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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF n-th ORDER EMDEN-FOWLER
TYPE DIFFERENCE EQUATIONS WITH DEVIATING ARGUMENT

Koplatadze R.

Abstract. The following difference equation is considered
A®u(k) + p(k) [u(o (k)| signu(a(k)) = 0,

wheren >2 A >1,p: N—-R,0: N — N and klim o(k) = 400. Here AOu(k) = u(k),

——+00
AWy(k) = u(k +1) —u(k), AO = AD o ACD (5 =1,... n).
Sufficient conditions of new type are established for oscillation of solutions.
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1. Introduction

This work deals with oscillatory properties of solutions of Emden-Fowler type difference
equation
A®u(k) + p(k)|u(o (k) sign u(o (k) = 0, (1.1)

where n > 2, p: N—- R, 0 : N —- N and

A>1, lim o(k)=o00 for keN. (1.2)
k——+o0
Here AOu(k) = u(k), ADu(k) = u(k + 1) —u(k), AD = AD o ACD (5 =1,... n). Tt
will always be assumed that the conditions

p(k) >0 for keN, (1.3)

or

p(k) <0 for keN (1.4)

are fulfilled.
The following notation will be used throughout the work:
Let kg € N. By Nl“('0 (N;O) we denote the set of natural numbers NIO ={ko,ko+1,...}

(N, = 1{1.2,..., ko}).
Definition 1.1. Let ky € N and k., = inf{min(k,o(k)) : k € Ny, }. We will call a
function u : Ny, — R a proper solution of equation (1.1), if it satisfies (1.1) on leo and

sup {|u(i)| :i € N}L} >0 forany ke N:O.

Definition 1.2. We say that a proper solution u : Nlto — R of equation (1.1) is
oscillatory, if for any k € NIO there exist ki; ko € Nlt such that u(ki) u(ke) < 0. Otherwise
the solution is called nonoscillatory.
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Definition 1.3. We say that equation (1.1) has Property A if any of its proper solutions
is oscillatory when n is even and either is oscillatory or satisfies

[ADu(k)| L0 as kt+4oo, keEN (i=0,....n-1), (15)

when n is odd.
Definition 1.4. We say that equation (1.1) has Property B if any of its proper solutions
is either oscillatory or satisfies (1.5) or

|AOu(k)|++00 as kt4oco, kEN (1=0,...,n—1) (1.6)

when n is even and is either oscillatory or satisfies (1.6) when n is odd.

Sufficient conditions higher order Emden-Fowler type difference equation to have property
A and B, when 0 < A < 1 and o(k) > k + 1, can be found in [13]. Some results analogous
to those of the paper are given without proofs in [12]. The problem of establishing sufficient
condition for the oscillation of all solutions to the second order linear and nonlinear differ-
ence equations is considered in [16-18]. Analogous results for linear ordinary and nonlinear
functional differential equations can be found in [1-13].

Lemma 1.1 ([13]). Let u: N — R, m;s € N. Then

-1 . —i
A = AG) J
ADy(k) = . u(s') (k—s—r+1)
Jj=t (']_Z) r=1
1 k j—i—1
i (m) _
+(m—i—1)l]2 [T = =r 1A 1), (1.7)
=0, —1 for keN
where
0
AMy(s —1) =0, JJk-s-r+1)=1
r=1
and
Au(k) mZIMU H )
Yu(k) = —s—r—+1
= U-dt g
—— 4 DA y
(m—z—l 1;[ J—r+ DA™ u(j), (1.8)
2207 —1 for k€N
where
0



Asymptotic Behavior of Solutions of N-th Order Emden-Fowler Type... 17
Lemma 1.2 ([13]). Let u: N — R, m;s € N. Then the equality
Zlm j— 1A )
m—1 ' '
Z m—H lA i) (k+1)A(m_Z_1)(8+i+1—m)m_J_l
i=j
- Z (=)™ LAy (s + DA™MD (s 4 i1 —m)™ I~ for ke NF (1.9)
i=j
holds, where
A y(s) =0, (1.10)
and
(i + 1) LA™y 4 1)
i=k
m_l . . . .
_ ( 1)m+z—1A(z)u(k + 1)A(m—z—1) (k‘ +i4+1— m)m—]—l
i=j
N (=) IAO (s + DA D (s 4 i 41 —m)™ I for ke Nj, (1.11)

=]

where A™y(s +1) = 0.

