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1. Introduction

Let f be a 2π-periodic locally integrable function and let

Sn(x, f) =
a0

2
+

n∑
k=1

ak cos kx+ bk sin kx

be the particular sums of Fourier series of f with respect to the trigonometric system (see
[2]). If f is a continuous function on [a, b] then

ω(δ, f) = sup{|f(x1)− f(x2)| : |x1 − x2| ≤ δ, x1, x2 ∈ [a, b]}

is called the modulus of continuity of f . For a modulus of continuity ω denote by Hω[a, b] the
class of functions f with property |f(x)−f(x′)| ≤ ω (|x− x′|) , x, x′ ∈ [a, b]. N. P. Korneichuk
[3] proved the statement, which in the sequel was named as Korneichuk-Stechkin lemma. In
particular N. P. Korneichuk received the estimation of the following value

Eω(ψ)
def
= sup

f∈Hω [a,b]

∣∣∣∣∣∣
b∫

a

f(t)ψ(t) dt

∣∣∣∣∣∣ , (1.1)

where ψ is an integrable function with the average mean 0 on [a, b]. In addition, sign of ψ
on (a, c) and (c, b), a < c < b, maintains almost everywhere (in this case we write ψ ∈ V c

a,b).
The estimation of (1.1) for a convex modulus of continuity ω is exact and explicitly is given.
In this work we use Lemma Korneichuk-Stechkin in the following form.

Lemma 1.1 (Korneichuk-Stechkin) Let ω be any modulus of continuity, ψ(t) ∈ V c
a,b,

c = a+b
2 and ψ(t) = −ψ(2c− t), then

Eω(ψ) ≤
c∫

a

|ψ(t)|ω (2(c− t)) dt =

b∫
c

|ψ(t)|ω (2(t− c)) dt. (1.2)

If modulus of continuity ω is convex, then the equality in (1.2) is achieved for the function
from Hω[a, b] like K ± f∗(x), where K is a constant and

f∗ (x) =


−1

2ω (2 (c− x)) , x ∈ [a, c] ,

1
2ω (2 (c− x)) , x ∈ [c, b] .
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Based on the above Korneichuk-Stechkin lemma, A. I. Stepanets proved many statements.
We present one of them.

Proposition 1.2 (Stepanets) For any ω modulus of continuity we have an asymptotic
inequality

sup
f∈Hω

|an| = sup
f∈Hω

|bn| ≤
2
π

∣∣∣∣∣∣
b∫

a

ω

(
2t
n

)
sin(t) dt

∣∣∣∣∣∣ . (1.3)

In the case when ω is a convex continuous function (1.3) becomes the equality.
In 1974 Taberski [4] considered the following quantities:

al
k =

1
l

l∫
−l

f(t) cos
kπt

l
dt, blk =

1
l

l∫
−l

f(t) sin
kπt

l
dt,

Sl
n(x, f) =

a0

2
+

n∑
k=1

al
k cos kx+ blk sin kx,

where f is a locally integrable function on x ∈ (−∞,∞), l > 0, and n = 1, 2, 3, ... . The last
sum can be represented by Dirichlets integrals as follows

Sl
n(x, f) =

1
l

l∫
−l

f(u)Dl
n(u− x) du,

where

Dl
n(t) =

1
2

+
n∑

k=1

cos
kπt

l
=

sin(2n+ 1)πt/2l
2 sinπt/2l

.

If f is a locally integrable periodic function with period 2π then the last equality for l = π
coincides with the partial sums of the trigonometric Fourier series.

2. An asymptotic estimation for generalized Fourier coefficients

Definition 2.1 Let f be an uniform continuous function on R. We say f ∈ Hω if for any
t1, t2 ∈ R

|f(t1)− f(t2)| ≤ ω(|t1 − t2|)

where ω is a modulus of continuity.
Theorem 2.2 For any modulus of continuity ω = ω(t) we have:

sup
f∈Hω

|an| ≤
2
π

π
2∫

0

sin tω
(

2l
πn

t

)
dt. (2.1)

Besides, if ω is bounded then

sup
f∈Hω

|bn| ≤
2
π

π
2∫

0

sin tω
(

2l
πn

t

)
dt+O

(
1
n

)
. (2.2)
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In the case where ω is a convex continuous function, inequalities (2.1) and (2.2) become equal-
ities.

