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1. Statement of the problem. Basic notation and definitions

For the linear system of the generalized differential equations

dx = dA(t) -x +df(t) for teR4, (1.1)

consider the problem on the bounded on R, solution
sup{||z(t)|| : t € R4} < 400, (1.2)

where Ry = [0, +oo[, A = (aik)Zkzl € BVipe(R4,R™™), and f = (fi)i~; € BVioe(Ry,R™).

The generalized ordinary differential equations were introduced by J. Kurzweil [10]. To a
considerable extent, the interest to the theory has also been stimulated by the fact that this
theory enabled one to investigate ordinary differential, impulsive differential and difference
equations from a unified point of view (see [1]-[7], [9, 11] and references therein).

Therefore, we can consider the ordinary differential, impulsive differential and difference
equations as equations of the same type.

In this paper effective sufficient conditions are established for the existence of solutions
of problem (1.1), (1.2). Analogous results are contained in [8] (see also references therein) for
the problem for systems of ordinary differential equations.

In the paper the use will be made of the following notation and definitions

R =] — 00, +0]. [a,b], [a,b] are, standard intervals.

R™*™ is the space of all real n x m matrices X with the standard norm. R” = R™*! ig
the space of all real column n-vectors x.

If X € R™*" then X!, det(X) and r(X) are, respectively, the matrix inverse to X, the
determinant of X and the spectral radius of X; I, is the identity n x n-matrix.

The inequalities between the matrices are understood componentwise.

b

V(X)) is the sum of total variations of the components of the matrix-function X : [a,b] —

a

t

R X = (2ij); 52, : R — R™™, then V(X)(t) = (V(2i))i 525,

X(t—) and X (t+) are, respectively, the left and the right limits of X :|a, f[— R™ ™ at
the point ¢. X is defined by continuity outside of the interval. diX(t) = X(t) — X (¢t—),
do X (t) = X (t+) — X (t).
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b
BV ({[a, b]; R™*™) is the set of all matrix-functions X : [a,b] — R™*™ such that V(X) < co.
a
BVioe(R; R™ ™) is the set of all matrix-functions X : R — R™*" whose restrictions on every
closed interval [a, b] belong to BV (][a, b], R™*").
A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its

components is such.
s1, 82 and s. : BVjo.(R;R) — BV,.(R;R) are the operators, defined by

51(2)(0) = s2(2)(0) = 0, sc(x)(0) = 90(0)

s1(2)(t) = s1(z)(s) + Z diz(r), sa(x)(t) = sa(x Z do(T
2

Se(x)(t) = sc(x)(s) + z(t) — z( Z s;i(z)(t) — s;j(z)(s)) for s <t.
7=1

If g € BV([a,b];R), f:[a,b) = R and a < s <t < b, then we assume

t

/ £(r) dg(r) = (L - 5) / 2(7) dg(v) + F(t)dg(t) + F(5)dag(s).

8 Js:t]

where (L — S) [ f(7)dg(7) is the Lebesgue—Stieltjes integral over the open interval s, t[.
Js;t]
It is known (see, [11]) that if the integral exists, then the right side of the integral equality
t t

equals to the Kurzeil-Stieltjes integral (K — S) [ f(7)dg(r) and, therefore, [ f(7)dg(T) =

(K — S)ftf(T) dg(t). If a = b, then we assume fb (t)dg(t) =

/a f(T)dg(T) :tiimoo/af(T)dg(T) and 7oof(7)dg(7) :tlieroo/tf(T)dg(T)

if the last limits exist (finite or infinite).
If G = (gir)ik=1 € BV(la,b; R™") and = = (2x)y; : [a,b] — R", then

/adG (Z/a 2, (7) dgin (T )n

We introduce the operator A(X,Y) in the following way:
if X € BVipe(R;R™™), det(l, + (—=1)7d;X(t)) # 0 for t € R (j = 1,2), and Y €
BVioe(R; R™ ™), then

.A(X, Y)(O) = On><ma
AX,Y)(t) = AX,Y)(s) + Y (t) — Y(s)
+ Y diX(r)(In — di X (7)Y (7)

s<t<t

= Y X ()@ + do X (7)) doY (1) (s < t).
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By a solution of system (1.1) we mean a vector-function z € BV ,.(R,R") if
t
x(t) = z(s) + /dA(T) cx(T) + f(t) — f(s)) for s<t, s,t €R.