2. On some classes of nonoscillatory discrete functions

Lemma 2.1. Letn > 2, kg € N, u: NIO — R and u(k) > 0, A™u(k) <0 (AMu(k) >
0) for k € N+O, AMy(k) # 0 for any s € NIO and k € NI .Then there exist ky € Nio and
¢ e€A{0,...,n} such that £ +n is odd (¢ +n is even) and

ADu(k) >0 for keNf (i=0,...,0),
(—1)HAWuk) >0 for keN{ (i=¢....n-1), (2.1)
()" fA™u(k) >0 for keNf

The lemma follows immediately from the fact that, if u(k) > 0 and A®wu(k) < 0 for
ke N;(ro, then there exists kj € NIO, such that AWu(k) > 0 for k € N;.

Lemma 2.2 ([13]). Let u: N — R, ko;n € N and

(-1)'ADy(k) >0 (i=0,...,n—1),

2.2
(—1D)"AMy(k) >0 for ke Ni:o (22)
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Then
+o0
Zkz”_1|A(")u(k)‘ < 400, (2.3)
k=1
4 +oon—i—1
}A(Z)u(k}i n—z—l'z H Jj— —r—l!A(”) ()| (2.4)

j=k r=1
for k‘ENkO, (i=0,...,n—1).

Lemma 2.3. Let u: N — R and let for some kg € N and £ € {1,...,n— 1}, (2.1) be
fulfilled. Then

+oo
Zk”_z_l‘A(”)u(k)‘ < 400 (2.5)

and there exists ki1 € NIO such that

+ocon—i—1

|A(l ’— n—z—l'ZH (G+r—k _1‘A") | (2:6)
j=k r=1
for k€N+1, (i=4¢,....,n—-1),
1 k—1 £—i—1
(4) > A _
ADu(k) > ADu(ky) + (R YT zk: H1 (k+r—(1+s5))
s=k1 r=
+oon—£€—1
XZ H (j—i—r—(l—i—s)))‘A(”)u(])‘ (2.7)
j=k r=1
for keNltlJrl (j=0,...,4—-1)
If in addition
+oo
> T AMu(k)] = +oo, (2.8)
k=1
then (i) (i)
A Yy(k Ak
O, LN (2.9
[I(k—r) [T(k—7)
r=0 r=1
for large k,
(k) > H;( ) =1 A1 ) (2.10)
and

Ay (k)

| \%

k =
ooy A

(= _1 I Zz” K‘A") for keNIl. (2.11)
i=kq
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The proof of Lemma 2.3 in a slightly different way when AMu(k) < 0 (AMu(k) > 0) is
given in [13] ([14]).

So below we present the complete proof of Lemma 2.3.

Proof of Lemma 2.3. Let s;k € N:l and s < k. Assume that (1.10) is fulfilled. By vitrue
of (2.1), from equality (1.9) with j = ¢ and m = n we have

k
Z(_l)TL-FZ,I:TL—Z—IA(n)u(Z.)
7n—1
=3 () ADy(s 4 AP (5 i 41—yt
i=t
n_l . . )
_ Z(—l)l—s—zA(z)u(k F DAY (] 41— )t
=0
Therefore
k n—1 . .
Yo A (@) < Y (A u(s + AT (s i L n) T
i=s i=t

- Z DAy + 1A= D (ki + 1 —n)" L for ke N{.

From the last inequality, with & — +o00, we obtain (2.5). The equality (1.11) also implies the
inequality

n—1
S |ADu(k + 1)|ACTTD (ki 41— n)n
=L
o0
>3 i HAMy(i 4 1)| for ke Ny (2.12)

i=k
On account of (2.1) and (2.5), from (1.7) we obtain (2.6).
Analogously, equality (1.7) with s = k, and m = ¢, gives

k f—i—1
ADu(k) > ADu(ky) + 1‘2 I e—i+r-1)AOu( - 1)
7 —i_

i=ky r=1
(z‘:o,...,e—1) for keN;;.

