Seminar of I. Vekua Institute
of Applied Mathematics

REPORTS, Vol. 49, 2023

ON SALEM TEST FOR GENERAL DIRICHLET INTEGRALS
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Abstract. The Salem test on uniform convergence of trigonometric Fourier series is well-
known. In this paper the analog of the Salem test and its corollaries for generalized Dirichlet
integrals are proved. In particular, Dini, Dini-Lipschits and Kita tests for generalized Dirichlet
integrals are obtained.
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1. Introduction

It is well known ([1] (vol I, Ch.8), [2] (Ch.IV, section 4) or [3] (Ch.I, section 2)) that
the Fourier series of a continuous function not only need not converge uniformly but it can
even diverge. Therefore, the additional conditions are necessary under which the series does
converge uniformly. The condition imposed probably on the function under which its Fourier
series is uniformly convergent, for example, is Salem test [4] ([5], [6]).

Let f be a locally integrable function and let [ be a positive number. Taberski [7] con-

sidered the sums
k:7rt
l
b
S ( 24 E (ak cos — —|— i ),

where
/f cos 2 /f smn—ﬂ-tdt (1.1)

x € (—oo;00) and n € {1,2,3,...}. The last sums can be represented by Dirichlet integrals
as follows

St(x, f) = /f VD (u — z)du

where
i krt  sin(2n+1)%F
+ cos— = ————— =

By - Tt
2 P l 2sin 57

Dy, (t) =

The main purpose of this paper is to prove the analog of Salem [4] test and its corrolaries
for the generalized Dirichlet integrals.

2. Auxiliary lemmas

Lemma 2.1. Let f be a locally integrable function that is uniformly continuous over the
intervals (—oo, —H|, [H,00) (H > 0) and ¢ > 0. Then

1 91+% n
z/ F@ldt =0 as ooz 1),
0
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where ) is an arbitrary number chosen from [l — ¢;1 + c].
If 6 > 0 is a fired number then there exists a number M > 0 such that

T+c -T
o IS Ty PO (2.1)

—T—c
for every T > 6.

Proof. Since f is a locally integrable function and [ > 1 implies that for §; € [-H —1; H]

1 O+L O+L N
z/ |f(t)\dt§/ f(D)]dt —0 as = — oo

9, 0, l
If 6, € [H; 0), then

1 0+L 1 O1++ 1 O+
[ o<1 [ ) - flar + ()

0, l 0,

1 l l H)| 1 0 l H
<-wl|f;+——H 7+m.,§w f;l+72 +’f( )|
l n n l n n o n n
Sw(f;l+c+12>+|f(H)|ao if
n n n l

Now we prove the validity of the first inequality of (2.1), the second one can be proved
analogously. We consider two cases: 6 <T < H-+1land T > H + 1.
If§ <T < H+1 then

1 T+c 1 H+4c+1
2] werss [ il = an (2.2
T 0
If T > H + 1 then

T+c T+c T+c
7w 5 [ samiaes 5 [ rmya

T T
<2cw (f;1+|c—H|)+cf(H) =: M>. (2.3)
Estimations (2.2) and (2.3) imply (2.1) where M = max{M;, Ms}.

Lemma 2.2. Let f be a locally integrable function that is uniformly continuous over the

intervals (—oo, —H|, [H,00) (H > 0) and let f be bounded in [a,b] (—o0 < a < b < 00).
Then

S;w(f;T+c—H)+Cf§FH) < 2w <f;1+C—H> +ef (H)

l
1 9Z+E

()|t — 0 as =~ —oo(l>1)
I Jo, I

uniformly in x € [a,b], where 0; is an arbitrary chosen from [—1;1].
If ¢ > 0 is a fized number then there exists a number M > 0 such that

1 T+c
7 estolar <

for every T > 6 and x € [a,b], where § is a fized positive number.
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Proof. Since f is bounded on [a,b], the validity of Lemma 2.2 can be checked easily
similarly to Lemma 2.1.

