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ON SALEM TEST FOR GENERAL DIRICHLET INTEGRALS

Akhobadze T., Ivanadze K.

Abstract. The Salem test on uniform convergence of trigonometric Fourier series is well-
known. In this paper the analog of the Salem test and its corollaries for generalized Dirichlet
integrals are proved. In particular, Dini, Dini-Lipschits and Kita tests for generalized Dirichlet
integrals are obtained.
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1. Introduction

It is well known ([1] (vol I, Ch.8), [2] (Ch.IV, section 4) or [3] (Ch.I, section 2)) that
the Fourier series of a continuous function not only need not converge uniformly but it can
even diverge. Therefore, the additional conditions are necessary under which the series does
converge uniformly. The condition imposed probably on the function under which its Fourier
series is uniformly convergent, for example, is Salem test [4] ([5], [6]).

Let f be a locally integrable function and let l be a positive number. Taberski [7] con-
sidered the sums

Sl
n(x, f) =

a0

2
+

n∑
k=1

(
al

k cos
kπt

l
+ blk sin

kπt

l

)
,

where

al
n =

1
l

∫ l

−l
f(t) cos

nπt

l
dt, bln =

1
l

∫ l

−l
f(t) sin

nπt

l
dt, (1.1)

x ∈ (−∞;∞) and n ∈ {1, 2, 3, . . . }. The last sums can be represented by Dirichlet integrals
as follows

Sl
n(x, f) =

1
l

∫ l

−l
f(u)Dl

n(u− x)du,

where

Dl
n(t) =

1
2

+
n∑

k=1

cos
kπt

l
=

sin(2n+ 1)πt
2l

2 sin πt
2l

.

The main purpose of this paper is to prove the analog of Salem [4] test and its corrolaries
for the generalized Dirichlet integrals.

2. Auxiliary lemmas

Lemma 2.1. Let f be a locally integrable function that is uniformly continuous over the
intervals (−∞,−H], [H,∞) (H ≥ 0) and c ≥ 0. Then

1
l

∫ θl+
l
n

θl

|f(t)|dt→ 0 as
n

l
→∞ (l ≥ 1),
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where θl is an arbitrary number chosen from [−l − c; l + c].
If δ > 0 is a fixed number then there exists a number M > 0 such that

1
T

∫ T+c

T
|f(t)|dt ≤M ;

1
T

∫ −T

−T−c
|f(t)|dt ≤M (2.1)

for every T ≥ δ.
Proof. Since f is a locally integrable function and l ≥ 1 implies that for θl ∈ [−H−1;H]

1
l

∫ θl+
l
n

θl

|f(t)|dt ≤
∫ θl+

l
n

θl

|f(t)|dt→ 0 as
n

l
→∞.

If θl ∈ [H;∞), then

1
l

∫ θl+
l
n

θl

|f(t)|dt ≤ 1
l

∫ θl+
l
n

θl

|f(t)− f(H)|dt+
1
l

∫ θl+
l
n

θl

|f(H)|dt

≤ 1
l
ω

(
f ; θl +

l

n
−H

)
l

n
+
|f(H)|
l

· l
n
≤ ω

(
f ;
θl

n
+

l

n2

)
+
|f(H)|
n

≤ ω

(
f ;
l + c

n
+

l

n2

)
+
|f(H)|
n

→ 0 if
n

l
→∞.

Now we prove the validity of the first inequality of (2.1), the second one can be proved
analogously. We consider two cases: δ ≤ T ≤ H + 1 and T > H + 1.

If δ ≤ T ≤ H + 1 then

1
T

∫ T+c

T
|f(t)| ≤ 1

δ

∫ H+c+1

0
|f(t)|dt =: M1. (2.2)

If T > H + 1 then

1
T

∫ T+c

T
|f(t)|dt ≤ 1

T

∫ T+c

T
|f(t)− f(H)|dt+

1
T

∫ T+c

T
|f(H)|dt

≤ c

T
ω (f ;T + c−H) +

cf(H)
T

≤ 2cω
(
f ; 1 +

c

T
− H

T

)
+ cf(H)

≤ 2cω (f ; 1 + |c−H|) + cf(H) =: M2. (2.3)

Estimations (2.2) and (2.3) imply (2.1) where M = max{M1,M2}.
Lemma 2.2. Let f be a locally integrable function that is uniformly continuous over the

intervals (−∞,−H], [H,∞) (H ≥ 0) and let f be bounded in [a, b] (−∞ < a ≤ b < ∞).
Then

1
l

∫ θl+
l
n

θl

|φx(t)|dt→ 0 as
n

l
→∞ (l ≥ 1)

uniformly in x ∈ [a, b], where θl is an arbitrary chosen from [−l; l].
If c ≥ 0 is a fixed number then there exists a number M > 0 such that

1
T

∫ T+c

T
|φx(t)|dt ≤M

for every T ≥ δ and x ∈ [a, b], where δ is a fixed positive number.
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Proof. Since f is bounded on [a, b], the validity of Lemma 2.2 can be checked easily
similarly to Lemma 2.1.