Hence, by (2.6) we obtain (2.7). Using (2.1), from (1.9) with j = ¢/—1 and m = n, for s = kq,
we have

k
1
(£-1) n—L|A(n), (:
A u(k) > =0 zk: s" A (i)
1=k1
1 n—1 . ‘
+ |AOu(k + 1)| AP (ki + 1 —n)"
(n—10)! P
1 n—1 ‘ 4 A
+ (=)™ AO (k) + 1)ACPT (ky 4i4+1—n)"
(n—20)"!
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Therefore, according to (2.8), there exist k* > k; such that

k

1
(£-1) n—l| A(n),, (s
A u(lk+1) > R izgk*z |A u(z)|
n—1
1 : ,
(i) (n—i-1) . _ oyt
+(n—€)! iEE‘A u(k +1)|A (k+i+1—n)
for ke Nj..
From the last inequality by (2.8) we have
A Dy +1) = (k+0—1-n)ABuk +1) 5 400 for k — +oo, (2.13)

and by (2.12) the inequality (2.11) holds.
Let kg € N and for any k € NIO and i € {1,...,¢} put

pi(k) = iACy(k) — (k+ 1 — i) A Dy k), (2.14)
vi(k) = (k =) A Dy — (1 — i) ADu(k). (2.15)

Applying (2.13) and L’Hopital’s rule, we have

(¢-i)
im 2B o =10, (2.16)
k—+4oo =1 )
l:[l(k —J)

0
(Here it is meant that [] (k —7) =1).

7j=1
A(l)(A(Z_i)U(k)> _ k)
i—1 i—1
TI(k—j—1)
7=0

Since

[T(k—J)
i=1
by (2.16) there exist k; > --- > ky such that ~;(k;) > 0 (: = 1,...,¢). Therefore, by
(2.13) pi(k) = 400 as k — +oo, AW p;i(k) = pi(k), AV~ (k) = (k) and (k) =
(k — 1)AOu(k) > 0 for k € Ni;, we find that p;(k) — +o00 as k — 400 and ~;(k) > 0 for
ke NIJ; (t=1,...,¢). This fact along with (2.13)—(2.16) proves (2.9).
On the other hand, since p;(k) — +oo (i = 1,...,¢), by (2.14), for large k we have

Ny (k) > (k+1—)ATH (k) (i=1,...,0),
which implies (2.10).

3. Necessary conditions for the existence of solutions of type (2.1)

The results of this section play an important role in establishing sufficient conditions for
equations (1.1) to have Properties A and B.

Let ko € N and £ € {1,...,n—1}. By U, we denote the set of all solutions of equation
(1.1) satisfying condition (2.1).
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Theorem 3.1. Let conditions (1.2), (1.3) ((1.4)) be fulfilled, ¢ € {1,...,n—1} with {+n
odd (¢ +n even) and

+oo
Sk (o (k) MV p(k) | = +oo. (3.1)

If, moreover, for some ko € N, Uy, # @, then for any € € (0, \] we have

+o0 ~ .
>k o)) (T ] <+ 52)
k=1
where
oy Jo(k),  o(k) <k,
(k) = {k o(k) > k. 33

Proof. Let kg € N, £ € {1,...,n— 1}, £+ n be odd (£ + n be even) and Uy, # @.
By definition of the set Uy ,, equation (1.1) has a proper solution u € Uy, satisfying the
condition (2.1). By (1.1), (2.1) and (3.1) it is clear that condition (2.8) holds. Thus, by
Lemma 2.3, (2.5)—(2.11) are fulfilled and by (1.1) and (2.10), from (2.11) we get

A u(k) > 20! 5—1 vzzn o)A u(o (i) p(0)]
2@ n_ ' Z in— f A(¢—-1) (A(ffl) (O.(Z))))\‘p(z)‘ (34)
for k € N+*,

where k, is a sufficiently large natural number. Therefore, from (3.4) we have
1+e

Ay (k) > Tl Z n— z A(e 1) <A(Z—1)(u(&(z’)))) ]p(z’)]

QE' n_ 'Zln g J )\(f 1)( ())1+8

(1) (5 (1)) 14
« (W)H\ (i), where &€ (0,)). (3.5)

A(e_l)u(k:)

Since 1, from (3.5) we get

k ~.
Auh) 2 So (nl_ = Z i (o) (@)H Ip(3)]
x (A Dg(i ))”5 for ke Nj . (3.6)

By (3.1), there exists k; € Nin such that

Z i K}p ))\(ﬁ 1) (Lz))l—i-s(A(g_Uu(i))l-i-e > 0.