Remark 2.3. It can be easily proved that lemma 2.2 is also true in the case if we consider
any one of the functions f; (t) = f(z+1t) — f(z) or f; (t) = f(x —t) — f(z) in place of ¢, ().

Lemma 2.4. Let f be a locally integrable function that is uniformly continuous over the
intervals (—oo, —H], [H,00) (H > 0), let f be bounded in [a,b] (—oo < a < b < 00). Let s(u)
be f(u) or ¢pz(u) = f(z+u) + f(x —u) —2f(x) and let r(u) be sinu or cosu. Then

g R A CO FE

asn, 7 — oo (I > 1), where 8 is arbitrarily chosen from [0;1]. In the case, when s(u) = ¢ (u)
we have uniform convergence in x € [a,b].

Proof. We prove only the first part of (2.4), the second one will be proved by the similar
method.

19 Suppese firstly that f is uniformly continuous in (—oo,c0). Let p be an odd integer
such that p = min{i: i € N, (i — %)% > 60;} and let ¢ be an odd integer such that ¢ = max{i :
1€ N,i— % < n}. The sign > signifies a sum where index k runs through odd values only.
It is easy see that

l 51

l 21 1
p——0<—<1, l—qg—<—<1, g—p<n+-—-. (2.5)
n 2n n n 2

1 /! t 1 [Px " 1 (9% "
L / s@)r(m)dt_ / 3<t>r<m)dt+ / s<t>r(m)dt+
L Jy, ! L g, l 1/, l
1 l
/ s(t)r
lq

z
n

Then

<n?t> dt = I + I + I5. (2.6)

By the first and the second inequalities of (2.5), by lemmas 2.1 and 2.2 we get
92 91+% 2 l
|| < 2l/ |s(t)] — 0, |I3] < / |s(t)|dt — 0 (2.7)

0, T2 -z

when 7 — oo.
In the case s(t) = ¢,(t) we have uniform convergence in z € [a, b].

It is clear that . l
q- (k+1)L
1 n nmt

k=p %
In both cases r(u) = sinu or r(u) = cosu we have r(u + (k — 1)7) = (—=1)*!r(u) and
w(s;9) < max{w(¢z;9),w(f;0)} <2w(f;d). Using simple transformations and (2.5), we get

q—1 2L
1 n l nmTU
Izzg lﬁ s(u—l-(k—l)n)r(l—l-(k—l)W)du

k‘:p n
q—2

Z’;/;i [s <u+(k:—1)fl> —s (u—f—ki)} r(@) du

k=p
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l 2 1 l
<u2 (f;)g nt w<f;)—>0 as n,2—>oo
n n n l

n
(when s(t) = ¢,(t) we have uniform convergence in x € [a, b]).

Hence, by (2.6) and (2.7) imply (2.4).

20 In the general case, there exists an uniformly continuous function g over (—oo, c0) such
that g(t) = f(t), when |t| > H and ffIH\f(t) g(t)ldt < 5. Let s*(t) = g(t) and s*(t) =
g(x+1t)+ g(x —t) — 2g(x) respectively, when s(t) = f(t) or s(t) = f(x+t)+ f(x —t) —2f(x).
It is clear that

[e%) H
/ B@—f®WS3[HV®—mmﬁ<a

—00

l l
‘1/ s(t)r <n7rt> dt‘ ’1 / s (t)r <n7rt> dt‘ +e.
I Jo, z I Jo, l

Corollary 2.5. Let f be a locally integrable function that is uniformly continuous over
the intervals (—oo, —H], [H,00) (H > 0). Then

al, =0, b, -0 as %—>oo(l21),

where a!, and b, are Fourier coefficients, defined in (1.1).