If @ € BVjo(R,R) and tg € R are such that 1 + (—1)jdjoz(t) #0fort € R, t# tg
(j = 1,2). Then it is known that (see [7, 9] the initial problem
d§ = &da(t), £(0)=1
has the unique solution &, and it is defined by
exp(se(a)(t) = sc(@)(0)) [[ (1—dia(r))™" ] (14 daa(r))
0<r<t 0<r<t
for t >0,

exp(se(@)(t) = se()(0)) [T 1 =dia(m) [] (1 +doa(r)™
t<7<0 t<7<0
for t < 0.

\

Let 7o (t,s) = &4 (t)€,1(s) be the Cauchy function of the problem.
Note that the following equality holds (see, [1, 3]

de (t to) = =&, (t, to)dA(a, a). (L) (1.3)
We introduce the operator
V() = sup {7 > £: ((r) < C(t+) +1}
if € : R — R is a nondecreasing function, and
V() =inf {r <t: (1) () +1},

if ( : R — R is a non-increasing function.

2. Formulation of the results

For every t; € Ry U {400} (i = 1,...,n) we put No(t1,...,t,) = {i : t; € Ry} Tt is
evident that NVy(t1,...,t,) = {1,...,n}if t; e Ry (i = 1,...,n), and Ny(t1,...,t,) = & if
ti € {+o00} (i=1,...,n).

In the case, where t; = +00, we assume sgn(t —¢;) = —1 for t € Ry.
Theorem 1. Let
1+ (=1)7dja;(t) #0 for teRy (j=1,2;i=1,...,n) (2.1)

and let there exist t; € Ry U {400} (i =1,...,n) such that

Sik, = Sup {‘ /t i (t, T)|dV (A(ais, ag)) ()] - t € R+} < +oo
' (i#kyik=1,...,n), (2.2)
sup {‘ / 1vi(t, )|dV (A(ais, f3))(T)] i t € R+} <40 (i=1,...,n) (2.3)
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and

sup{|vi(t,t;)| : t € Ry} < +oo for i € No(ty, ..., tn), (2.4)
where v;(t, ) = Yau(t,7) (i = 1,...,n). Let, moreover, the matriz S = (sir)}—;, where
si=0(=1,. ) be such that

r(S) < 1. (2.5)

Then for every ¢; € Ry (i € No(t1,...,tn)) system (1.1) has at last one a bounded on Ry
solution satisfying the condition

xz(tz) =c¢ for i€ N()(tl, - ,tn)). (2.6)

If the case, where Ny(t1,...,t,) = &, conditions (2.4) and (2.6) are eliminated and the
theorem has the following form.

Theorem 1'. Let conditions (2.1), (2.2) and (2.3) hold fort; = +oo (i =1,...,n), where
Yi(t,T) = Yay (t,7) (i =1,...,n), and the matriz S = (sijk),_,, where s;i; =0 (i=1,...,n),
satisfy condition (2.5). Then system (1.1) has at least one solution bounded on R,

Corollary 1. Let

1+ (=1)7dja;(t) >0 for t e Ry (j=1,2;i=1,...,n) (2.7)
and let there exist ¢; € Ry U {400} (i =1,...,n) such that conditions (2.2), (2.3), (2. ) and
(2.5) hold, where S = (sik)] =y, sis = 0 (i = 1, —.yn)and vi(t,7) = v, (t,7) i =1,...,n).
Let, moreover, the functions

Alaii, air)(t) sgn(t — i), Alai, fi)(t) sgn(t —t;) (i #k;i,k=1,...,n)
are nondecreasing on R.. (2.8)

Then for every ¢; € Ry (i € No(ti,...,t,)) system (1.1) has at last one nonnegative and
bounded on R solution satisfying condition (2.6).