2
1=k
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Therefore, from (3.6) we get

A Vu(k) oo
LAgy . e minage  200(n —0)!
> ()] (1) (2) T (Al )
1=k« 1
for ke N
From the last inequality we have
(A(Z—l)u(k))Hf N 1
n— A1) (0 (i) \ 1< _ e\ 1+ — (200(n — )N 1TE
(l%*z 8’1) ’( i) (T) (AE=Du(e)) 6> (20(n —0)")
for ke N
Therefore
zk: (A(Efl)u(s))l“ n— g‘p ‘(U ( is >1+e
I . o(i)\1+e Ttey 14e
s=k n—~{ A
(S @l () ( u)'™)
k -
1 n—t A(—1) (O (s)\1Fe
= (201(n — £))1+e Zk: "~ [p(s)| (o (s)) (T) , (3.7)
s=k1
for ke N;,
Denote
n—t{ A(f 1y (o(@)\He - Ite
Z’ [p(2) <T> (A Vu(i))
1=k«
From (3.7) we get
D D 01 [0 A =) BT
S (a)™ T 20m -0 T s
for ke Nltl.
Since
k k @
Z(Gs)ﬂ*s(as —as—1) = Z(as)ls/ dt
s=k1 s=ki as—1
1—¢ o —1l—¢ _ a’z1—1 N £ 1 +
<Z’;/ tedt = /_lt dt = == - = 55%_1, keNf,
s=ki1

from (3.8) we get

k

> " p(s)]| (o) (5—5’))1+£ < 2ROV Ny

S - EQL, —
S:kl k‘l 1
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Thus from the last inequality

+o0o ~ c
Z s”_f‘p(s)’(a(s)))\“_l) (JS))H < 400,
s=k1

which proves the validity of the theorem.

4. Sufficient conditions of nonexistence of solutions of type (2.1)

Theorem 4.1. Let conditions (1.2), (1.3) ((1.4)) be fulfilled, ¢ € {1,...,n —1} £+ n by
odd (¢ +n by even) and (3.1) hold. If, moreover, for some € € (0, ]

00 P4 5
>k o) () ] = o, (1)
k=1

then for any ko € N, Uy, = @, where o is defined by (3.3).

Proof. Assume the contrary. Let there exist kg € N such that Uy, # @. Thus equation
(1.1) has a proper solution w : leo — (0, +00), satisfying (2.1).

Since conditions of Theorem 3.1 are fulfilled, (3.2) holds for any e € (0, \], which contra-
dicts (4.1). The obtained contradiction proves the validity of the theorem.

From this theorem if o(k) < k, immediately follow

Corollary 4.1. Let conditions (1.2), (1.3) ((1.4)) be fulfilled, ¢ € {1,...,n — 1}, £ +n
be odd (£ + n be even) and (3.1) hold. Then for any ko € N, Upy, = @.

5. Difference equations with Property A

Theorem 5.1 Let conditions (1.2), (1.3) be fulfilled and for any ¢ € {1,...,n — 1} with
¢+ n be odd, let for some ¢ € (0,\) (4.1) hold as well and when n is odd

+00
> kT p(k) = o0, (5.1)
k=1

Then equation (1.1) has Property A.

Proof. Let equation (1.1) have a proper nonoscillatory solution u : Nyt — (0, +00)
(the case u(k) < 0 is similar). Then by (1.1), (1.3) and Lemma 2.1 there exists
¢ €{0,...,n— 1} such that £+ n odd and condition (2.1) holds. Since the conditions
of the Theorem 4.1 are fulfilled, for any ¢ € {1,...,n — 1} with £+ n is odd, we have
¢ ¢ {1,...,n—1}. Therefore n is odd and ¢ = 0. Then we will show that condition
(1.5) hold.