Lemma 2.6. Let f be a locally integrable function that is uniformly continuous over the
intervals (—oo, —H], [H,00) (H > 0) and let f be bounded in [a,b] (—co < a < b < 00).
Then

1
/qﬁx smmrt[—lt}dtﬂo as ?—>oo(l21)
o

uniformly in x € |a, b].
Proof. We set ¢(t) = (2tan §)™* — ¢!, then

l
=1 [ ottysin ™o (T ) o

: mt\ : . . it s _ 1
Since 1 (7) is nondecreasing in |0, ], %E%d} (7) = 0 and hmz/) (T) = —<, by second
mean value theorem we get [ = —2; fell ¢ (t) sin 7t dt, where 6; € [O, l]. By lemma 24 1 — 0

as 7 — oo uniformly in = € [a, b].
Lemma 2.7. If f(x) is a locally integrable function, bounded in finite [a,b] then

A s nmt
sin 2
= (T Ldt—0, as ﬁ—>oo
t
1)

uniformly in x € [a,b], where 6 and A are fizved positive numbers.
Proof. The proof is similar to the proof of lemma 6.4 (see [1], Ch. II).

3. The main results

Let’s introduce a notation ¢, (t) = f(z +1t) + f(z —t) — 2f(z).

Theorem 3.1. Let f be a locally integrable function that is uniformly continuous over
the intervals (—oo, —H|, [H,00) (H > 0) and let f be bounded in [a,b] (—oo < a < b < 00).
Then

n7rt
Swd) - 5@ =1 [ 0™ Faso), 15 oo
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uniformly in x € [a,b]
Proof. We can easily get by corollary 2.5

Sz, f) = /f VD (u — z)du + o(1),

where
D! _,(t)+ DL(t)  sin™™

t7
2 ~ 2tan 72rl

D*l( )

Now, using Taberski ([7], p.500) method we can get

. gin nrt n7rt Sln mrt
Sz, f) - / e / ba(t)

t 1 1
/(;Sx 81nm[m—m]dt+o( ) =: A1 + A2 +0(1).
2tan 57 i

By lemma 2.6 Ay — 0 as I,
proved.

Let f be a locally integrable function that is uniformly continuous over the intervals
(—o0, —H], [H,00) (H > 0). We define the modulus of continuity of f:

w(f;6) = w(f;0) = max {a; b}

~I3

— oo uniformly in z € [a,b]. Thus Theorem 3.1 is

where

a= sup {f(x)— f(y): |z —y| <o}

z,y€(—o0;—H|

and

b= sup {f(z)— f(y): |z -yl <d}.
z,y€[H;00)

Let for a nonnegative number A

L flut(k—1L) — futkl)

T+ =
n,l,A (u) k 9

(3.1)

-

where m is an odd integer such that m =min{i : ¢ € N, (1 — %)% > A} and ¢ is an odd
integer such that ¢ = max{i : i € N,i — 5 < n}. The sign )/ signifies that k& runs through
odd values only. It is clear

+
Tn,l,o(u) k

q ! !
+(k—-1)-) — + k-

=y f ko)) = flutky) (3.2)

=1

Theorem 3.2. Let f be a locally integrable function, bounded in [a,b] (—oo < a < b < 00),
uniformly continuous over the intervals (—oo, H|, [H,00) (H > 0).

If Tfl A (@) uniformly converges to 0 in some open interval containing |a,b] when n,7 —
oo, then

! ot
/6¢x(t)smtl dt -0 as %Hoo(lzl)

uniformly in x € [a,b] (—oo < a < b < 00), where A =06 =0 when H =0, and 6 > 0 is any
fixed number for some fized A > H + max{|al,|b|} when H > 0.
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Proof. It is clear by lemma 2.7

l i nat l s ot
/%(t)sm l dt:/ 6o ()Lt 4 o(1) =: I + o(1),
s t A t

when % — oo uniformly in z € [a, b].
Fort >A>0

r+te[H o00); x—te(—o0,—H| (3.3)

for every = € [a,b]. This means that fF := f(x & t) are uniformly continuous over [A;co)
and

w(fy) < w(f). (3.4)

