
foz+)‘1t(x + Mt — 0)pa(o)do OH/\Qt(x + Aot — 0)ipa(0)do OH/\st(x + A3t — 0)pa(0)do
(A2 = A1) (A — Ar) (A2 = A1)(Az — Ag) (A3 = A1) (A3 — Ag)
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