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THE PROBLEM OF STATICS OF THE THEORY OF ELASTIC MIXTURE OF
DEFINING A HOLE OF UNIFORM STRENGTH IN A POLYGONAL PLATE

Svanadze K.

Abstract. In the present work we consider the problem of statics of the linear theory of
elastic mixture of finding a hole with a uniformly strong boundary in a finite isotropic plate,
shaped as a convex polygon. It is assumed that projection of the displacement vector on the
normal on each side of the polygon has a constant value, and projection of the stress vector
on the tangent is equal to zero on the boundary hole. Assume also that a normal pressing
concentrated force is applied to the middle of each side, further note that the boundary of the
unknown hole is free from external stresses. The goal of the problem is to find an unknown
contour under the condition that tangential normal stress takes constant value at every point
of the contour.
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1. Introduction

The problem of the plane theory of elasticity for infinite domains weakened by equally
strong holes have been studied by many authors, particularly in [1], [9] the same problem for
simple and doubly - connected domains with partially unknown boundaries are investigated
in [2]. The mixed boundary value problems of the plane theory of elasticity for domain with
partially unknown boundaries have been studied by R. Bantsuri [3]. Analogous problem in
the case of the plane theory of elastic mixtures has been studied in [12].

In the work of R. Bantsuri and G. Kapanadze [4] the problem of statics of the plane theory
of elasticity of finding a full-strength contour inside the polygon are considered. Analogous
problem in the case of the plane theory of elastic mixtures has been studied in [13].

The problem of the plane theory of elasticity of finding a hole with a uniformly strong
boundary in a finite plane have been studied by R. Bantsuri ([5], 4.2).

In the present paper in the case of the plane theory of elastic mixture we study the
problem analogous to that solved in ([5], 4.2) For the solution of the problem the use will be
made of the generalized Kolosov - Muskhelishvili formula [12] and the method developed in
([5], 4.2).

2. Some auxiliary formulas and operators

The homogeneous equation of statics of the theory of elastic mixtures in a complex form
looks as follows [§]

U 0%
K-~ — 2.1
9.0: T Bgz =Y (2.1)

e — ; o _ 1(0o _ ;0 o _ 1(0 ;0 _
where z = x1 + ix9; z—xl—zmg,&—5(8—561—2872),5—5(71—#28—“),U—

(uy + dug, uz +iug) T, u' = (ur,u2)” and u” = (us,us)” are partial displacements.
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Ag = mimg — m%, my =l + §l3+k, k=1,2,3;

as Cc ai
h=—, lo=——; Il3=— = — A = g — A
1 dy’ 2 dy’ 3 dy’ a1 = 5, a2 = U2 5,
b C
c=p3+Xs, dy=ajag—c2 l+li=—, lp+ls=——2,
dl d1

l3+l6:dgl, dlzabfcg, a=ay + by, b:a2+b2, co=c+d

b1:u1+/\1—|—)\5—a2%, 52=M2+)\2+)\5+a2%, p = p1+p2,

ag = A3 — M4, d=M2+>\3—)\5—a2%E,u3+)\4—/\5+042%-

Here pq, po, ps and Ap, p = 1,5 are elastic modules characterizing mechan-
ical properties of the mixture, p; and py are particular densities. The elastic constants
w1, p2, i3 and Ay, p = 1,5 and particular densities p; and py will be assumed to satisfy
the conditions of inequality [6].

In [7] M. Basheleishvili obtained the following representations (Kolosov-Muskhelishvili
type formulas)

2ul = 2p(uy + iug, uz + iug) . = Ap(z) + Bzy! (2) + 2u)(2), (2.2)

TU = ((Tu)s — i(Tu)y, (Tu)s — i(Tu)3))"

~ 357 (A~ 2B)ele) + BT + 2o 2.3

where ¢ = (¢1,02)" and ¥ = (¢1,¢2)7 are arbitrary analytic vector-functions,

o o] mame () e (2]

ps fiz my M3
R N T R B )
S(z) ~ Pom Yoxy’  on(z) ' om >0y’

n = (n1,n2)7T is the unit vector of the outer normal, (TU),, p = 1,4, the stress components
[6],

(TU), = riyn1 +rhyne,  (TU)g = rigng + mHona,

(TU)3 = r{yny +riing, (TU)y = r{9n1 + rogns.