Let m be an odd integer such that m = min{i:i € N, (i — )L > A} and let ¢ be an odd
integer such that ¢ = max{i:i € N,i — 3 < n}. Then

(q—% % gin Rt n7rt (m—%) sin nmnt
1= / ou) ™ e+ [ 0™ L
( t A t

3~

! gin ot n7rt
+/ ) bz (t) dt =11 + I + Is.
(

If H > 0 then A is a fixed positive number and since (m — %)% —ALZ %, f is integrable

n[—(A+c¢),A+c| and f is bounded in [a,b] (—o0 < a < b < o), we get

JAE /m_m (1))t < ~ / "

A
= 4|f (x)|l n

uniformly in z € [a, b)].
If H =0 then

By lemma 2.2 we get

1 ! n
|13’ < I—QZ/Z_W ‘¢x(t)|dt — 0, 7 — 0

n

uniformly in z € [a, b].
It is clear that

Let us estimate
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For this introduce s; and tx:

l
sg:=k—, k=mm+1,---,q—1;
n

= (k:—l) i, k=mm+1,--- q
2)n

It is clear that sj, and t), are points of the interval [(m — 3)L (¢ — 1)1].
Let X*4(1) ¢ [(m — 1)1, (g — $)1] — [(m - é)i (4~ )1 where

n’

tk+1 — (t — tk), if (t k), kis Odd7
t, if te€ (sk,trr1), kis odd,
M) = tpyr — (E—ther), if ¢ € (trpr, Skp1), kis odd, (3.5)
tpr1 — (tgao — ), if t € (Sg+1,tkr2), kis odd,
t, if t= tk, Sk

Ifte[(m-— %)%, (g — %)%] then by (3.5)

2
-] < 2. 56
n
It is obvious that
(q_i)% sin nnt
= _ n,l e
= /(m;)z [f(x ) —f (97 + A (t)ﬂ dt
(q_l)% gip B7t nTrt
n,l I
+/( 11 {f (xiA (t)> f(f)} ; dt =: If) +1
Hence,
= b2 sin nwt q—2
Ilffz = Z// [f (x + )\”’l(t)) _ f(x)] . 1 dt —: Z/Uk~ (3.7)
k=m vtk =

Let us estimate the integral

nmt

w=[ T ) = )]

Tkt Sk+1 tet2
:/ / / / _Ulil)+v,g)+v,i3)+vli).
tr Sk tet1 Sk+1

Since points sg, t are finite, we can consider that f(tx) = f(tgr1) = ... = f(sk) =
f(8k+1) = ....
If in v,(cl) we make the change of variable t = u + ¢, = u + (k —

%)%, we get

oV = /Ol [f (:v A (o tk)> - f(:z:)] sin (mu +(ti_ D7) 4,

Note that k is odd and u +t € [ty, sg] when u € [0; =] By (3.5) A™ (u+1t) = tpy1 — u.

Hence l

o = [T 1 @t e 0) - F(o)]

cos "Tl”‘

te +u

(3.8)
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If in v,(f) we make the change of variables t = t11 —u = (k + %)% — u then
0 : nmwu 1
—r 4 (k+ 2
v,?) = —/ [f (m + )\”’l(tk_H — u)) — f(a:)} sm( L ( Z)W) du.
! thy1 —u

2n

It is clear that k is odd and tj41 —u € [sg; tg41] when u € [0; 5], (3.5) Implies A ()1 —
u) = tg11 — u. Hence

l

o == [T 1 e = ) = f@)

coS nmu

L_du. (3.9)
lev1 —u

If in v,(f) we make the change of variables t = u + tg41 = u + (k + %)% then

v,(:’) = /an [f (m £ M\ + tk+1)) - f(l‘)} sin (@ Tkt %)ﬂ) du.
0

U+ tpt1

We note that k is odd and tx11+u € [try1; Sp1] when u € [0; ﬁ] By (3.5) A (tg 1 4+u) =
tx+1 — u. Hence

l

@) /271 cos “TH
v = — zx (tg+1 —u)) — f(z)] ———du. 3.10
D= [T o - 0) - ) (3.10)
Now if we make the change of variable ¢ = ty4o —u = (k+ 3)L — u then
0 n sin (-2 + (k+ 3)w
U](:l) = _/z [f (w:l:)\ (7 —u)) - f(m)} ( tlk;+2 — 2 )du.