If No(t1,...,t,) = & then Corollary 1 has the following form.

Corollary 1'. Let conditions (2.7) and (2.8) hold and let there exist t; = +o0 ( =
1,...,n) such that conditions (2.2),(2.3) and (2.5) hold, where S = (si)l_1, 85 = 0
(t =1,...,n) and v(t,7) = 7a,(t,7) (¢ = 1,...,n). Then system (1.1) has at least one
nonnegative and bounded on R solution.

Theorem 2. Let (2.1) hold and let there exist t; € Ry U {400} (i =1,...,n) such that
conditions (2.2),(2.3),(2.4) and (2.5) hold, where S = (i)} ,_y, 55 =0 (i =1,...,n) and
Yi(t,T) = Yay; (£, 7) (i =1,...,n). Let, moreover, 7

liinitnf%(O,t) =0 for ie{l,...,n}\ No(t1,...,tn). (2.9)

Then for every ¢; € Ry (i € No(t1,...,tn)) system (1.1) has the unique and bounded on R
solution (x;)I'_y satisfying condition (2.6) and

n

Z |zi(t) — Zim ()] < poa™ for t e Ry (m=1,2,...)), (2.10)
i=1
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where po and o are the positive numbers independent of m, (Tim)?y (m = 0,1,...) is the
sequence of the vector-functions the components of which are defined by

Zio(t) = 0, Zim (t) = us(t Z /% (t, 7)dA(as, Qi m—1)(T) (2.11)

k=1, ki

(i=1,....,n; m=1,2,...), and the functions u; (i =1,...,n) are defined due to

¢
ui(t) = civilt ti) + /%(t, T)dA(ai, fi)(1) for i € No(t, ... tn), (2.12)
t;
t
u;(t) = /’yi(t,T)d.A(aii, fi(r) for ie{l,....,n}\ No(t1,... tn). (2.13)
t;
Corollary 2. Let (2.7) hold and let there exist t; € Ry U {400} (i =1,...,n) such that
the functions a;;(t) sgn(t — ¢;) (i = 1,...,n) are non-increasing on R,
lim inf a;;(t) = +oo for i € {1,...,n} \ No(t1,...,tn), (2.14)
V(A(aii, azk))(t) < —hyg sgn(t — ti)A(aii, aii)(t) for t € Ry
(i#k;ik=1,...,n) (2.15)
and
r(H) <1, (2.16)
where h;, (i,k =1,...,n) are such that H = ((1 - 5ik)hik)?k:1- Let, moreover,
v(Gi)(t)
pi = sup{ \/ (.A(aii,fi))‘ D te R+} <oo (i=1,...,n), (2.17)
t
where (;(t) = &q,; sen(t —t;) (i =1,...,n). Then conclusion of Theorem 2 is true.
Corollary 3. Let there exist the points t; € Ry U {+o00} (i = 1,...,n), the functions
a; Ry =R (i =1,. ) and the numbers n;; € R (i,k=1,...,n) such that the functions
a;(t)sgn(t —t;) (i = 1 ,n) are nondecreasing on Ry and condltlons
(se(air) (t) — sc(ai)(s)) sgn(t — ) < mii(sc(as)(t) — see)(s))
for (t—s)(s—t;)>0 (i=1,...,n), (2.18)
dlaii(t) < midlai(t) <1, —-1< dgaii(t) < midgai(t) (Z =1,... ,n), (219)
|selain) (t) — sc(ain)(s)] sgn(t — s) < nig(sc(e)(t) — sc(ai)(s))
for (t—s)(s—t;) >0 (i #k;i,k=1,...,n) (2.20)
and
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hold on Ry, where H = ((1 — 5ik)77ik|77ii|71)2k:1- Let, moreover,

where 9;(t) = &,q,5gn(t — t;) (i =1,...,n). Then the conclusion of Theorem 2 is true.