Remark 2.3. It can be easily proved that lemma 2.2 is also true in the case if we consider
any one of the functions f+

x (t) = f(x+ t)− f(x) or f−x (t) = f(x− t)− f(x) in place of φx(t).
Lemma 2.4. Let f be a locally integrable function that is uniformly continuous over the

intervals (−∞,−H], [H,∞) (H ≥ 0), let f be bounded in [a, b] (−∞ < a ≤ b <∞). Let s(u)
be f(u) or φx(u) = f(x+ u) + f(x− u)− 2f(x) and let r(u) be sinu or cosu. Then

1
l

∫ l

θl

s(t)r
(
nπt

l

)
dt→ 0,

1
l

∫ −θl

−l
s(t)r

(
nπt

l

)
dt→ 0 (2.4)

as n, n
l →∞ (l ≥ 1), where θl is arbitrarily chosen from [0; l]. In the case, when s(u) = φx(u)

we have uniform convergence in x ∈ [a, b].
Proof. We prove only the first part of (2.4), the second one will be proved by the similar

method.
10 Suppese firstly that f is uniformly continuous in (−∞,∞). Let p be an odd integer

such that p = min{i : i ∈ N, (i− 1
2) l

n ≥ θl} and let q be an odd integer such that q = max{i :
i ∈ N, i− 1

2 ≤ n}. The sign
∑′ signifies a sum where index k runs through odd values only.

It is easy see that

p
l

n
− θl ≤

5l
2n

< 1, l − q
l

n
<

2l
n
< 1, q − p < n+

1
2
. (2.5)

Then

1
l

∫ l

θl

s(t)r
(
nπt

l

)
dt =

1
l

∫ p l
n

θl

s(t)r
(
nπt

l

)
dt+

1
l

∫ q l
n

p l
n

s(t)r
(
nπt

l

)
dt+

1
l

∫ l

q l
n

s(t)r
(
nπt

l

)
dt =: I1 + I2 + I3. (2.6)

By the first and the second inequalities of (2.5), by lemmas 2.1 and 2.2 we get

|I1| ≤
2
2l

∫ θl+
5l
2n

θl

|s(t)| → 0, |I3| ≤
2
2l

∫ l

l− 2l
n

|s(t)|dt→ 0 (2.7)

when n
l →∞.

In the case s(t) = φx(t) we have uniform convergence in x ∈ [a, b].
It is clear that

I2 =
q−1∑
k=p

1
l

∫ (k+1) l
n

k l
n

s(t)r
(
nπt

l

)
dt.

In both cases r(u) = sinu or r(u) = cosu we have r(u + (k − 1)π) = (−1)k−1r(u) and
ω(s; δ) ≤ max{ω(φx; δ), ω(f ; δ)} ≤ 2ω(f ; δ). Using simple transformations and (2.5), we get

I2 =
q−1∑
k=p

1
l

∫ 2 l
n

l
n

s

(
u+ (k − 1)

l

n

)
r
(nπu

l
+ (k − 1)π

)
du

=
q−2∑
k=p

′ 1
l

∫ 2 l
n

l
n

[
s

(
u+ (k − 1)

l

n

)
− s

(
u+ k

l

n

)]
r
(nπu

l

)
du
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≤ q − p

n
2ω
(
f ;
l

n

)
≤ 2n+ 1

n
ω

(
f ;
l

n

)
→ 0 as n,

n

l
→∞

(when s(t) = φx(t) we have uniform convergence in x ∈ [a, b]).
Hence, by (2.6) and (2.7) imply (2.4).
20 In the general case, there exists an uniformly continuous function g over (−∞,∞) such

that g(t) = f(t), when |t| ≥ H and
∫ H
−H |f(t) − g(t)|dt < ε

3 . Let s∗(t) = g(t) and s∗(t) =
g(x+ t)+ g(x− t)−2g(x) respectively, when s(t) = f(t) or s(t) = f(x+ t)+f(x− t)−2f(x).
It is clear that ∫ ∞

−∞
|s(t)− s∗(t)|dt ≤ 3

∫ H

−H
|f(t)− g(t)|dt < ε,

∣∣∣∣1l
∫ l

θl

s(t)r
(
nπt

l

)
dt

∣∣∣∣ ≤ ∣∣∣∣1l
∫ l

θl

s∗(t)r
(
nπt

l

)
dt

∣∣∣∣+ ε.

Corollary 2.5. Let f be a locally integrable function that is uniformly continuous over
the intervals (−∞,−H], [H,∞) (H ≥ 0). Then

al
n → 0, bln → 0 as

n

l
→∞ (l ≥ 1),

where al
n and bln are Fourier coefficients, defined in (1.1).

Lemma 2.6. Let f be a locally integrable function that is uniformly continuous over the
intervals (−∞,−H], [H,∞) (H ≥ 0) and let f be bounded in [a, b] (−∞ < a ≤ b < ∞).
Then

I :=
1
l

∫ l

0
φx(t) sin

nπt

l

[
1

2 tan πt
2l

− l

πt

]
dt→ 0 as

n

l
→∞ (l ≥ 1)

uniformly in x ∈ [a, b].
Proof. We set ψ(t) = (2 tan t

2)−1 − t−1, then

I =
1
l

∫ l

0
φx(t) sin

nπt

l
ψ

(
πt

l

)
dt.

Since ψ
(

πt
l

)
is nondecreasing in [0, l], lim

t→0
ψ
(

πt
l

)
= 0 and lim

t→l
ψ
(

πt
l

)
= − 1

π , by second

mean value theorem we get I = − 1
πl

∫ l
θl
φx(t) sin nπt

l dt, where θl ∈ [0; l]. By lemma 2.4 I → 0
as n

l →∞ uniformly in x ∈ [a, b].
Lemma 2.7. If f(x) is a locally integrable function, bounded in finite [a, b] then∫ ∆

δ
φx(t)

sin nπt
l

t
dt→ 0, as

n

l
→∞

uniformly in x ∈ [a, b], where δ and ∆ are fixed positive numbers.
Proof. The proof is similar to the proof of lemma 6.4 (see [1], Ch. II).

