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Abstract. A form of the system of differential equations is established, which satisfies the
sensitivity coefficients of a controlled differential model of the immune response considering
perturbations of the delay parameter, the initial and control functions.
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1. The coefficient of sensitivity and the equation in variations for the con-
trolled differential equation with delay

Let I = [to,t1] be a given interval, suppose that O C R" is an open set and U C R" is a
compact set. Let the n-dimensional function

f(t7x7y7u) = (fl(t7 x? y?“’)? "'7fn(t7m7y7u>)T

be continuous on I x O? x U and continuously differentiable with respect to x,y and u, where
T is the sign of transposition. Furthermore, let 79 > 71 > 0 be given numbers; let ® be a set
of continuously differentiable functions ¢ : Iy = [7,t9] — O, where 7 = ¢ty — 72 and let Q2 be
a set of piecewise-continuous functions u(t) € U,t € I.

To each element = (7, p(t),u(t)) € A := [11, 7] x & x Q we assign the delay controlled
differential equation

z(t) = f(t,z(t),z(t —7),u(t))), tel (1)
with the initial condition
z(t) = ¢(t), t € I1. (2)

Definition. Let p = (7,¢(t),u(t)) € A. A function z(t;u) € O for t € I3 = [7,11], is
called a solution of equation (1) with the initial condition (2), or a solution corresponding
to the element p and defined on the interval I3, if x(¢; 1) satisfies condition (2), is absolutely
continuous on the interval I and it satisfies equation (1) almost everywhere on 1.

Let us introduce the notation:

1l = I7] + Il + Il
where
el = sup { o) + |p(®)] : t € I}, Jlull = sup {Ju(®)] : t € 1}
denote by
Ac(po) = {u €A |p—pol < 6}

the set of perturbations of the fixed element g = (79, po(t),uo(t)) € A, where ¢ > 0 is a
given number; furthermore,
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0T =7 =70, 0p(t) = @(t) — @o(t), du(t) = u(t) — uo(t),

Op = p — po = (67,0, 0u), [op] = 67| + [|6e[1 + [[oul].
Theorem 1. Let xo(t) := x(t; o) be the solution corresponding to the element py =
(10, 00(t),up(t)) € A and defined on the interval Is. Then, there exists e1 > 0 such that for

each element pn € A, (po) there corresponds the solution x(t; 1) defined on the interval Is and
the following representation holds:

(t; ) = wo(t) + 0x(t;0p) + o(t; 6pu), t € (o, 1), (3)
where o(t: 1)
. o(t; 0 :
lim 220 wniformly for t € (tg, t1).
|5;1|IE>0 o] uniformly for (to,t1)

Moreover, the function

(5%(75) o (5(,0(?5), tel,
6zt 0p), t € (to, 1]

is a solution of the “equation in variations”

0z(t) = fo[t]ox(t) + f,[t]6z(t — m0) — fy[tldo(t — T0)dT

+fult]u(t), t € (to, t1) (4)
with the initial condition
dz(t) = do(t), t € [T,10]. (5)
Here
fzlt] = fo(t, 20(t), xo(t — T0), uo(t). (6)

Remark. The Theorem 1 is proved in [1-2]. The function dx(¢;dp) in formula (3) is
called the coefficient of sensitivity. Finding the sensitivity coefficient is an important tool for
establishing properties of the mathematical models. For example, in an immune model, this
coefficient allows one to determine dependence of viruses concentrations on the initial data
and controls. Formulas for the sensitivity coefficients are obtained in [3-17] for the various
classes of functional differential equations.

2. The coefficients of sensitivity and the equation in variations for a model of
the immune response

Let us consider a simple modified Marchuk’s controlled model about viruses attack on an
organism and its immune response [18-20] as the following system of differential equations

#1(t) = prx1(t) — paz1(t)xs(?),
Bo(t) = psza(t — T)as(t — 7) — pa(w2(t) — 23) + ua(?),

@3(t) = pswa(t) — pex3(t) — proa(t)ws(t) + ua(t),

t e [0,t*],7 € (0,7%].
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with the initial condition
xi(t):goi(t),te [—T*,O],i:1,2,3. (8)
Here: z;(t) is the viruses concentration at time ¢; the first equation

t1(t) = prw1(t) — paz1(t)z3(t)

of system (7) describes changes of x;(t), here the first term pjz1(t) supports to reproduction
of viruses and the second term poz1(t)x3(t) characterizes to struggle between viruses and
antibody and do not support to reproduction of viruses;

x9(t) is the plasma cells concentration, which are producers of antibodies; the plasma cells
after a certain time give the immune response characterized by this term

pgxl(t — T)xg(t — T),

where 7 € (0, 7*] is a delay of the immune reaction, i. e. this expression supports reproduction
of the antibodies;

x3(t) is the antibody which kills viruses; x3 is the physiological level of plasma cells, in the
absence of viruses plasma cells stay;

p1, P2, ... are positive constants; ui(t) € [0,v1] is control: enhancer of the plasma cell; ua(t) €
[0, v2] is control: enhancer of the antibody.

In the paper, for the sensitivity coefficients of model (7) the system of differential equa-
tions is established considering perturbations of the delay parameter, the initial and control
functions.