Proof. Let

sup
f∈Hω

∣∣∣al
n

∣∣∣ = sup
f∈Hω

1
l

∣∣∣∣∣∣
l∫

−l

f (t) cos
nπt

l
dt

∣∣∣∣∣∣ .
The function f can be represented as a sum of an even and odd functions: f(x) = f1(x)+f2(x)
where f1(x) = f(x)+f(−x)

2 , f2(x) = f(x)−f(−x)
2 . If f(x) ∈ Hω then f1(x) ∈ Hω and f2(x) ∈ Hω.

If we take into account that al
k (f2) = 0, we get

sup
f∈Hω

|an| = sup
f∈Hω ,r

2
l

∣∣∣∣∣∣
l∫

0

f (t) cos
nπt

l
dt

∣∣∣∣∣∣ =: eln,

where Hω,r is a subset of Hω which contains only even functions. We have

eln ≤
2
l

n−1∑
i=0

sup
f∈Hω,r

∣∣∣∣∣∣∣∣
(i+1) l

n∫
il
n

f (t) cos
nπt

l
dt

∣∣∣∣∣∣∣∣ =
2
l

n−1∑
i=0

e
(i)
n,l.

For the estimations of e(i)n,l we use Lemma 1.1 in the case ψ (t) = cos nπt
l , ai = il

n , bi = (i+1)l
n ,

ci = (2i+1)l
2n . ψ (t) = −ψ (2ci − t). Indeed,

−ψ (2ci − t) = − cos
[
nπ

l

(
2
(2i+ 1) l

2n
− t

)]
= cos

nπt

l
.

Thus,

e
(i)
n,l ≤

(2i+1) l
2n∫

il
n

∣∣∣∣cos
nπt

l

∣∣∣∣ω(
2

(
2i+ 1

2n
l − t

))
dt.

For the last integral we have

−
0∫

l
2n

∣∣∣∣cos
nπ

l

((
2i+ 1

2n
l − x

))∣∣∣∣ω (2x) dx =

l
2n∫

0

sin
nπt

l
ω (2t) dt.

Therefore,

eln ≤
2
l

n−1∑
i=0

l

nπ

π
2∫

0

sin tω
(

2lt
nπ

)
dt =

2
π

π
2∫

0

sin tω
(

2lt
nπ

)
dt.

Thus,

sup
f∈Hω

∣∣∣al
n

∣∣∣ = eln ≤
2
π

π
2∫

0

sin tω
(

2lt
nπ

)
dt.
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Now let us show that in the case of a convex modulus of continuity, the last inequality
can be replaced by the equality. For each fixed i consider the following function on

[
il
n ,

i+1
n l

]
ϕi

l (x) =


−1

2ω
(
2

(
2i+1
2n l − x

))
, x ∈

(
il
n ,

2i+1
2n l

]
,

1
2ω

(
2

(
x− 2i+1

2n l
))
, x ∈

(
2i+1
2n l, i+1

n l
]
.

It easy to see that ∣∣∣∣∣∣∣
i+1
n

l∫
i
n

l

ϕl
i (x) cos

nπt

l
dt

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣−
2i+1
2n

l∫
i
n

l

1
2
ω

(
2

(
2i+ 1

2n
l − x

))
cos

nπx

l
dx

+

i+1
n

l∫
2i+1
2n

l

1
2
ω

(
2

(
x− 2i+ 1

2n
l

))
cos

nπx

l
dx

∣∣∣∣∣∣∣∣ .
For the first term we have

−

2i+1
2n

l∫
i
n

l

1
2
ω

(
2

(
2i+ 1

2n
l − x

))
cos

nπ

l
xdx

=

0∫
l

2n

1
2
ω (2t) cos

[π
2

(2i+ 1)− nπ

l
t
]
dt.

For the second term we get

l
2n∫

0

1
2
ω (2t) cos

nπ

l

(
t+

2i+ 1
2n

l

)
dt

=

l
2n∫

0

1
2
ω (2t) cos

[π
2

(2i+ 1) +
nπ

l
t
]
dt.

Hence, ∣∣∣∣∣∣∣
i+1
n

l∫
i
n

l

ϕl
i (x) cos

nπt

l
dt

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
l

2n∫
0

1
2
ω (2t)

(
cos

[π
2

(2i+ 1)− nπ

l
t
]
− cos

[π
2

(2i+ 1) +
nπ

l
t
])
dt

∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣
l

2n∫
0

ω (2t) sin
nπ

l
t sin

π

2
(2i+ 1) dt

∣∣∣∣∣∣∣ =

l
2n∫

0

ω (2t) sin
nπ

l
tdt

=
l

nπ

π
2∫

0

ω

(
2l
nπ

t

)
sin tdt,

i.e. ∣∣∣∣∣∣∣
i+1
n

l∫
i
n

l

ϕl
i (x) cos

nπt

l
dt

∣∣∣∣∣∣∣ =
l

nπ

π
2∫

0

ω

(
2l
nπ

t

)
sin tdt.