If that is not the case, there exist ¢ > 0 such that u(k) > ¢ for sufficiently large k.
According to (2.1), with £ = 0, from (1.1) we have

. k
i AMu(i) + M T p(i) <0, for ke Ny (5.2)

i=ko i=ko

where kg € N is a sufficiently large natural number.
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On the other hand, by the identity

k
Z in_lA(n)u(i) _ k‘n_lA(n_l)u(k‘ + 1) . (kO o 1)n—1A(”—1)u(k0)

i=ko

_ZAnl Z—l)n_l

i=ko
it is easy to show that
k n—1
S T AM (i) =Y (=1 AP (R — )" AT Dk 4 1)
i=ko i=0
n—1
=) (=1 (ko — i — 1) TTACT T Dy (k).
i=0

Since (—1)*A®Wy(k) > 0, from (5.2) we have

H

n—

A Z i 1 S (kO —i— 1)n—i—1|A(n—i—1)u(l{:0)"

i=ko A

I§
o

Therefore

Zz" 'n(i) < 400,

which contradicts condition (5.1). Therefore, equation (1.1) has Property A.

Theorem 5.2. Let conditions (1.2), (1.3) be fulfilled and

A
lim inf o’ (k) > (.
k——+oo

Then for some € € (0, \) the condition

+o00

Z fr2E (5(k))1+€p(/€) = 400,

k=1
for even n and the condition (5.1) and

“+oo

SR k) (G (k) p(k) = +oo,

k=1

for odd n is sufficient for equation (1.1) to have Property A.

(5.4)

(5.5)

Proof. It is obvious that, according to (5.1)—(5.4) for any ¢ € {1,...,n—1}, where
{+n is odd, all conditions of Theorem 5.1 are fulfilled, which proves the validity of the

theorem.
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Theorem 5.3. Let conditions (1.2), (1.3) be fulfilled and

o* (k)

lim sup
k——+o00

< +o0. (5.6)

Then for equation (1.1) to have Property A it is sufficient that for some ¢ € (0, \)
= A(n—2) 1+
> kT (o(k)) (G(k)) " p(k) = +oo. (5.7)
k=1

Proof. It is obvious that by (5.5) and (5.6) all conditions of Theorem 5.1 are
fulfilled, which proves the validity of the theorem.

6. Difference equations with Property B

Theorem 6.1. Let conditions (1.2), (1.4) be fulfilled for any ¢ € {1,...,n — 2}
with € +n even, let as well as for some € € (0,\), (4.1) hold and

“+oo

S (o) k)| = +oo. (6.1)
k=1
If moreover, for even n .
> kT p(k)| = +oo, (6.2)
k=1

then equation (1.1) has Property B.

Proof. Let equation (1.1) have a proper nonoscillatory solution w : Ny, —
(0,4+00). By (1.1), (1.2) and Lemma 2.1, there exists £ € {0,...,n} such that £+ n is
even and condition (2.1) holds. Since the conditions of Theorem 4.1 are fulfilled, for
any £ € {1,...,n—2} with £+ n is even, we have ¢ ¢ {1,...,n — 2}. Therefore ¢ = n,
or { =0 and n is even.

Assume that ¢ = n. To complete the proof, it suffices to show that (1.4) is valid.
From (2.1) with ¢ = n, we have u(o(k)) > c(a(k))n_l for k € Ny, where ¢ > 0 and
ki € Ny, is a sufficiently large natural number. Therefore, by (1.2), (6.1) and (2.1),
when p = n, from (1.1) we get

k
AP Dy(k) > AT D (k) + A [p(0)| (o) = oo
=1
for £k — 4o0.

Now assume that n is even and ¢ = 0. In is case, analogously of Theorem 5.1, we
show that conditions (1.3) hold. Therefore, equation (1.1) has Property B.

Theorem 6.2. Let conditions (1.2), (1.4), (5.2) be fulfilled and for some ¢ € (0, \)
condition (5.3) for odd n and (5.4) for even n are fulfilled. If, moreover (6.1) is fulfilled,
then equation (1.1) has Property B.



26 Koplatadze R.

Proof. It is obvious that by (5.3) and (5.4) all conditions of Theorem 6.1 are
fulfilled which proves the validity of the theorem.

Theorem 6.3. Let conditions (1.2), (1.4), (6.1) and for even n (6.2) be fulfilled.
If moreover (5.5) and for some € € (0, \)

—+00

STETH o(k)" T (F(R) T = . (6.3)

k=1

are fulfilled, then equation (1.1) has Property B.

Proof. According to (5.5) and (6.3) it obvious that for any ¢ € {1,...,n — 2}, for
some € € (0, \) conditions (4.1) are fulfilled. That is, all conditions of Theorem 6.1 are
fulfilled, which proves the validity of the theorem.
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