3. The main results

Let’s introduce a notation φx(t) = f(x+ t) + f(x− t)− 2f(x).
Theorem 3.1. Let f be a locally integrable function that is uniformly continuous over

the intervals (−∞,−H], [H,∞) (H ≥ 0) and let f be bounded in [a, b] (−∞ < a ≤ b <∞).
Then

Sl
n(x, f)− f(x) =

1
π

∫ l

0
φx(t)

sin nπt
l

t
dt+ o(1), l,

n

l
→∞
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uniformly in x ∈ [a, b]
Proof. We can easily get by corollary 2.5

Sl
n(x, f) =

1
l

∫ l

−l
f(u)D∗l

n (u− x)du+ o(1),

where

D∗l
n (t) :=

Dl
n−1(t) +Dl

n(t)
2

=
sin nπt

l

2 tan πt
2l

,

Now, using Taberski ([7], p.500) method we can get

Sl
n(x, f)− f(x) =

1
l

∫ l

0
φx(t)

sin nπt
l

2 tan πt
2l

dt+ o(1) =
1
π

∫ l

0
φx(t)

sin nπt
l

t
dt

+
1
l

∫ l

0
φx(t) sin

nπt

l

[
1

2 tan πt
2l

− 1
πt
l

]
dt+ o(1) =: A1 +A2 + o(1).

By lemma 2.6 A2 → 0 as l, n
l → ∞ uniformly in x ∈ [a, b]. Thus Theorem 3.1 is

proved.
Let f be a locally integrable function that is uniformly continuous over the intervals

(−∞,−H], [H,∞) (H ≥ 0). We define the modulus of continuity of f :

ω(f ; δ) = ωH(f ; δ) := max {a; b}

where
a = sup

x,y∈(−∞;−H]
{f(x)− f(y) : |x− y| ≤ δ};

and
b = sup

x,y∈[H;∞)
{f(x)− f(y) : |x− y| ≤ δ}.

Let for a nonnegative number ∆

T±n,l,∆(u) :=
q∑

k=m

′ f
(
u± (k − 1) l

n

)
− f

(
u± k l

n

)
k

, (3.1)

where m is an odd integer such that m = min{i : i ∈ N, (i − 1
2) l

n ≥ ∆} and q is an odd
integer such that q = max{i : i ∈ N, i − 1

2 ≤ n}. The sign
∑′ signifies that k runs through

odd values only. It is clear

T±n,l,0(u) :=
q∑

k=1

′ f
(
u± (k − 1) l

n

)
− f

(
u± k l

n

)
k

. (3.2)

Theorem 3.2. Let f be a locally integrable function, bounded in [a, b] (−∞ < a ≤ b <∞),
uniformly continuous over the intervals (−∞,H], [H,∞) (H ≥ 0).

If T±n,l,∆(x) uniformly converges to 0 in some open interval containing [a, b] when n, n
l →

∞, then ∫ l

δ
φx(t)

sin nπt
l

t
dt→ 0 as

n

l
→∞ (l ≥ 1)

uniformly in x ∈ [a, b] (−∞ < a ≤ b <∞), where ∆ = δ = 0 when H = 0, and δ > 0 is any
fixed number for some fixed ∆ ≥ H + max{|a|, |b|} when H > 0.
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Proof. It is clear by lemma 2.7∫ l

δ
φx(t)

sin nπt
l

t
dt =

∫ l

∆
φx(t)

sin nπt
l

t
dt+ o(1) =: I + o(1),

when n
l →∞ uniformly in x ∈ [a, b].

For t ≥ ∆ ≥ 0
x+ t ∈ [H,∞); x− t ∈ (−∞,−H] (3.3)

for every x ∈ [a, b]. This means that f±x := f(x ± t) are uniformly continuous over [∆;∞)
and

ω(f±x ) ≤ ω(f). (3.4)

Let m be an odd integer such that m = min{i : i ∈ N, (i− 1
2) l

n ≥ ∆} and let q be an odd
integer such that q = max{i : i ∈ N, i− 1

2 ≤ n}. Then

I =
∫ (q− 1

2
) l

n

(m− 1
2
) l

n

φx(t)
sin nπt

l

t
dt+

∫ (m− 1
2
) l

n

∆
φx(t)

sin nπt
l

t
dt

+
∫ l

(q− 1
2
) l

n

φx(t)
sin nπt

l

t
dt =: I1 + I2 + I3.

If H > 0 then ∆ is a fixed positive number and since (m− 1
2) l

n −∆ ≤ 2l
n , f is integrable

on [−(∆ + c),∆ + c] and f is bounded in [a, b] (−∞ < a ≤ b <∞), we get

|I2| ≤
1
∆

∫ (m− 1
2) l

n

∆
|φx(t)|dt ≤ 1

∆

∫ x+(m− 1
2) l

n

x+∆
|f(u)|du

+
1
∆

∫ x−∆

x−(m− 1
2) l

n

|f(u)|du+
4|f(x)|l
n∆

→ 0 as
n

l
→∞

uniformly in x ∈ [a, b].
If H = 0 then

I2 =
∫ l

2n

0
φx(t)

sin nπt
l

t
dt ≤ πω

(
f ;
l

n

)
→ 0,

n

l
→∞.