Theorem 2'. Let (2.1) hold cmd let there exist t; = 400 ( = 1,..., n) such that
conditions (2.2),(2.3) and (2.5) hold, where S = (six)l'v_1, s = 0 (i = 1,...,n) and
Yi(t,T) = Ya,; (t,7) (i = 1,...,n). ‘Let, moreover, ’

v(9;)(t)

AV mal,fl)': t€R+}<oo (i=1,...,n), (2.22)

t

lignitr_lf’yi(O,t) =0 for ie{l,...,n}. (2.23)

Then system (1.1) has the unique and bounded on Ry solution (z;)?_, and
Z:]:):Z — Tim(t)] < poa™ for te Ry (m=1,2,...),

where py and o are the positive numbers independent of m, (Tim)il—y (m = 0,1,...) is the
sequence of the vector-functions the components of which are defined by

t

xio(t) =0, xim(t) = /'yz-(t, T)dA(aii, fi)(T)

t;
t

+ > /%(t,T)dA(aii,aikmkm_l)(r) (i=1,...,nm; m=1,2,...).
1

Corollary 2'. Let (2.7) hold and let there exist t; = +o00 (i = 1,...,n) such that the func-
tions a;;(t) sgn(t—t;) (¢ =1,...,n) are non-increasing on R, condmons (2.15), (2.16), (2.17)
and

tlint; inf a;;(t) = 400 for i€ {1,...,n} (2.24)

hold, where (;(t) = &,,,sgn(t —t;) (i = 1,...,n), and the numbers h;y, (i,k =1,...,n) are
such that H = ((1 — 6ik)hik)2k:1' Then the conclusion of Theorem 2’ is true.

Corollary 3'. Let there exist t; = 400 (i = 1,...,n) and the functions «; : Ry — R
(¢ =1,...,n) such that the functions «;(t)sgn(t —¢;) (i = 1,...,n) are nondecreasing on R
and condltlons (2.16), (2.18) — (2.22) hold on R, where ¥;(¢ ) = §m.ai sgn(t—t;) (i=1,...,n),
and the numbers 7, ni; < 0 (i,k = 1,...,n) are such that H = ((1 - 5ik)"7ik|77ii’71)2k:1'
Then the conclusion of Theorem 2’ is true.

Corollary 4. Let the conditions of Theorem 2 or Corollary 2 (Corollary 3) are fulfilled.
Let, in addition, condition (2.8) hold. Then for every ¢; € Ry (i € Noy(t1,...,t,)) system (1.1)
has the unique and bounded on R} solution satisfying condition (2.6) and it is nonnegative.

Corollary 4'. Let the conditions of Theorem 2’ or Corollary 2’ (Corollary 3') are fulfilled.
Let, in addition, condition (2.8) hold. Then system (1.1) has the unique and bounded on R
solution and it is nonnegative.

3. Proof of the results

We use the following Lemma for the proofs of the results.
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Lemma 1. Let x € BV, (R, R™ ™) be a solution of system (1.1). Then x will be the
solution of the system
de = dA(t) -x +df(t) for teR (3.1)

under the condition
sup{||z(t)|| : t € R} < +o0, (3.2)

as well, if
aip(t) = fr(t)=0 (i,k=1,...,n) for t <O0.

The lemma immediately follows from the definitions of solutions of systems (1.1) and
(3.1).

So that, problem (1.1),(1.2) is a particular case to problem (3.1), (3.2).

Problem (3.1), (3.2) is investigated in [6]. We give the results obtained in [1].

Differing to section 1, we introduce the set Ny in such a way.