2n

It is obvious that k is odd and tj19—u € [Sgi1; tkr2] when u € [0; ﬁ] By (3.5) A" (tq0—
u) = tg4+1 — u. Hence

l nmu

4 2n Cos
o = [T ) — @) o (3.11)
0 k+2 u
Thus, by (3.8)-(3.11) we have
T
2n nmTu
w= [ @k (e - ) - fa))cos T
0
1 1 1 1
x { - - + } du. (3.12)
lk+u  fpp1—u  fpgprt+u  fppo—u
Since0§u§ﬁglandemZI,weget
1 1 1 1 th 4 o i1

—_ _ 4 - _
tk+u  tpgy1—u  lgr1t+u fpyo—u (tk + u)(tgso — u) t%_H —u?

= tp ((tkH = u))l(tkﬂ T t2+11_ u2>
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< 21 (3)° _ 2kt

T (Ba-O)Ba-®) O kD (k-
< 2 :<l.3

- .72 k2

Hence, by (3.12) we obtain

wm_kg-/ (@ & (thr — ) — F(@)ldu,

2 1 [t 2 1 [t
w[TreEn @< g [ 1@ - @l

‘vk‘ o k;2 tk Sk

If H > 0, by remark 2.3 there exists a number M > 0 such that

1 1+tg
. [f(x+t) = fz)ldt < M
k
for every t; and x € [a,b]. Hence |vg| < QM.
Since m > % +3—o0as oo and > T 2M is convergent, by (3.7)

,2M
|<Z\vk\< ——>0 as %—m)o

uniformly in z € [a, b].

If H =0 that is f is uniformly continuous in (—oo, 00), then for every € > 0 there exists
81 > 0 such that |f (z 1) — f(z)| <e&/> 2, & when [t| < 4.

Let m; be the largest positive odd integer such that mli < 61, hence m; > ”T‘;l —2 — o0.

It is clear that |vg| S Z‘X’g T when k& < my. Thus, we get

q—2 my q—2
1150 <D ol =D lokl + D o
k=1 k=1 k=m1

uniformly in z € [a, b].
It remains to estimate I 1%1- We have
t

—(/(mi + " _ )[f(xit)—f(ximl(t))}Smtm dt.

) imply that the absolute value of the first term of

(3.13)

For H > 0, by (3.3), (3.4) and (3.6
(3.13) does not exceed
2l
(m l

— %)%Qn 2A
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If H=0 then m =1, A =0 and for the first term of (3.13), we have

/ll [f(a: i)~ f (x + W(t)ﬂ Sm:?tdt

2n

20\ 11 21
SOJ(f;n)ln: w<f§n>_>0‘
2n

By (3.3), (3.4) and (3.6) implies that absolute value of the third term of (3.13) does not
exceed

It remains to estimate the mean term of (3.13):

7o [ ez - g (2 30000)) T

m

For the simplicity we use notation: r(t) := f(z £¢) — f (z £ A™!(t)) and note that by
(3.3),(3.4) and (3.6)

21
oo (£2) 1za (3.14)
n
We have l ) l
a5 in oot =l k1)t . nt
7E= [ == ) 2 g,

q—1 2% _1)k-1 nmwu
JE = r<u+(k—1)l>( )" sin (%)
9—1 g k=1, (mt
t 1\ (-1 i
= / r(—i—(k—l))( ) Sm(l)dt
= Ji n n t+(k—1)