By lemma 2.2 we get

|I3| ≤
1

l − 2l
n

∫ l

l− 2l
n

|φx(t)|dt→ 0,
n

l
→∞

uniformly in x ∈ [a, b].
It is clear that

I1 =
∫ (q− 1

2
) l

n

(m− 1
2
) l

n

[f(x+ t)− f(x)]
sin nπt

l

t
dt

+
∫ (q− 1

2
) l

n

(m− 1
2
) l

n

[f(x− t)− f(x)]
sin nπt

l

t
dt.

Let us estimate

I±1 :=
∫ (q− 1

2
) l

n

(m− 1
2
) l

n

[f(x± t)− f(x)]
sin nπt

l

t
dt.
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For this introduce sk and tk:

sk := k
l

n
, k = m,m+ 1, · · · , q − 1;

tk :=
(
k − 1

2

)
l

n
, k = m,m+ 1, · · · , q.

It is clear that sk and tk are points of the interval [(m− 1
2) l

n , (q −
1
2) l

n ].
Let λn,l(t) : [(m− 1

2) l
n , (q −

1
2) l

n ] → [(m− 1
2) l

n , (q −
1
2) l

n ] where

λn,l(t) =


tk+1 − (t− tk), if t ∈ (tk, sk), k is odd,

t, if t ∈ (sk, tk+1), k is odd,
tk+1 − (t− tk+1), if t ∈ (tk+1, sk+1), k is odd,
tk+1 − (tk+2 − t), if t ∈ (sk+1, tk+2), k is odd,

t, if t = tk, sk.

(3.5)

If t ∈ [(m− 1
2) l

n , (q −
1
2) l

n ] then by (3.5)

|t− λn,l(t)| ≤ 2l
n
. (3.6)

It is obvious that

I±1 =
∫ (q− 1

2
) l

n

(m− 1
2
) l

n

[
f(x± t)− f

(
x± λn,l(t)

)] sin nπt
l

t
dt

+
∫ (q− 1

2
) l

n

(m− 1
2
) l

n

[
f
(
x± λn,l(t)

)
− f(x)

] sin nπt
l

t
dt =: I±1,1 + I±1,2.

Hence,

I±1,2 =
q−2∑
k=m

′
∫ tk+2

tk

[
f
(
x± λn,l(t)

)
− f(x)

] sin nπt
l

t
dt =:

q−2∑
k=m

′vk. (3.7)

Let us estimate the integral

vk =
∫ tk+2

tk

[
f
(
x± λn,l(t)

)
− f(x)

] sin nπt
l

t
dt

=
∫ sk

tk

+
∫ tk+1

sk

+
∫ sk+1

tk+1

+
∫ tk+2

sk+1

=: v(1)
k + v

(2)
k + v

(3)
k + v

(4)
k .

Since points sk, tk are finite, we can consider that f(tk) = f(tk+1) = ... = f(sk) =
f(sk+1) = ... .

If in v(1)
k we make the change of variable t = u+ tk = u+ (k − 1

2) l
n , we get

v
(1)
k =

∫ l
2n

0

[
f
(
x± λn,l(u+ tk)

)
− f(x)

] sin
(

nπu
l + (k − 1

2)π
)

u+ tk
du.

Note that k is odd and u+ tk ∈ [tk, sk] when u ∈ [0; l
2n ]. By (3.5) λn,l(u+ tk) = tk+1− u.

Hence

v
(1)
k =

∫ l
2n

0
[f (x± (tk+1 − u))− f(x)]

cos nπu
l

tk + u
du. (3.8)
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If in v(2)
k we make the change of variables t = tk+1 − u = (k + 1

2) l
n − u then

v
(2)
k = −

∫ 0

l
2n

[
f
(
x± λn,l(tk+1 − u)

)
− f(x)

] sin
(
−nπu

l + (k + 1
2)π
)

tk+1 − u
du.

It is clear that k is odd and tk+1−u ∈ [sk; tk+1] when u ∈ [0; l
2n ]. (3.5) Implies λn,l(tk+1−

u) = tk+1 − u. Hence

v
(2)
k = −

∫ l
2n

0
[f (x± (tk+1 − u))− f(x)]

cos nπu
l

tk+1 − u
du. (3.9)

If in v(3)
k we make the change of variables t = u+ tk+1 = u+ (k + 1

2) l
n then

v
(3)
k =

∫ l
2n

0

[
f
(
x± λn,l(u+ tk+1)

)
− f(x)

] sin
(

nπu
l + (k + 1

2)π
)

u+ tk+1
du.

We note that k is odd and tk+1+u ∈ [tk+1; sk+1] when u ∈ [0; l
2n ]. By (3.5) λn,l(tk+1+u) =

tk+1 − u. Hence

v
(3)
k = −

∫ l
2n

0
[f (x± (tk+1 − u))− f(x)]

cos nπu
l

tk+1 + u
du. (3.10)

Now if we make the change of variable t = tk+2 − u = (k + 3
2) l

n − u then

v
(4)
k = −

∫ 0

l
2n

[
f
(
x± λn,l(tk+2 − u)

)
− f(x)

] sin
(
−nπu

l + (k + 3
2)π
)

tk+2 − u
du.