For the consideration model we have: n = 3,r = 2,ty = 0,t; = t*,7 € (0,77];

O* C {x = (21,29, 23)" : 2; € [0,00),i = 1,2,3}
is an open set;

U* = {u= (uy,u)’ :u; € [0,v;),1=1,2}
is the compact set;
®* is a set of continuously differentiable functions ¢ : [—7%,0] — O*; Q* is a set of
piecewise-continuous functions u(t) € U*,t € [0, t*];
f(t>$7yvu) = (fl(taIay7u)?f?(tvxayvu)vf3(ta$ay7u))T7x € 0*7
Yy = <y17y27y3)T € O*,U € U*7

where
fl(ta x,Y, u) = pP1¥1 — P2x17x3,
fa(t, z,y,u) = p3y1ys — pa(wa — x3) + u,
f3(t,x,y,u) = psx2 — pexs — prr1xs + U2;
furthermore,

= (7,0(t),u(t)) € A* = (0,77] x &* x QF,
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(1) = (01(2), 02(t), @3(t) ", u(t) = (ur(t), uz(t)"

to = (70, po(t), uo(t)) € A%, 2o(t) := z(t; po)

= (z10(t), m20(t), x30(1)) ", t € [=77, 1"];

zo(t) = @o(t) = (p10(t), pa0(t), w30(t)",t € [=7*,0];
up(t) = (u10(t), uso ()", t € [0,¢7];

6x(t) = (621(t), oxa(t), dx3(t ))T- 6(t; o)
= (Bt 570), 5t 61), a1 60)) T 1 € [, 7]
dz(t) = dp(t) = (61 (t), 6pa(t), b3 (t )) b€ [=7", 0]
AZ(po) = {u €A™ fp—pol < 6};
now let us find the matrices f,[t], fy[t] and fy,[t] (see (6))

flm [t] fl:cz [t] flxg [t]

fl‘ [t] = f2z1 [t] f2a:2 [t] f2x3 [t]
f3x1 [t] f3a:2 [t] f3x3 [t]

where
fre [t] = p1 — p2x30(t), fias[t] =0, fias[t] = —paz10(t),
f2m1[t] =0, f2:cz [t] = —P4, f2:83 [t] =0,
f3a1[t] = —pra3o(t), faz[t] = P5, f3as(t] = —P6 — pr10();
flyl [t] flyz [t] f1y3 [t]
fy[t] = b 2y1 [t] bk 2y2 [t] b 2y3 [t]
f3y1 [t] f3y2 [t] f3y3 [t]
here

f1y1[]:0 f1y2[t]:07 f1y3[t]:0,
f2y1[ | = p3wso(t — ), P [t] =0, Joys [t] = p3z10(t — 70),
f3y1[ ] =0, f3y2 [t] =0, f3y3 [t] =0;

f1u1 [t] fluz [t]
Ju [t] = Jous [t] Jous [t]
f3u1 [t] f3u2 [t] )
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where
fruy[t] = 0, fru, [t] = 0,
Jou[t] =1 fau, [0] = 0,
f3u1[0] = 0 fou, [t] = 1.
After elementary calculations we get (see (5))
(p1 — pawso(t))0x1(t) — pawio(t)dws(t)

fa[t]ox(t) = —padwa(t) :

—p7w30(t)071(t) + p5dw2(t) — (P6 + Prr10(t))dws(t)

0
fyltlox(t —70) = | p3w3o(t — 70)6x1(t — 70) + p3x10(t — 70)dx3(t — 70)

0

0
fyltlEo(t —70) = | pswso(t — 70)d10(t — 70) + p3z10(t — T0)&30(t — 70) |

0

0
fultlou(t) =1 oui(t) |,

(5U2 (t)

Using the above given expressions from Theorem 1 it follows
Theorem 2. Let x;0(t),i = 1,2,3 be the solution of the equation

@1(t) = pro1(t) — pax1(t)z3(2),
To(t) = paz1(t — 10)w3(t — 70) — pa(x2(t) — 3) + u10(?),

i3(t) = pswa(t) — pexs(t) — praa(t)zs(t) + uao(t),

t €10,t*],m0 € (0, 7]

9
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with the initial condition

{L‘io(t) = cpl'o(t),t (S [—T*,O],
i. e. the solution corresponding to the element poy = (70, 00(t), uo(t)) € A* and defined on
the interval [—7*,t*]. Then, there exists €1 > 0 such that to each perturbation p € A% (uo) of

€1

the element g, there corresponds the solution x;(t;pn),i = 1,2,3 of problem (7)-(8) defined
on the interval [—7*,t*] and the following representation holds:

xi(t; ) = zi0(t) + 0xi(t;0p) + 0i(t;0u), t € (0,67),1=1,2,3

(see (4)), where

L it o)

=0,7=1,2,3 uniformly for ¢ € (0,t").
loul—0  [0p] 0.£)

Moreover, the coefficients of sensitivity dx;(t),1 = 1,2,3,t € [0,t*] satisfies the “equation in
variations”

(§21(1) = (p1 — pawao(t)) 621 () — pawro(t)da(1),

5$2(t) = —p4(5$2(t) +p3$30(t — T0)51:1(t — 7'()) +p3:1:10(t — 7'0)5563(t — 7'0)
—[psz30(t — 70)E10(t — T0) + P3x10(t — T0)E30(t — 70)]0T + dui (1)),

\5933(75) = —p7l‘30(t>5$1 (t) —l—p55x2(t) - (p6 + p7l‘10(t>)5l‘3(t> + dus (t)
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