Consider the following vectors [13]:
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T(l):<:i>:[zocg](g:’>_za(3w2ﬂ<zz>’ (2.4)
w=(e)=100 (8 ) (),
()= sl () e ()
()=l () e ()

/ - !/ " - " / / " "
O =divy, O©" =divu”, W =rotu, w =rotu .

Let (n, s) be the right rectangular system where s and n are respectively the tangent and
the normal of the curve L at the point ¢ = t1 + ito.

Assume that n = (n1,n2)7 = (cosa,sina)? and S° = (—ng,ny
where « is the angle of inclination of the normal n to the Ox-axis.

Let us introduce the vectors:

U, — ( uINy + Ugng > U= ( UM — UIN2 > ’ (2.6)

)I' = (—sina, cosa)?,

uU3N1 + Ugn2 ULTI] — UMY

— (Tu)lnl + (TU)QnQ . (Tu)gnl — (Tu)1n2
On = < (Tw)sny + (Tu)ang ) » Os = ( (Tu)gny — (Tu)3ng > . (2.7)

/ / / / T @0

_ [ro1m1 — r1yng,  Thena — rigna]” S 2.8

Ot = " 1" " " TSO : ( : )
[royn1 — riyne, rHyny — riHns]

Let us call the vector (2.8) outer normal of the tangential normal stress in the linear
theory of elastic mixture.
After elementary calculation we obtain:

on =10 cos? a + 73 sin® a + nsina cos a,
or =W sin?a+ 7 cos? o — psinacosa,

s = B [(7(2) — 7-(1)) sin 2a 4+ ncos2a — e* |,

where n = nM) 493 g =) — p@),
Direct calculations allow us to check on L [12]

on+o, =79+ 73 =202F — A — B)Re/ (1), (2.9)
oUg U, . ou,, Us /
w2 [ =2 4 s —2 — =2 =24(1), 2.1
U+M<3S+Po>+z[g M(‘?S Po)] ) (2.10)

[(A—2B)o(t) + B () + 2000)] = i /L ¢ (o + iy )ds, (2.11)
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where det(2E — A— B) > 0, p% is the curvature of L at the point t = t; + ity. Everywhere
in the sequel it will be assumed that the components U,, and U, are bounded [8].

Formulas (2.2), (2.3) (2.9) and (2.10) are analogous in the linear theory of elastic mixtures
to those of Kolosov-Muskhelishvili [12].

3. Statement of the problem and the method of its solving

In the present work we consider the problem of statics of the linear theory of elastic
mixture of finding a hole with a uniformly strong boundary in a finite plate.

let us consider an isotropic plate shaped as a convex polygon weakened by a curvilinear
hole. Assume that the vector Un (see (2.6)) on each side of the polygon has a constant value,
the vector og (see (2.7)) on the external boundary of the plate is equal to zero, while the
internal boundary is under the action of the constant normal force and the tangent stress is
equal to zero. We consider two cases where 1) the values of the constant Un are given, and
2) the values of the principal vector are given on either side of the external boundary of the
plate.

The mechanical meaning of the first case consists in the following: an elastic washer
is inserted into the hole of polygonal configuration made in a fixed rigid body. Prior to
deformation the shape of the washer contour differs but little from the shape of the hole. In
the second case it is assumed that the dies with rectilinear bases adjoin the sides of the plate.

We pose the following problem; find a stressed state of the body and the boundary of the
hole assuming that the boundary of the hole is uniformly strong and the tangential normal
stress on it takes constant value oy = —K°, K% = (K?, K))T = const.

Let on the plane of the complex variable z = x1 + izy the plate occupy the domain D°
bounded by the closed convex broken line A9, A9, ..., A2 which we denote by L; and by the
smooth closed contour Lo lying inside Li. To simplify the notation, the affixes of the points
Ag, k = 1,n, which are the vertices of the broken line are denoted by the same symbols.

It is also assumed that the point z = 0 lies within the sought contour Ls.