It is obvious that k is odd and tk+2−u ∈ [sk+1; tk+2] when u ∈ [0; l
2n ]. By (3.5) λn,l(tk+2−

u) = tk+1 − u. Hence

v
(4)
k =

∫ l
2n

0
[f (x± (tk+1 − u))− f(x)]

cos nπu
l

tk+2 − u
du. (3.11)

Thus, by (3.8)-(3.11) we have

vk =
∫ l

2n

0
[f (x± (tk+1 − u))− f(x)] cos

nπu

l

×
{

1
tk + u

− 1
tk+1 − u

− 1
tk+1 + u

+
1

tk+2 − u

}
du. (3.12)

Since 0 ≤ u ≤ l
2n ≤ 1 and k ≥ m ≥ 1, we get

1
tk + u

− 1
tk+1 − u

− 1
tk+1 + u

+
1

tk+2 − u
=

tk + tk+2

(tk + u)(tk+2 − u)
− 2tk+1

t2k+1 − u2

= 2tk+1

(
1(

tk+1 −
(

l
n − u

)) (
tk+1 +

(
l
n − u

)) − 1
t2k+1 − u2

)
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≤
2tk+1

(
l
n

)2(
t2k+1 −

(
l
n

)2)(
t2k+1 −

(
l
n

)2) =
2(k + 1

2) l
n(

l
n

)2 (
k + 3

2

)2 (
k − 1

2

)2
≤ 2

l
n

(
k + 3

2

) (
k − 1

2

)2 =≤ 1
tk
· 2
k2
.

Hence, by (3.12) we obtain

|vk| ≤
2
k2
· 1
tk

∫ l
2n

0
|f (x± (tk+1 − u))− f(x)|du,

|vk| ≤
2
k2
· 1
tk

∫ tk+1

sk

|f (x± t)− f(x)|dt ≤ 2
k2
· 1
tk

∫ 1+tk

tk

|f (x± t)− f(x)|dt.

If H > 0, by remark 2.3 there exists a number M > 0 such that

1
tk

∫ 1+tk

tk

|f(x± t)− f(x)|dt ≤M

for every tk and x ∈ [a, b]. Hence |vk| ≤ 2M
k2 .

Since m ≥ n∆
l + 1

2 →∞ as n
l →∞ and

∑ 2M
k2 is convergent, by (3.7)

|I±1,2| ≤
q−2∑
k=m

′|vk| ≤
q−2∑
k=m

′ 2M
k2

→ 0, as
n

l
→∞

uniformly in x ∈ [a, b].
If H = 0 that is f is uniformly continuous in (−∞,∞), then for every ε > 0 there exists

δ1 > 0 such that |f (x± t)− f(x)| < ε/
∑∞

ν=1
1
ν2 when |t| < δ1.

Let m1 be the largest positive odd integer such that m1
l
n ≤ δ1, hence m1 ≥ nδ1

l −2 →∞.
It is clear that |vk| ≤ 1

k2 · ε∑∞
ν=1

1
ν2

when k < m1. Thus, we get

|I±1,2| ≤
q−2∑
k=1

′|vk| =
m1∑
k=1

′|vk|+
q−2∑

k=m1

′|vk|

≤ ε∑∞
ν=1

1
ν2

·
∞∑

k=1

1
k2

+
∞∑

k=m1

2M
k2

= ε+ o(1) as
n

l
→∞,

uniformly in x ∈ [a, b].
It remains to estimate I±1,1. We have

I±1,1 =

(∫ m l
n

(m− 1
2
) l

n

+
∫ q l

n

m l
n

−
∫ q l

n

(q− 1
2
) l

n

)[
f(x± t)− f

(
x± λn,l(t)

)] sin nπt
l

t
dt. (3.13)

For H > 0, by (3.3), (3.4) and (3.6) imply that the absolute value of the first term of
(3.13) does not exceed

ω

(
f ;

2l
n

)
1

(m− 1
2) l

n

l

2n
≤
ω
(
f ; 2l

n

)
2∆

→ 0 as
n

l
→∞.
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If H = 0 then m = 1, ∆ = 0 and for the first term of (3.13), we have∣∣∣∣∣
∫ l

n

l
2n

[
f(x± t)− f

(
x± λn,l(t)

)] sin nπt
l

t
dt

∣∣∣∣∣
≤ ω

(
f ;

2l
n

)
1
l

2n

l

n
= 2ω

(
f ;

2l
n

)
→ 0.

By (3.3), (3.4) and (3.6) implies that absolute value of the third term of (3.13) does not
exceed

ω
(
f ;

2l
n

) 1
(q − 1

2) l
n

l

n
≤
ω
(
f ; 2l

n

)
n− 2

→ 0 as
n

l
→∞.

It remains to estimate the mean term of (3.13):

J± :=
∫ q l

n

m l
n

[
f(x± t)− f

(
x± λn,l(t)

)] sin nπt
l

t
dt.

For the simplicity we use notation: r(t) := f(x ± t) − f
(
x± λn,l(t)

)
and note that by

(3.3),(3.4) and (3.6)

|r(t)| ≤ ω

(
f ;

2l
n

)
, |t| ≥ ∆. (3.14)

We have

J± =
∫ q l

n

m l
n

r(t)
sin nπt

l

t
dt =

q−1∑
k=m

∫ (k+1) l
n

k l
n

r(t)
sin nπt

l

t
dt.

By change of variables we get

J± =
q−1∑
k=m

∫ 2 l
n

l
n

r

(
u+ (k − 1)

l

n

)
(−1)k−1 sin

(
nπu

l

)
u+ (k − 1) l

n

du

=
q−1∑
k=m

∫ 2l

l
r

(
t

n
+ (k − 1)

l

n

)
(−1)k−1 sin

(
πt
l

)
t+ (k − 1)l

dt

=
q−2∑
k=m

′
∫ 2l

l

r
(

t+(k−1)l
n

)
t+ (k − 1)l

−
r
(

t+kl
n

)
t+ kl

 sin
(
πt

l

)
dt

(summation
∑q−2

k=m
′ is performed with respect to odd indices). A simple conversion gives:

J± =
q−2∑
k=m

′
∫ 2l

l

[
r

(
t+ (k − 1)l

n

)
− r

(
t+ kl

n

)]
sin
(

πt
l

)
t+ (k − 1)l

dt

+
q−2∑
k=m

′
∫ 2l

l
r

(
t+ kl

n

)
sin
(
πt

l

)[
1

t+ (k − 1)l
− 1
t+ kl

]
dt =: J±1 + J±2 .