=2 g [ (DL tkl
S (“5) v (%)
l

t+ (k=11  t+kl T
(summation Eq;?n’ is performed with respect to odd indices). A simple conversion gives:

B P () e

q—2

21
; t+kl\ . (mt 1 1 i n
= - dt = J* + JE.
+Z/l 7"< n )P\ ) i+ (k=D t+k e

k=
By (3.14)

r <t2kl>‘ R 1l)l)(t+ Mk

=2 .2
EED |
k=m !
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q-2 21
1 t+ kl 21 1
<> d<w(f;Z2) 5 ——
_k_mk(k—i—l)l/l r( n )‘ _w(f’n) Zk(k—f—l)_)o

as 7 — 00. Besides,
=2 .9
t+ (k—1)I t+ kl
1 n n

wsin (TS L 1lg,
AT )i -1 w

g’ /ZQZ [r (t—i- (l;— 1)l> . (t —;kl)] sink(;;t) " (3.15)

By (3.14) the absolute value of the first term of (3.15) does not exceed
o\ X, 2
2 y— ! dt
“ (f’ n) k;n /l (t+ (k — 1)) ki

o\ L2, 12 20\ X 1 n
§2w<f;n> Z'/l Wdthw <f;n> ﬁ—>0 as 7—»00.
k=m 1

Now represent the second term of (3.15) in the following way:

‘1‘2,/21 [ <t+ (k — 1)5) <t+kl>] sin (7t
Z r|\ ——m | —r dt
! n n kl
k=
q—2 21 . mt
, t+ (k=11  (t+kl sin (Zt) 4 n
+kzzm /gz [r (n (- = T,
Since points sg, t; are finite, we can consider that f(tx) = f(tky1) = ... = f(sk) =
fGsip1) = oo flx+tg) = f(w+tprr) = ... = f(x +sp) = f(2+ 5p41) = .o
We note that if ¢ € [I; 3] then
t+ (k—1)l t+ kl
(n) € sk thg1)s € [Shg1; trya]-

Thus, by (3.5)

)\n’l<t+(k1)l> t+(k:71)l; /\ml(tJrkl) t+ (k—1)l

n n n n

and for ¢t € [I; 31] we get

T(H(k1)z>_r(t+kz>:f<xit+(k1)z>_f<xit+kz>

Therefore,

1 a2 — in (Zt
Jfl—/l Z,[f<xit+(k;l 1)l>_f<xit—|7—lkl>}s k(ll)dt’

k=
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It is clear that £ — 0 when ¢ € [I; 3{] and % — oo. If Tni,l,A (z) is uniformly convergent to

0 in some interval containing [a, b], then

n
JE =0 as 77X

uniformly in z € [a, b].
Using simple transformations we get

=, t+ (k— 1)l t4 kI ) sin (5
J_g;n/ {f@in )_f(xi - )} k(ll)dt
q—2 21 s (wt
Rt Y t+(k—1)l>>_ (x n,l<t+kz>)}sm(l)
,;;/gz {f( + A < - flaxA - Lt

The first term of the last expression can be estimated as Jfl and absolute value of it does

1 20 |t t
not exceed 7 f%l UEINCES E)‘ dt.
Let us estimate

Wt =
5 o ot (500 - o (54 22

It is easy to see that if ¢ € [2/,2[] then

t+(k—-1)l t+kl
trk -1l € [tht1s Skt1], € [trs2, Skt2l, (3.16)
n n
and by (3.5)
ynd t+ (k—1) _ (Bl —t)+ (k- 1)l o t+ kL Bl—t)+ (k+1)I
n n ’ n n '
Using (3.16) and the last asumptions, we get
W+ =
20 4—2 o (Tt
_ 1 _ mt
/ '{f(x:l:(3l t)+ (k )l>—f<x:|:(3l t)—i—kl)}sm(l)dt
3 = n n kl

sin (”Tt

+/32l q—Ql{f<xi(4l—t)4?;(k—l)l>_f<xi(4l—;i)+kzl>} { )dt
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= WIjE + VVQjE

