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Abstract. The main purpose of this work is to construct an explicit solution of the Dirichlet
boundary value problem of thermoelastic diffusion theory with microtemperatures and micro-
concentrations for a sphere. The obtained solution of the considered problem is represented
as absolutely and uniformly convergent series
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1. Introduction

The present paper considers the 3D linear thermoelastic diffusion theory with microtem-
peratures and microconcentrations. The theory of thermoelasticity with microtemperatures
is a good model to explain the thermal conduction in microelements. However, the research
confirmed that the field of diffusion in solids cannot be ignored. The processes of heat and
mass diffusion, also basic problems of thermoelastic theory, play an important role in many
engineering applications, such as satellite problems, aircraft landing on water or land, the
oil extraction, etc. Therefore, to study basic problems of thermoelasticity for materials with
diffusion, microtemperatures and microconcentrations have considerable attention.

Below, we will consider a few works, which give the main results and bibliographical data.
The theoretical works in the field of thermodiffusion theory, was establish by Nowacki [1] and
developed later by Sherief et.al. [2]. The linear theory of thermoelasticity for materials with
the classical displacement and temperature fields, possess microtemperatures, was established
by Grot [3]. He extended the thermodynamics of a continuum with microstructure so that
the point of generic microelements are assumed to have different temperatures. He supposed
that the inverse of the microelement temperature is a linear function of microcoordinates.
Iesan and Quintanilla in [4] have developed the linear theory of thermoelastic materials with
microtemperatures,in which the particles are subjected to classical displacement, tempera-
ture fields and mass diffusion fields and whose microelements possess micro-temperatures and
micro-concentrations. The Clausius-Duhem inequality is modified to include microtempera-
tures. The first-order energy equations are added to the balance laws of a continuum with
microstructure, have formulated the boundary value problems and presented an uniqueness
result, by Bazarra et al. in [5] proposed dynamical problem for thermoelastic body with
diffusion whose microelements are assumed to possess microtemperatures and microconcen-
trations.In [6] by Aouadi et al. is considered with a nonlinear theory of thermodinamics for
elastic materials in which particles are subjected to classical displacement, temperature and
mass diffusion fields and whose microelements posses microtemperatures and microconcentra-
tions. The equations of the linear theory are also obtained. This work represents a first step
to provide a consistent theory of thermoelastic duffusion materials with microtemperatures
and microconcentrations. It is shown that there exist coupling between temperature, chem-
ical potential, microtemperatures and microconcentrations even for isotropic bodies. (see
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references therein). Many researchers have studied the problems of thermoelasticity theory
for isotropic elastic bodies with microstructures, by applying different methods such as an
analytical, numerical and the complex variable technique to investigate the two-dimensional
and three-dimensional boundary value problems of the theory of thermoelasticity (see for
example [7]-[30] and reference therein).

In the present paper an explicit solution of the Neumann type BVP for an isotropic
space with a spherical cavity with diffusion, microtemperatures and microconcentrations is
presented. The obtained solution of the considered BVP is represented as absolutely and
uniformly convergent series.

2. Basic equations and boundary value problem

Let x = (z1,22,23) be a point of the Euclidean 3D space E3. Let us assume that the
isotropic elastic ball D € E3, with center at the origin, be bounded by the spherical surface
S of radius R.

Let us assume that the domain DT is composed of isotropic thermoelastic materials with
diffusion, microtemperatures and microconcentrations.

The basic homogeneous system of equilibrium equations for isotropic and thermoelastic
body with diffusion, microtemperatures and microconcentrations may be written as [5],[6]:

uAu + (A + p) graddiv u — y1grad 6 — 9 grad P = 0, (1)
E*Af + kidiv T =0, (2)
h*AP + hydiv C =0, (3)
ke AT + (ks + ks) grad div T — k3 grad 0 — k2T =0, (4)
heAhs) graddiv C — h3 grad P — haC = 0, (5)
where u := (u1,u,u3)" denotes the displacement vector in a solid, A, u, kj;, hj, k*kT, rep-

resent material constants, T := (T1,7%,73)" and C = (C1,Cy,C3) . T; and Cj are called
microtemperatures and microconcentrations, respectively. P is the particle chemical poten-
tial, A is the 3D Laplace operator. Throughout this paper the superscript ' stands for the
transpose operation.