By (3.14)

|J±2 | ≤
q−2∑
k=m

′
∫ 2l

l

∣∣∣∣r( t+ kl

n

)∣∣∣∣ · l

(t+ (k − 1)l)(t+ kl)
dt
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≤
q−2∑
k=m

′ 1
k(k + 1)l

∫ 2l

l

∣∣∣∣r( t+ kl

n

)∣∣∣∣ dt ≤ ω
(
f ;

2l
n

)
·
∑ 1

k(k + 1)
→ 0

as n
l →∞. Besides,

J±1 =
q−2∑
k=m

′
∫ 2l

l

[
r

(
t+ (k − 1)l

n

)
− r

(
t+ kl

n

)]

× sin
(
πt

l

){
1

t+ (k − 1)l
− 1
kl

}
dt+

q−2∑
k=m

′
∫ 2l

l

[
r

(
t+ (k − 1)l

n

)
− r

(
t+ kl

n

)]
sin
(

πt
l

)
kl

dt. (3.15)

By (3.14) the absolute value of the first term of (3.15) does not exceed

2ω
(
f ;

2l
n

) q−2∑
k=m

′
∫ 2l

l

t− l

(t+ (k − 1)l) kl
dt

≤ 2ω
(
f ;

2l
n

) q−2∑
k=m

′
∫ 2l

l

l

k2l2
dt ≤ 2ω

(
f ;

2l
n

) ∞∑
1

1
k2

→ 0 as
n

l
→∞.

Now represent the second term of (3.15) in the following way:

q−2∑
k=m

′
∫ 3

2
l

l

[
r

(
t+ (k − 1)l

n

)
− r

(
t+ kl

n

)]
sin
(

πt
l

)
kl

dt

+
q−2∑
k=m

′
∫ 2l

3
2
l

[
r

(
t+ (k − 1)l

n

)
− r

(
t+ kl

n

)]
sin
(

πt
l

)
kl

dt =: J±1,1 + J±1,2.

Since points sk, tk are finite, we can consider that f(tk) = f(tk+1) = ... = f(sk) =
f(sk+1) = ... f(x+ tk) = f(x+ tk+1) = ... = f(x+ sk) = f(x+ sk+1) = ....

We note that if t ∈ [l; 3
2 l] then

t+ (k − 1)l
n

∈ [sk; tk+1];
t+ kl

n
∈ [sk+1; tk+2].

Thus, by (3.5)

λn,l

(
t+ (k − 1)l

n

)
=
t+ (k − 1)l

n
; λn,l

(
t+ kl

n

)
=
t+ (k − 1)l

n

and for t ∈ [l; 3
2 l] we get

r

(
t+ (k − 1)l

n

)
− r

(
t+ kl

n

)
= f

(
x± t+ (k − 1)l

n

)
− f

(
x± t+ kl

n

)
.

Therefore,

J±1,1 =
∫ 3

2
l

l

q−2∑
k=m

′
[
f

(
x± t+ (k − 1)l

n

)
− f

(
x± t+ kl

n

)]
sin
(

πt
l

)
kl

dt,
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|J±1,1| ≤
∫ 3

2
l

l

∣∣∣∣∣
q−2∑
k=m

′
[
f

(
x± t+ (k − 1)l

n

)
− f

(
x± t+ kl

n

)]∣∣∣∣∣ 1
kl
dt

=
1
l

∫ 3
2
l

l

∣∣∣∣∣∣
q−2∑
k=m

′

[
f
(
x± t

n ±
(k−1)l

n

)
− f

(
x± t

n ±
kl
n

)]
k

∣∣∣∣∣∣ dt
=

1
l

∫ 3
2
l

l

∣∣∣∣T±n,l,∆

(
x± t

n

)∣∣∣∣ dt.
It is clear that t

n → 0 when t ∈ [l; 3
2 l] and n

l →∞. If T±n,l,∆(x) is uniformly convergent to
0 in some interval containing [a, b], then

J±1,1 → 0 as
n

l
→∞

uniformly in x ∈ [a, b].
Using simple transformations we get

J±1,2 =
q−2∑
k=m

′
∫ 2l

3
2
l

{
f

(
x± t+ (k − 1)l

n

)
− f

(
x± t+ kl

n

)}
sin
(

πt
l

)
kl

dt

−
q−2∑
k=m

′
∫ 2l

3
2
l

{
f

(
x± λn,l

(
t+ (k − 1)l

n

))
− f

(
x± λn,l

(
t+ kl

n

))}
sin
(

πt
l

)
kl

dt.

The first term of the last expression can be estimated as J±1,1 and absolute value of it does

not exceed 1
l

∫ 2l
3
2
l

∣∣∣T±n,l,∆(x± t
n)
∣∣∣ dt.

Let us estimate
W± :=

q−2∑
k=m

′
∫ 2l

3
2
l

{
f

(
x± λn,l

(
t+ (k − 1)l

n

))
− f

(
x± λn,l

(
t+ kl

n

))}
sin
(

πt
l

)
kl

dt.