INEL It
nwﬂgl/ JﬁA<xi3 Nﬁ.
;l thl
2

n
It is obvious that % — 0 when t € [31;2] and % — oco. If T* - a(x) uniformly converges
to 0 in some interval containing [a,b] then

Hence

Wli—>0 as %—m)o

uniformly x € [a, b].
Besides,

’ i|<1 21
”2 >
l 31
2

It is easy to see that 4= — 0 when t € [31;2]] and 2 — oo. If TilA(:v) uniformly
converges to 0 in some interval containing [a, b], then

4] —
Tnim<mi : t)'dt.
" /”L

n
Wi —0 as 7%

uniformly in [a, b].
Thus, the proof is completed.
Remark 3.3. It is clear that Theorem 3.2 implies Salem test.
The following two theorems are the analogues of the well-known Dini-lipschits and Dini
criterions for generalized Dirichlet integrals.
Theorem 3.4 Let f be uniformly continuous in (—oo;00).
If w (f, %) logn — 0 when [, — oo, then l }Zimoo S (z; f) = f(z) uniformly for x from every
1] -
fized [a,b] (—oo < a < b < 0).
Proof. By Theorem 3.1

Sh(a, f) - / oe ()Lt + o(1) (3.17)

Without loss of generality we can consider the case when n is odd. Then

1) _ Lz
n,l,o |<Z/‘f wi 1)n) f(xikn)‘ﬁw(f;i)lognao.

k

whence, by (3.17) and Theorem 3.2

Jim 8o ) = f(2)
uniformly for every interval [a,b] (—oco < a < b < 0).
Theorem 3.5. Let f be a locally integrable function that is uniformly continuous over
the intervals (—oo, —H], [H,00) (H > 0) and w(f; L)logl — 0, I,n/l — cc.
(1) Suppose that for a fized x
/ [ 41 < oo
o+ 1t
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Then hm S (z; f) = f(x).

ln/l—
(13) If f is a contmuous in [a,b] and

lim / |¢x(t>|dt =0 uniformly in 2z € [a,b],
=0+ Jo t

then l/lm St (z; f) = f(z) uniformly in x € [a,b].

I,n/l

Proof. By Theorem 3.1

St (as f) — / 6 gt 4 o(1), (3.18)

We suppose that n is odd. Let A > H + max{|a| 4+ 1;|b| + 1}. Then

- z B WA Ry 1 n
st S EEE DD TR (1Y 50

k=m

k=m

<w <f; i) (logn —logm) < w <f; i) (logn — log %)

<w<f;l> logl — 0
n

for every « € (a — 1,0+ 1). Thus, by Theorem 3.2

e sin 2t
—Ldt=o(1 3.19
)i, : o(1) (3.19)

uniformly in [a, b] for every fixed §; > 0.
(7) In this case we consider that a = x = b. By condition of Theorem 3.5 for every € > 0

there exists 7 > 0 such that
/51 19201y .
0 t ’

whence, (3.18) and (3.19) imply

Sk (z: f) ‘ (/6 /51>¢x mdt‘+o()<s+o(1),

when [, 7, — oo and w(f;%)logl — 0.
(73) If € > 0 is given then there exists d; > 0 such that

/51 192001 4, _ .
0 t

for every x € [a,b]. Hence, by (3.18) and by (3.19)

i(/a /51>¢z Slnnmdt‘ o(1) < £ + o(1)

Stz f) - <

uniformly in [a, b].
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Remark 3.6. If in Theorem 3.4

O<n>§l§n (3.20)
logn

then f will be constant. Indeed, for such [ and h € (

1 1
log(n+1)° logn] we have

‘f(ﬂ“rh) — /(=)
h

1
< 2w (f, logn> logn

l
=0 (w (f, n)) logn — 0,n — oo.
Therefore, f = const.