Let f∗ (x) = (−1)i+1ϕl
i (x), where x ∈

[
il
n ,

i+1
n l

]
, i = 0, ..., n − 1. Besides, f∗ (x) cos nπ

l x is
positive, for each i = 0, ..., n− 1. So∣∣∣∣∣∣2l

l∫
0

f∗ (t) cos
nπt

l
dt

∣∣∣∣∣∣ =
2
l

n−1∑
i=0

(−1)i+1

i+1
n

l∫
il
n

ϕl
i (t) cos

nπt

l
dt

=
2
l

l

nπ

n−1∑
i=0

π
2∫

0

ω

(
2l
nπ

t

)
sin tdt =

2
π

π
2∫

0

sin tω
(

2lt
nπ

)
dt

and f∗ (x) ∈ Hω. Therefore, for a convex modulus of continuity ω

sup
f∈Hω

∣∣∣al
n (f)

∣∣∣ =
2
π

π
2∫

0

sin tω
(

2lt
nπ

)
dt.

Now consider the coefficients bln. We have

sup
f∈Hω

∣∣∣bln∣∣∣ = sup
f∈Hω

1
l

∣∣∣∣∣∣
l∫

−l

f (t) sin
nπt

l
dt

∣∣∣∣∣∣ .
Similarly as we derived for al

n, we can write:

sup
f∈Hω

∣∣∣bln∣∣∣ = sup
f∈Hω,odd

2
l

∣∣∣∣∣∣
l∫

0

f (t) sin
nπt

l
dt

∣∣∣∣∣∣ def
= sup

f∈Hω,odd

|I (f)| ,

where Hω,odd is a subset of Hω which contains only odd functions. Let

s (t) =


sin nπt

l , t ∈
[

l
2n , l −

l
2n

]
,

0, t ∈
[
0, l

2n

]
∪

[
l − l

2n , l
]
.

(2.3)

Thus,

2
l

l∫
0

f (t) sin
nπt

l
dt =

2
l

l∫
0

f (t) s (t) dt+
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+
2
l

l
2n∫

0

f (t) sin
nπt

l
dt+

2
l

l∫
l(2n−1)

2n

f (t) sin
nπt

l
dt.

Since f is an odd function and ω(t) is bounded, we can estimate the last two terms as follows:∣∣∣∣∣∣∣
2
l

l
2n∫

0

f (t) sin
nπt

l
dt

∣∣∣∣∣∣∣
≤ 2
l

l
2n∫

0

|f (t)− f (0)| dt ≤ 1
n
ω

(
l

2n

)
= O

(
1
n

)
and ∣∣∣∣∣∣∣∣

2
l

l∫
l(2n−1)

2n

f (t) sin
nπt

l
dt

∣∣∣∣∣∣∣∣
≤ 2
l

l∫
l(2n−1)

2n

|f (t)− f (0)| dt ≤ 1
n
ω (l) = O

(
1
n

)
.

Thus,

I (f) =
2
l

l∫
0

f (t) s (t) dt+O

(
1
n

)
.

Therefore,

sup
f∈Hω,odd

|I (f)| = sup
f∈Hω,odd

∣∣∣∣∣∣2l
l∫

0

f (t) s (t) dt+O

(
1
n

)∣∣∣∣∣∣
≤ 2
l

n−2∑
i=0

sup
f∈Hω,odd

∣∣∣∣∣∣∣∣
(2i+3) l

2n∫
(2i+1) l

2n

f (t) sin
nπt

l
dt

∣∣∣∣∣∣∣∣ +O

(
1
n

)
.

Let’s define

u
(i)
n,l

def
= sup

f∈Hω,odd

∣∣∣∣∣∣∣∣
(2i+3) l

2n∫
(2i+1) l

2n

f (t) sin
nπt

l
dt

∣∣∣∣∣∣∣∣ ,
i = 0, ..., n − 1. For the estimations of u(i)

n,l we use Lemma 1.1 in the case ψ (t) = sin nπt
l

, ai = (2i+ 1) l
2n , bi = (2i+ 3) l

2n , ci = (i+ 1) l
n , i = 0, .., n− 2, ψ (t) = −ψ (2ci − t).