It is easy to see that if t ∈ [32 l, 2l] then

t+ (k − 1)l
n

∈ [tk+1, sk+1],
t+ kl

n
∈ [tk+2, sk+2], (3.16)

and by (3.5)

λn,l

(
t+ (k − 1)l

n

)
=

(3l − t) + (k − 1)l
n

; λn,l

(
t+ kl

n

)
=

(3l − t) + (k + 1)l
n

.

Using (3.16) and the last asumptions, we get

W± =∫ 2l

3
2
l

q−2∑
k=m

′
{
f

(
x± (3l − t) + (k − 1)l

n

)
− f

(
x± (3l − t) + kl

n

)}
sin
(

πt
l

)
kl

dt

+
∫ 2l

3
2
l

q−2∑
k=m

′
{
f

(
x± (4l − t) + (k − 1)l

n

)
− f

(
x± (4l − t) + kl

n

)}
sin
(

πt
l

)
kl

dt
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=: W±
1 +W±

2 .

Hence

|W±
1 | ≤

1
l

∫ 2l

3
2
l

∣∣∣∣T±n,l,∆

(
x± 3l − t

n

)∣∣∣∣ dt.
It is obvious that 3l−t

n → 0 when t ∈ [32 l; 2l] and n
l →∞. If T±n,l,∆(x) uniformly converges

to 0 in some interval containing [a, b] then

W±
1 → 0 as

n

l
→∞

uniformly x ∈ [a, b].
Besides,

|W±
2 | ≤

1
l

∫ 2l

3
2
l

∣∣∣∣T±n,l,∆

(
x± 4l − t

n

)∣∣∣∣ dt.
It is easy to see that 4l−t

n → 0 when t ∈ [32 l; 2l] and n
l → ∞. If T±n,l,∆(x) uniformly

converges to 0 in some interval containing [a, b], then

W±
2 → 0 as

n

l
→∞,

uniformly in [a, b].
Thus, the proof is completed.
Remark 3.3. It is clear that Theorem 3.2 implies Salem test.
The following two theorems are the analogues of the well-known Dini-lipschits and Dini

criterions for generalized Dirichlet integrals.
Theorem 3.4 Let f be uniformly continuous in (−∞;∞).

If ω
(
f ; l

n

)
log n→ 0 when l, n

l →∞, then lim
l, n

l
→∞

Sl
n(x; f) = f(x) uniformly for x from every

fixed [a, b] (−∞ < a ≤ b <∞).
Proof. By Theorem 3.1

Sl
n(x, f)− f(x) =

1
π

∫ l

0
φx(t)

sin nπt
l

t
dt+ o(1). (3.17)

Without loss of generality we can consider the case when n is odd. Then

|T±n,l,0(x)| ≤
n∑

k=1

′ |f
(
x± (k − 1) l

n

)
− f

(
x± k l

n

)
|

k
≤ ω

(
f ;
l

n

)
log n→ 0.

whence, by (3.17) and Theorem 3.2

lim
l, n

l
→∞

Sl
n(x; f) = f(x)

uniformly for every interval [a, b] (−∞ < a ≤ b <∞).
Theorem 3.5. Let f be a locally integrable function that is uniformly continuous over

the intervals (−∞,−H], [H,∞) (H > 0) and ω(f ; l
n) log l→ 0, l, n/l→∞.

(i) Suppose that for a fixed x ∫
0+

|φx(t)|
t

dt <∞.
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Then lim
l,n/l→∞

Sl
n(x; f) = f(x).

(ii) If f is a continuous in [a, b] and

lim
τ→0+

∫ τ

0

|φx(t)|
t

dt = 0 uniformly in x ∈ [a, b],

then lim
l,n/l→∞

Sl
n(x; f) = f(x) uniformly in x ∈ [a, b].

Proof. By Theorem 3.1

Sl
n(x; f)− f(x) =

1
π

∫ l

0
φx(t)

sin nπt
l

t
dt+ o(1). (3.18)

We suppose that n is odd. Let ∆ ≥ H + max{|a|+ 1; |b|+ 1}. Then

|T±n,l,∆(x)| ≤
n∑

k=m

′ |f
(
x± (k − 1) l

n

)
− f

(
x± k l

n

)
|

k
≤ ω

(
f ;
l

n

) n∑
k=m

1
k

≤ ω

(
f ;
l

n

)
(log n− logm) ≤ ω

(
f ;
l

n

)
(log n− log

n∆
l

)

≤ ω

(
f ;
l

n

)
log l→ 0

for every x ∈ (a− 1, b+ 1). Thus, by Theorem 3.2

1
π

∫ l

δ1

φx(t)
sin nπt

l

t
dt = o(1) (3.19)

uniformly in [a, b] for every fixed δ1 > 0.
(i) In this case we consider that a = x = b. By condition of Theorem 3.5 for every ε > 0

there exists δ1 > 0 such that ∫ δ1

0

|φx(t)|
t

dt < ε,

whence, (3.18) and (3.19) imply∣∣∣Sl
n(x; f)− f(x)

∣∣∣ = ∣∣∣∣ 1π
(∫ δ1

0
+
∫ l

δ1

)
φx(t)

sin nπt
l

t
dt

∣∣∣∣+ o(1) < ε+ o(1),

when l, n
l ,→∞ and ω(f ; l

n) log l→ 0.
(ii) If ε > 0 is given then there exists δ1 > 0 such that∫ δ1

0

|φx(t)|
t

dt < ε,

for every x ∈ [a, b]. Hence, by (3.18) and by (3.19)∣∣∣Sl
n(x; f)− f(x)

∣∣∣ ≤ ∣∣∣∣ 1π
(∫ δ1

0
+
∫ l

δ1

)
φx(t)

sin nπt
l

t
dt

∣∣∣∣+ o(1) < ε+ o(1)

uniformly in [a, b].
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Remark 3.6. If in Theorem 3.4

O

(
n

log n

)
≤ l ≤ n (3.20)

then f will be constant. Indeed, for such l and h ∈
(

1
log(n+1) ,

1
log n

]
we have∣∣∣∣f(x+ h)− f(x)

h

∣∣∣∣ ≤ 2ω
(
f,

1
log n

)
log n

= O

(
ω

(
f,
l

n

))
log n→ 0, n→∞.