Relying on the analogous Kolosov-Mushelisvhili formulas (2.9)-(2.11) the above posed
problem is reduced to finding two analytic vector-functions ¢(z) and v(z) in the domain D°
by, the following conditions on L = Ly |J Lo :

1
Reg'(t)=H, tely, H= —5(2E—A- B)'K°, (3.1)
Imy'(t)=0, te L, (3.2)
(A—2E)p(t) + Bt/ (t) + 2up(t) = v = vV + it e Ly, (3.3)

where v(1) = (V%l), Vél))T and v = (1/52), V§2))T are arbitrary real constants vectors.
Moreover if ¢t € L1 we can write

Re [e_ia(t)(Ago(t) + Bt/ (t) + Q;LM)} =2uUy, (3.4)

Re [e—w<t>((A — 2B)p(t) + Bt/ (t) + z,up(t))} —Ct), (3.5)

where a(t) is the angle formed by the normal to L; at the point with the ox; - axis.
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S
C(t) = Re{—1i ; on(to) expifa(ty) — a(t)]dSoy}, (3.6)

on(t) is the normal stress (see (2.7)) to L; at the point ¢, S is the arc abscissa at the
point ¢ counted from the point A{ in the positive direction.
Taking into account that «(t) is a piecewise-constant function we obtain

K Sj+1
C(t) =) sin(a; — ay) / on(to)dSo
j=1 5

J

for t € A?Agﬂ, k=1,n; AQLH = AY, where ay, s; are the values of the function a(t) on
AgAgH, k=1,n, Sjis the arc abscissa of the point A?, i.e. the length of the broken line
AY, Ag...A?. It is obvious that C(t) is also a piecewise-constant vector-function.
Since in the first case U, is a given piecewise-constant vector-function, by virtue of for-
mulas (3.4) and (3.5) both cases reduce to identical problems of the analytic function theory.
We will consider the second case where the values of the principal vector of external stress

are given on the segments AgAg 1

Skt1
P — —/ on(9)dS, k=T,n.
Sk

From the equilibrium condition we have

> PWeion = . (3.7)
k=1

Now note that the condition (3.1) and (3.2) is Keldysh-Sedov problem having a solution
[10]

1
p(2) =Hz= -5 (26— A~ B)'K%, zeD°,

(an arbitrary constat is assumed to be equal to zero).
Thus the boundary conditions (3.3) and (3.5) take the form

1 -
§K0t+2m/}(t):y, on Lo, (3.8)

. 1 __
Re [em‘(t) (2K0t + 2;@@))] =C(t), on L, (3.9)
Ift € AQAY . |, then
(t - Ag) = iroeiak7r0 - |t - A2|7
whence

Re(te™™®)) = Re(A%(t)e™ M), te Ly, (3.10)

where A%(t) = A for t € AQAD,,, k=1n.
Let the function z = w(¢) conformally map the circular ring 1 < || < R onto the domain
DY, where R is the unknown number to be determined.
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Assume that the circumference |(| = R is mapped onto L. Assume that to the vertices
A9, AY, Ag...A?L there correﬂ)ond the points a?, a9, ag, ...,aY from the circumference |¢| = R.

Let a% = Re% k = T, n, where dj, are unknown numbers. Assume that 0 = §; < g <
... < 0y = 2m. From conditions (3.8)- (3.10) we have

Re [e—m“’ (;Kow@) + %Z)o(f)ﬂ =C(©), lel=x, (3.11)
K€ +To@ = v el =1, (312
Re [e—m@w(g)} = Re [e‘ia(E)AO(f)} . |¢] =R, (3.13)

where 10(¢) = 2ub[w(¢)], 1< |¢| < R. For the sake of simplicity we write (&), A°(€), C(€)
instead of afw(¢)], A%w(€)], Clw(€)]] respectively. These functions are defined all over the

plane by the qualities

a(rd) = a(€), A%(re) = A°(E), C(re) =C(§), 0<r<oo, [¢=1.
Let W(¢) be the vector-function defined by the equalities

1K %(g), for R<[¢|<R?,

W(¢) = (3.14)
y—wo(%), for 1<|{| <R.