For every t; € RU{—o00,+0} (i = 1,...,n) we put Ny(t1,...,t,) = {i: t; € R}. Tt is
evident that No(t1,...,t,) = {1,...,n} ift; € R (i = 1,...,n), and Ny(t1,...,t,) = @ if
t; € {—oc0,+0} (i=1,...,n).

In the case, where t; = —oo (t; = +0), we assume sgn(t—t;) =1 for t € R (sgn(t—t;) =
—1 for t € R).

Theorem 3. Let

L+ (=1)Ydja;(t) #0 for teR (j=1,25i=1,...,n) (3.3)

and let there exist t; € RU{—o00,+o0} (i =1,...,n) such that

t
i), = sup {‘ / |’yi(t,T)|dV(.A(aii,aik))(T) it e R} < 400
t;
(t#kyik=1,...,n), (3.4)
t
sup {‘ / |7i(t,7')|dV(A(aii,fi))(T) it e R} <400 (i=1,...,n) (3.5)
t;
and
sup{|vi(t,t;)| : t € R} < 400 for i € Ny(t1,...,tn), (3.6)
where Yi(t, 7) = Ya, (t,7) (i = 1,...,n). Let, moreover, the matriz S = (i)}, where s;; =

0(i=1,...,n), be such that condition (2.5) holds. Then for every c¢; € R (i € Ny(t1,...,tn))
system (3.1) has at least one bounded on R solution, are satisfying the condition

x@(tz) = fOT' /) ENo(tl,...,tn). (37)

If the case, where Ny(t1,...,t,) = &, conditions (2.5) and (3.6) are eliminated and the
theorem has the following form.

Theorem 3'. Let conditions (3.3),(3.4) and (3.5) hold for some t; € {—o0, 400} (i =
1,....,n), where %i(t,7) = Yq,,(t,7) (i = 1,....n), and the matriz S = (six)}}—;, where
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sii =0 (i =1,...,n), satisfy condition (2.5). Then system (3.1) has at least one solution
bounded on R.
Corollary 5. Let

1+ (=1)dja;(t) >0 for teR, (j=1,2i=1,...,n) (3.8)
and let there exist t; € RU{—o00, 400} (i = 1,...,n) such that conditions (2.5), (3.4), (3. ) 5) and
(3.6) hold, where S = (sig)fy—y: s =0 (i =1,...,n) and %(t, 7) =74, (t,7) (1 =1,...,n).
Let, moreover, the functions

Alaii, air)(t) sgn(t — i), Alau, fi)(t) sgn(t —t;) (i #k;i,k=1,...,n)
are nondecreasingon R. (3.9)
Then for every ¢; € Ry (i € Np(ty,...,t,)) system (3.3) has at least one nonnegative and

bounded on R solution, satisfying condition (3.7).

If No(t1,...,t,) = & then Corollary 5 has the following form.

Corollary 5. Let conditions (3.8) and (3. 9) hold and let there exist t; € {—o0, 400}
(¢ =1,...,n) such that conditions (2.5),(3.4) and (3.5) hold, where S = (s;)!"x_1, Sii = 0
(t =1,...,n) and v(t,7) = Yo, (t,7) (1 = 1,...,n). Then system (3.1) has at least one
nonnegative and bounded on R solution.

Theorem 4. Let (3.3) hold and let there exist t; € RU {—o0,+o0} (i =1,...,n) such
that conditions (2.5),(3.4),(3.5) and(3.6) hold, where S = (i) 1, i =0 (1 = 1,...,n)
and vi(t,T) = Yo, (t,7) (i = 1,...,n).‘Let, moreover, condition t2.9) hold. Then for every
¢ € R (i € No(ti,...,tn)) system (3.1) has the unique and bounded on R solution (x;)!,
satisfying condition (3.7) and

i |zi(t) — Zim ()] < poa™ for t e R (m=1,2,...)),

where po and o are the positive numbers independent of m, (Tim)ly (m = 0,1,...) is the
sequence of the vector-functions the components of which are defined by (2.11 ), (2 12) and
(2.13).