We assume that the following conditions are fulfilled:

dkk k 2
w>0, k*>0, kyi+ks>0, kg—Fks>0, 2—<1+k‘3> > 0,
To 1o

h* >0, ke>0, hg>0, ky>0, hy>0, 4hhy— (hy+h3)*>0,
3A+2u>0, hg+hs>0, 2kyg+ks+ke>0, kg+ks>D0.

Definition. A vector-function U = (u,, P, T, C) defined in the domain DT is called
regular if

Uc C*(DT)ncY(D+)

For the equations (1)-(5) we consider the following BVP.



The Dirichlet BVP of Thermoelastic Diffusion Theory with ...

Problem 1. Find a regular solution U(z) to the equations (1)-(5) in D™, satisfying the
following boundary conditions on S :

ut =£(z), 07 =f/(z), P*=[f{(a)
Tt =F*"(z), Ct=®%(z), z¢€S8,

where the vector-functions  f(f1, fo, f3), F(Fi, Fa, F3), ®(P1, Py, P3) and the functions
f, f; (j=4,5), are given functions on S.

The following assertion holds .

Theorem 1. The Problem 1 has one regular solution in DT,

Theorem 1 can be proven similar to the uniqueness theorem in [12](see Appendix in [12]).

3. Preliminaries-auxiliary results

The following theorem holds:

Theorem 2. The regular solutions of equations (2),(4), admit in the domain D" a
representation (for details see in [8])

k k*
T(x) = —grad (;ﬁ(x) + k*ﬂl(x)> + c rotp3(x),
2 1

(x) =09(x)+(x), xeD~, xeD,
where
( AY =0, (A—sH9; =0, (A—-s3)p3=0, dive3 = 0,

k k o+
250, c:—f,dwT:—Fﬁm, (7)

o _ Kky—hiks ka
! k6 2 1

0, s2=
kk7 y 82

S

PP(x) = [x- VIps(x) + 1ot VIpa(x), (A—s3)p; =0,  j=3.4.

In addition, if

pjds =0, j=3,4,

S(0,a1)

where S(0,a1) C DY is an arbitrary spherical surface with radius a1, between the vector (T, 0)
and the functions ¥, U1, @;, j = 3,4, there exist one-to-one correspondence.
Remark. The solutions of Egs. (2) and (4) can be rewritten in the following form
ks E*
T(x) = —grad | =9(x) + =01(x) | + [x - V]pa(x) + crot]x - V]ps(x),
S ®

0(x) =9(x) +91(x), xe€ DT.

Quite similarly, it is not difficult to prove the following assertion:
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Theorem 3. The regular solutions of equations (3),(5), admit in the domain DT a
representation

*

C(x) = - (23 gradp(x) + 1 grac x )) T—1

*

=- (ﬁzi gradp(x) + Zl gradp; (x)) + [x - V]pg(x) + e1 rot[x - V]ps(x), ©)

P(x) = p(x) +pi(x), x€ DY,
where

([ Ap=0, (A —vdp =0, (A—v)p*=0, divp? = 0,

2 h*hs — hihs
1 h*h;

h h h*
>0, vi= h—z >0, ¢ = _hf’ divC = _EV%plv (10)

| 0(x) = [x- Vg5 (x) + 10t [x.V]go(x), (A —13)p; =0,  j=5,6.
In addition, if

pjds =0, j=25,6,
S(0,a1)

where S(0,a1) C DV is an arbitrary spherical surface with radius ay, between the vector
(C, P) and the functions p, p1, @;, j = 5,6, there exist one-to-one correspondence.

Theorem 4. The regular solution U = (u,0, P, T, C) of equations (1)- (5) admits in the
domain of reqularity a representation

u—\I’+grad{— 'u1/10+ 1904_70_’_7191_’_ D1,
0 [oS3 uovl
ks k*
T() = —grad { 2000 + 101 (0) ) + x VIpa(x) e noilx - Vlps(x),

(11)

C(x) = —grad <Z2P(X) + gradzlpl(x)> + [x - V]pe(x) + c1 Tot[x - V]ps(x),

[ 0(x) =9(x) +V1(x), P(x)=p(x)+pi(x).
where the functions g, %9 and pg are chosen such that
Ao =1, Adg=1v, Apo=p, A =0, po=A+2u,.