It is obvious that W(() is a holomorphic vector-function in domains 1 < || < R and
R < |¢| < R2. By virtue of condition (3.12) on the circumference W (¢) the boundary values
of |¢| = R are equal to each other from the inside and outside. Therefore W (() is holomorphic

in the ring 1 < [¢| < R2.
From (3.14) we have

%Kow(Rg):W(RQO, for & =1,

Yo(RE) =v—W(E), for [§=1.
The substitution of the values into conditions (3.11), (3.13) gives

Re [e’m(g)W(f)] — f6), €eT, (3.15)
where W = (W1, Wa)™,  f=(fi; )7,

F=F1UF27 Iy ={¢: ¢ =R*, Io={¢: ¢ =1},

(3.16)

TKORe[e™©A0(¢)], ¢ €Ty,
fe) =

Reve™ &) — C(¢&) + %KORe[e_iO‘(S)AO(5)}7 gels.
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We have thus reduced the posed problem to the Riemann-Hilbert problem for the circular
ring with piecewise-constant coefficients. All discontinuity points are nonsingular ( [11], p
256).

Since the vector-function W (¢) must be bounded on the domain boundary, a solution of
problem (3.15) should be sought in the class of functions bounded on the boundary i.e. in
the class han ( [11], p. 256).

The coefficient index of problem (3.15) corresponding to this class is equal to 2 —mn on I'
and to - 2 on I's.

Therefore the index of the Riemann-Hilbert problem (3.15) corresponding to the class
hop is equal to —n.

Let us represent the boundary condition (3.15) in the form

W () + 2OW(€) = 2fM ()™ ™O) | on Ty,
(3.17)

W (&) + XOW(E) = 2fP (€)™, on Ty,

where f(1)(€) and f(?)(€) are the values of the vector-functions f(£) on I'; and T'; respectively.
Taking into account the results cited in ([5],4.2; (4.2.50)) we obtain

R(2)X(E2) r K\(52) £(€)e*©de

Wi(z) =
) |~ a@xmg
where f is the given vector-function defined by (3.16), and ([5], 4.2),

. 1 < |z| < R, (3.18)
T

6 = i 5 O S s ()
SZmca s e =
R(z) = zexp (w + /F i_m@dg) 2] > 1, (3.20)

B = —i 0% arg(§2e*°@)dS 3 = arg,
X(2) = Ty(2) exp (217” /FQ K (Z) lni\%) df. (3.21)
G(§) = AX)((}zf), &l =1, (3.22)
To(z) = ﬁ(z CR2z) 1031 (3.23)
P

is a fixed number 0 < &y < 27,
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A = exp ( 217T / ¢l G(§3R4§§)d§> (3.24)

1, for even n
=1
R*, for odd n.

Now note that, since X (R?z) (see (3.20 - (3.24)) has simple poles at the points z = z

for the vector-function W (z) to be bounded it is necessary and sufficient that the conditions
([5], 4.2; (4.2.51))

Rz\ _[(©e™® . _
5 (°E) averamge =0 k=T (3:29)

be fulfilled.
Let us write the function K ( £Z> in the form

R R
K)\< £Z>:’5Z+K§<§Z>, 1< |z < R2.

then by virtue of (3. 18) we have

R()X(R%) J(§)edg
Wiz = =22 /F EX(RPONE)(E - 2)

FOKY (52 e ©dg
+ | enmeng

The second summand in the right -hand part of equality (3.26) is a holomorphic vector-
function in the ring D*(1 < |z| < R?) and continuous one in the closed ring D*. The first
summand is a Cauchy type integral whose density is a Holder-continuous vector-function on
each open arc (Rag, Ra2+1), (R_lag, R‘1a2+1), k = 1,n. Therefore according to the Plemelj
- Privalov theorem (see e. g. [11]) the vector-function W (z) is continuously extendable on
these open arcs and its boundary value satisfies the Holder condition on them. Applying now
the results of N.I. Muskhelishvili’s monograph [11, §26], we see that W (z) is a continuous

extension on I' and its boundary value is a Holder-continuous vector-function on I'.
Now note that (3.25) is a vectorial system of n equations with respect to n + 3 real

unknowns K0 = (K9, KT, v(M) = (V§1),V§1))T, v = (1/§2), ((5))) R, 0 k=2n, 0<
0 < 2m. To each solution of system (3.25) if it is solvable we can assign by formula (3.18) the
unique solution of the Riemann-Hilbert problem (3.15). Hence solutions by formula (3.14)

are defined by the function w and vector-function g

dg} . (3.26)

w(¢) = |K20‘2K0W(R(), 1<|¢{|<R (3.27)

Yo(C) =T — W <?> | <|c| <R (3.28)

Since w’(() is shown to be different from zero in the domain of its definition z = w(()
conformally maps a circular ring 1 < |{| < R onto the domain D° and t = w(£) whereas
w(§) = ﬁgg?z W(RE) is the equation of the sought contour.
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To show one important application we will prove that the system of algebraic equations
(3.25) is always solvable and find the solution in an explicit form.