Indeed,

−ψ (2ci − t) = − sin
[
2π (i+ 1)− nπt

l

]
= sin

nπt

l
.
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Therefore,

u
(i)
n,l ≤

(i+1) l
n∫

(2i+1) l
2n

∣∣∣∣sin nπtl
∣∣∣∣ω(

2
(

(i+ 1)
l

n
− t

))
dt.

So we have:
(i+1) l

n∫
(2i+1) l

2n

∣∣∣∣sin nπtl
∣∣∣∣ω(

2
(

(i+ 1)
l

n
− t

))
dt

= −
0∫

l
2n

∣∣∣sin nπ
l
t
∣∣∣ω (2t) dt =

l
2n∫

0

sin
nπ

l
tω (2t) dt.

Thus,

2
l

n−2∑
i=0

sup
f∈Hω,odd

∣∣∣∣∣∣∣∣
(2i+3) l

2n∫
(2i+1) l

2n

f (t) sin
nπt

l
dt

∣∣∣∣∣∣∣∣ +O

(
1
n

)

≤
(

1− 1
n

)
2
π

π
2∫

0

sin tω
(

2lt
nπ

)
dt+O

(
1
n

)

≤ 2
π

π
2∫

0

sin tω
(

2lt
nπ

)
dt+O

(
1
n

)
.

Therefore,

sup
f∈Hω

∣∣∣bln∣∣∣ ≤ 2
π

π
2∫

0

sin tω
(

2lt
nπ

)
dt+O

(
1
n

)
.

Let

ψl
i (x) =



−1
2ω (2x) , x ∈

[
0, l

2n

]
,

−1
2ω

(
2

(
i+1
n l − x

))
, x ∈

[
2i+1
2n l, i+1

n l
]
,

1
2ω

(
2

(
x− i+1

n l
))
, x ∈

[
i+1
n l, 2i+3

2n l
]
,

1
2ω (2 (l − x)) , x ∈

[
l − l

2n , l
]
,

for i = 0, ..., n− 2. It easy to see that∣∣∣∣∣∣∣∣
(2i+3) l

2n∫
(2i+1) l

2n

ψl
i (x) sin

nπt

l
dt

∣∣∣∣∣∣∣∣ =
l

nπ

π
2∫

0

sin tω
(

2lt
nπ

)
dt.
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Let f∗ (x) = (−1)i+1ψl
i (x) , where x ∈

[
2i+1
2n l, 2i+3

2n l
]
, i = 0, .., n−2. f∗ (x) sin nπx

l is positive,
for i = 0, .., n− 2 and f∗ (x) ∈ Hω. Hence, by definition of function s(t) (see (2.3))

|I (f∗)| =

∣∣∣∣∣∣2l
l∫

0

f∗ (t) s (t) dt+O

(
1
n

)∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
2
l

l− l
2n∫

l
2n

(−1)i+1ψl
i (x) sin

nπt

l
dt+O

(
1
n

)∣∣∣∣∣∣∣∣
=

2
l

n−2∑
i=0

2i+3
2n

l∫
2i+1
2n

l

(−1)i+1ψl
i (x) sin

nπt

l
dt+O

(
1
n

)

=
(

1− 1
n

)
2
π

π
2∫

0

sin tω
(

2lt
nπ

)
dt+O

(
1
n

)

=
2
π

π
2∫

0

sin tω
(

2lt
nπ

)
dt+O

(
1
n

)
.

R E F E R E N E S

1. Stepanets A. I. Uniform approximations by trigonometric polynomials (Russian).
Naukova dumka,Kiev, 1981.

2. Zygmund A. Trigonometric series. Cambridge University Press, volumes I and II
combined, 2002.

3. Korneychuk N. P. On the estimates of approximation of the class Hα by trigonometric
polynomials (Russian). Studies on modern problems of constructive function theory, M.:
PhysMathGiz, (1961), 148-154.

4. Taberski R. On General Dirichlet’s integrals. Prace matyczne, 17 (1973), 499-512.

Received 06.10.2023; revised 10.11.2023; accepted 29.11.2023

Author’s address:

G. Gognadze
I. Javakhishvili Tbilisi State University
11, University St., Tbilisi 0186
Georgia
E-mail: georgigognadze@gmail.com