Corollary 6. Let (3.8) hold and let there exist ¢; € RU {—o00,+o00} (i = 1,...,n) such
that the functions a;;(t)sgn(t — ;) (¢ = 1,...,n) are non-increasing on R, and conditions
(2.9),

V(.A(CLM, (llk))(t) § _hik sgn(t — ti)A(a“’,aii)(t) for t eR
(i£kik=1,...,n) (3.10)
and (2.16) hold, where H = ((1 — 5ik)hik)?k:1. Let, moreover,
v(G)(®)
pi = Sup{ \/ (.A(am',fi))‘ S te R} <o (i=1,...,n), (3.11)

t

where (;(t) = &, sgn(t —t;) (¢ =1,...,n). Then the conclusion of Theorem 4 is true.
Corollary 7. Let there exist the points t; € RU{—o0,+0c0} (i = 1,...,n), the functions
a;:R—R (i =1,...,n) and the numbers n;; € R (i,k = 1,...,n) such that the functions
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a;(t)sgn(t—t;) (i =1,...,n) are nondecreasing on R and conditions (2.18), (2.19), (2.20) and
(2.21) hold on Ry, where H = ((1 — &ix)nir|nii| 1) Let, moreover,

ik=1"

where 9;(t) = &,q, 5gn(t — t;) (i =1,...,n). Then the conclusion of Theorem 4 is true.

Theorem 4'. Let (3.3) hold and let there exist t; € {—o0,+o0} (i = 1,...,n) such
that conditions (2.5),(3.4) and (3.5) hold, where S = (si5)"_y, sii =0 (i =1,...,n) and
Yi(t,T) = Ya,, (t,7) (i = 1,...,n). Let, moreover, condition 7(2.23) hold. Then system (3.1)
has the unique and bounded on R solution (x;)!_, and

v(9:)(t)
(A(mai,fi))‘ tte R} <oo (i=1,...,n), (3.12)

t

> Jai(t) = zim ()] < poa™ for teR (m=1,2,...),
=1

where py and o are the positive numbers independent of m, (Tim)i—y (m = 0,1,...) is the
sequence of the vector-functions the components of which are defined as in Theorem 2.

Corollary 7'. Let (3.8) hold and let there exist ¢; € {—o0,+00} (i = 1,...,n) such that
the functions a;;(t) sgn(t—t;) (i = 1,...,n) are non-increasing on R, conditions (2.16), (3.10),
(3.11) and (2.24) hold, where (;(t) = &, sgn(t —t;) (i = 1,...,n), and the numbers h;
(i,k =1,...,n) are such that H = ((1 — 61 ha) Then the conclusion of Theorem 3’ is
true.

Corollary 8. Let there exist the points t; € {—o00, 400} (i = 1,...,n) and the func-
tions o; : R — R (i = 1,...,n) such that the functions «;(¢)sgn(t —¢;) (i = 1,...,n)
are nondecreasing on R and conditions (2.16), (2.18) — (2.21) and (3.12) hold on R, where
Vi(t) = &pya, sgn(t — t;) (i =1,...,n), and the numbers n;x, 7;; <0 (i,k = 1,...,n) are such
that H = ((1 — 5ik)77ik|77ii‘_1)zk:1- Then the conclusion of Theorem 3’ is true.

n
ik=1"

Corollary 8'. Let the conditions of Theorem 4 or Corollary 6 (Corollary 7) are fulfilled.
Let, in addition, condition (3.9) hold. Then for every ¢; € Ry (i € Np(t1,...,t,)) system (3.1)
has the unique and bounded on R solution satisfying condition (3.7) and it is nonnegative.

Corollary 9. Let the conditions of Theorem 4’ or Corollary 6 (Corollary 7’) are fulfilled.
Let, in addition, condition (3.9) hold. Then system (3.1) has the unique and bounded on R
solution and it is nonnegative.
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