Let Ly be the boundary of a regular polygon. Assume that the die with rectilinear base
adjoins each side of the polygon.

Assume that a normal pressing concentrated force , —P; (P = (P, P;)T) is applied to the
middle of each die. The origin is supposed to lie at the centre of the polygon A9, AY...AY and
the ox; axis to be directed normally to the side AY, AS. Then

_ 27

™
A%:roexp<ﬁ(2k*3)), ap=—(k-1), k=1n

By the symmetry property it can be assumed that

27r(

ag = Re'n k_l)i, k=1,n.

This assumption is justified if system (3.25) is solvable with respect to the unknowns
K% v 2 R,

Let us show that if one of conditions (3.25) is fulfilled then all other conditions are fulfilled
too.

First we give some equalities whose validity is easy to verify ([5], 4.2)

oni —T.(z) if n is even,
Th(zen ) = B
e nTy(z) if n is odd,

a(ﬁ)—i—%’r if n s even,féagagﬂ, 1<k<n-1,
e_%iTn(z) if n is odd, ¢ € adaf,

omi = 1n(e_2ia(£)§2),

OzéeT

In(e~2(E0)gd)

X(zew ) =enmR(z), Géen)=G(E), Agen)=en A%(€).
By means of these equalities we easily conclude that the function X (z) satisfies the
condition
i —X(z), if n is even,
X(zen )= B
e nTy(z) if n is odd.

In the case f()(€) is a constants vector

1 s
Mgy = ZK%0 cos =
() 2K rcos .

Let us now show that the constant vectors v(1) = (1/9); yél))T and v = (V§2); 1/52))T

be chosen so that the vector-function f would also be a constant
In the considered case: ([5], 4.2)

L
c = PZsin —q=

n 2sin X
q=1 n

<cos T_ cos(2k — 1)ﬁ> ,

n n
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k 0
§€agagyy, k=1,

s

By virtue of (3.16)

FAE) =vWeosa+ v sina — C(€) + fFH(9),

0
£€akak+1, k‘:1,n

Therefore if £ € agag 41, then
2w 2w 1 T 1 2 T
@ ey = M o 25 (1 — @gin (1) = T4z e — x
9 = v cos - (k—=1) +v'¥sin - (k—1) 2Pctgn + 2Pcos - (k 1)ctgn

—%Psin 2%(]{ — 1)+ fDe).

If we now take

Then we obtain

Thus f®)(€) is a constants.
If we introduce the notation

RQC) f za(ﬁ)dg
D =
9=/ (%) ekamemas

_/ <R4C> F@(&)e ™ dg
=1 £ ) EX(REN(E)’

then condition (3.25) take the form

D(C) =0, k=T,n. (3.29)

By virtue of the above equalities we readily obtain

. —D(() if n is even,
D(¢e™) = {

—e%D(C) if n is odd.

Hence it follows that D(¢1) = 0, then D({;) =0, k=2,n.
Therefore system (3.29) reduces to one equation with two unknowns

RQCl eia(ﬁ)dg
0.0
K A:l KA( ¢ >5X<R4£>N<R25>

(00, P RQQ) el qg¢
- (K ' +Sin2>/|§|1K/\< ¢ ) EX(REEN(E)
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Hence we obtain

where

o R2¢iS eia(8) 4
O0(R) = Jfig=1 KA( ¢ O) EXREN ()
(3.30)

. R4¢iS0 eta(&) ge
1R) = g B (B6) e
Using formula (3.30) and assuming R to be given we define the tangential normal stress
value on the sought contour. Giving R various values we obtain a table of relationship between

K° and R i. e. the position of a uniformly strong contour can be defined by the given values
of KO,
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