Therefore, f = const.
Under condition (3.20) a similar conclusion can be drawn for Theorem 3.5.
Various results can be obtained for classes of generalized bounded variation, which were

considered in [8, 9].
Let f be a function defined on a finite closed interval [a, b]. Suppose pn and φ(n) are

sequences such that p1 ≥ 1, pn ↑ ∞, n → ∞ and φ(1) ≥ 1, φ(n) ↑ ∞, n → ∞. We say that
f ∈ BV (pn ↑ ∞, φ, [a, b]) if

V (f, pn ↑ ∞, φ, [a, b])

= sup
n

sup
∆

(
m∑

i=1

|f(ti)− f(ti−1)|pn : ρ(∆) ≥ 1
φ(n)

)1/pn

< +∞,

where ∆ is a = t0 < t1 < ... < tm = b partition of the interval [a, b] and ρ(∆) = mini(ti−ti−1).
Define

V (f ; a,∞) = V (f, pn ↑ ∞, φ, [a,∞)) := sup
b∈[a,∞)

V (f, pn ↑ ∞, φ, [a, b]);

V (f ;−∞, b) = V (f, pn ↑ ∞, φ, (−∞, b]) := sup
a∈(−∞,b]

V (f, pn ↑ ∞, φ, [a, b]);

V (f ;±H,±∞) := max {V (f ;−∞,−H), V (f ;H,∞)} .

Theorem 3.7. Let f be a locally integrable function and let it be bounded in [a, b] (−∞ <
a ≤ b <∞). Suppose that V (f ;±H,±∞) <∞ for some H ≥ 0 and

ωH

(
f ;
l

n

)
= o(1)

{
p
(
τ
(n
l

))
log
[
p
(
τ
(n
l

))]}−1
, τ(u) = min

r∈Z+

{φ(r) ≥ u} . (3.21)

Then (see (3.1) and (3.2))

T±n,l,∆(x) → 0 as
n

l
→∞ (l ≥ 1)

uniformly in some finite neighborhood of [a, b], where ∆ = 0 when H = 0 and ∆ > H +
max{|a|, |b|} is any fixed number when H > 0.

Proof. For simpicity we use notation σj = f(x ± (j − 1) l
n) − f(x ± j l

n) and n is odd.
Then T±n,l,∆(x) =

∑n
j=m

′ σj

j .
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Let εn/l = [log p (τ (n/l))]−1, sn/l = p(τ(n/l))
εn/l

and 1
sn/l

+ 1
tn/l

= 1. Then by the Hölder
inequality we get

|T±n,l,∆(x)| ≤
n∑

j=m

′ |σj |
j

=
n∑

j=m

′|σj |εn/l
|σj |1−εn/l

j

≤


n∑

j=m

′ (|σj |εn/l)sn/l


1

sn/l

·


n∑

j=m

′
(
|σj |1−εn/l

j

)tn/l


1

tn/l

≤


n∑

j=m

|σj |p(τ(n/l))


εn/l

p(τ(n/l))

ω

(
f ;
l

n

)1−εn/l


n∑

j=m

(
1
j

)tn,l


1

tn,l

= o(1)V (f ;±H,±∞)εn/l
1

{p (τ (n/l)) log [p (τ (n/l))]}1−εn/l


n∑

j=1

(
1
j

)tn/l


1

tn/l

.

Since 
n∑

j=1

(
1
j

)tn/l


1

tn/l

≤ p (τ (n/l))
εn/l

,

we obtain

|T±n,l,∆(x)| = o(1)V (f ;±H,±∞)εn/l
p (τ (n/l))εn/l

εn/l{log p (τ (n/l))}1−εn/l
. (3.22)

For the proof of theorem it is sufficient to show that the right side of (3.22) is bounded.
This follows from choice of εn/l.

Corollary 3.8. If a function f satisfies conditions given in the Theorem 3.7 for H = 0,
then lim

l, n
l
→∞,

Sl
n(x; f) = f(x) uniformly in x ∈ [a, b] (−∞ < a ≤ b <∞).

Corollary 3.9. Let f be a locally integrable function. Suppose that V (f ;±H,±∞) <∞
for some H > 0 and (3.21) is fulfilled when n

l →∞.
(i) Suppose that

∫
0+

|φx(t)|
t dt <∞ for a fixed x. Then

lim
l, n

l
→∞

Sl
n(x; f) = f(x).

(ii) If f is continuous in [a, b] (−∞ < a ≤ b <∞) and

lim
µ→0+

∫ µ

0

|φx(t)|
t

dt = 0

uniformly in x ∈ [a, b], then
lim

l, n
l
→∞

Sl
n(x; f) = f(x)

uniformly x ∈ [a, b].
Corollaries 3.8 and 3.9 can be proved by the similar method as respectively Theorems 3.4

and 3.5.
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