Under condition (3.20) a similar conclusion can be drawn for Theorem 3.5.

Various results can be obtained for classes of generalized bounded variation, which were
considered in [8, 9].

Let f be a function defined on a finite closed interval [a,b]. Suppose p, and ¢(n) are
sequences such that p; > 1, p, T oo, n — o0 and ¢(1) > 1, ¢(n) T oo, n — co. We say that
f € BV(py 1 ,0,la,b]) if

V(f,pn T 00,9,[a,b])

m 1/pn

1

= supsup f(ti) = ftic)|Pm: p(A) > —— < +o0,

n A(;m o) 2 g

where Aisa =ty < t; < ... < t,,, = b partition of the interval [a, b] and p(A) = min;(¢t; —t;—1).
Define

V(fia,00) =V (f,pn 1 00,9,[a,00)) := sup V(f,pn T 00,9,[a,b]);

be(a,00)

V(fa —00, b) = V(fapn T o0, ¢7 (—OO, b]) = sup V(fapn T o0, Qb, [CL, b])a

a€(—o0,b]
V(f;£H, £00) 1= max {V(f;—o0, —H),V(f; H,00)}.

Theorem 3.7. Let f be a locally integrable function and let it be bounded in [a,b] (—oo0 <
a <b< o00). Suppose that V(f;+£H,+o0) < 0o for some H > 0 and

g, !
(s

n

=o0(1) {p (7‘ (?)) log [p (7‘ (7))] }71 ,  7(u) = min {¢(r) > u}. (3.21)

T‘EZ+

Then (see (3.1) and (3.2))

TfZA(x)—%) as ?—>oo(l21)
uniformly in some finite neighborhood of |a,b], where A = 0 when H = 0 and A > H +
max{|al, |b|} is any fized number when H > 0.
Proof. For simpicity we use notation o; = f(x £ (j — 1)%) — flz £ ]%) and n is odd.

Then Tni’l,A(x) = Z;lzml%
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Let €, = [logp (T (n/)7 Y, Spjl = pr@/) and L 4+ L = 1. Then by the Holder

En/l Sn/l tn/l
inequality we get
n/l
T s < 3071 = §jwrw
]—m
1 1
n Sn/l n |l—c, tn/l th/l
< ’(’O—j‘sn/l)sn/l . Z/ (W>
j=m j=m J
En/l 1
n P (/D) IR LN
< p(T(n/1)) . il
— . |U]| w f7 n Z ]
j=m j=m
1
1 n 1 n/l n/l
=o()V(f;£H, +o0) /! T <> .
{p (T (n/D)log[p (T (n/D)]} " | 5= \J
Since .
- <1>%ﬂ " p(r /)
j=1 J N €n/l ’
we obtain

. cop (/D)™
UEA@N=MUWﬂiEiw)/anm)(WWFEW (3.22)

For the proof of theorem it is sufficient to show that the right side of (3.22) is bounded.
This follows from choice of g, ;.
Corollary 3.8. If a function f satisfies conditions given in the Theorem 3.7 for H = 0,
then l T}linco St (z; f) = f(z) uniformly in z € [a,b] (—oo < a < b < o).
=00,

Corollary 3.9. Let f be alocally integrable function. Suppose that V(f; +H, +00) < 0o
for some H > 0 and (3.21) is fulfilled when 7 — oo.

(i) Suppose that [, |%tﬂdt < oo for a fixed x. Then

lim S.(z; f) = f(2).

l"—»oo

(1) If f is continuous in [a,b] (—oo < a < b < c0) and

lim /” =1 4, _
0

p—0+ t

uniformly in x € [a, b], then
lim S, (z: f) = f()
l, 7~>oo
uniformly z € [a, b].
Corollaries 3.8 and 3.9 can be proved by the similar method as respectively Theorems 3.4
and 3.5.
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