Herein it is assumed that, the functions ¥, div¥, ¢, ¢, p, ¥, p1 and divu are
interrelated by the following relations

AW =0, divle = zp 7119——1), dwu—z/J—i— 191+—p1
W

It is obvious that the representatlon of a solution of u contains a harmomc, bi-harmonic,
and a meta-harmonic functions, while the representations of ¢, P, T and C contain only
a harmonic and a meta-harmonic functions.
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Let us introduce the spherical coordinates equalities:

x1 = psinfcosn, x5 =psinésinny, wx3=pcosé, x€ DT,

y1 = Rsinépcosng, y2 = Rsinépsinng, y3 = Rcoséy, y €SI,

x| =p=\ai+ai+az3, 0<&E<m, 0<n<2m

The scalar product and the vector product of the two vectors g and q are denoted by
3

(g-9) = > grqr and [g - q], respectively. The operator _9 is defined as follows:
k=0 OSk()
0 o o0 0
k=12 =\, =—,=— .
b Ve = g5y 23V (83:1’ B2’ axg)

The following identities are true
. 2
Adivu — y10 — P = \p — y19 — yop — ;/:(71191 +72p1),

podiva — 7160 — v P = pgy) — 119 — y2p.
Below we use the following identities:[29]

.

o 0 0 9 0 =9 D

-grad) = p— = ——— =0
Cc-grad) =05 35, ey~ ar 95, ; 0Si Org
(12)
5.9 9
(x-rotg) = 3 5egr, D go-(rotlx- VIh)i =0.
k=1
If g, is the spherical harmonic, then
02 g (%)
= —m(m +1)gm(x)
kZ:o 953 (x)
For convenience of writing down let us introduce the following functions
( ouy,
x-H)t =¢, (divu)t = ¢, t=q,
(x-f)7 =¢q, (divu)" = g5 (kZ:fl 8Sk(z)) a3
x-F)f —qf, (@D =qf, 3 (o )+ = qq (13)
! P 2\ 0Sk(z) . 0
3 0Cy
x-®)t =¢f, (divQ)] = ¢, < ) =qd.
{ ( ) 7 ( )k 8 kz:% ask(z) 9

Let us assume that the functions ¢, &k =1,2..,9, be representable in the form of the series:

aw(y) = io qkn (&0, M0),

where qp, k=1,2,..,11 are the spherical harmonics of order n :

2n+1

Qen = 47rR2/P cosY)qi(y)dSy,
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P, is a Legender polynomial of the n-th order, v is an angle formed by the radius-vectors Ox
and Oy,
138
COS7Y = —— TEYk-
iy 2=

4. Explicit solution of Problem 1

In this section are present a method of construction an explicit solution to the Problem
1 in details, which may be employed in the study of the other basic BVPs.

0
Taking into account the identity (x - grad) = Pao from (11) we get
p
GX
A+
X = — M¢ + 79 + 712191+ 722]91.
o N031 Koy

For the function (x - ¥) we shall have

A(x-\I’):Qdiv\I‘:2< Oy My _ 22 )
TR

the solution of which has the form
(x-\Il):Q+2< ?ﬁo—ﬁo—po) (14)
1 I

where € is an arbitrary harmonic function A2 = 0. Thus we obtain

+
0X
e =42 (Mg - Loy - 2 )4 R
ju p op’
0 (ks k* 93
(x-T)=—-p=— <19(x) + =0 (x)) +c ,
ap \ ks kpt kZ{ 852 (x)
9 (hs - L 9%
(- 0) = = (20 + ) ) +r 3 s,
k=1 "k
divu = ¢ + lﬁl + Epl, divT = k—*slﬁl,
Ho Ho ]{31
3 auk o 3 B\I/k i (9Tk 82g04
kzz:l 0Si(z) ; Sy (z)’ ; 0Sk(x) ; 953 ()

3
. 8Ck 82g06
d = —— 2 —_— =
IV(j ) U1p17 kE: 8 E

0=01+9, P=p+p.
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Passing to the limit as p — R, for determining the unknown values, we obtain the following
systems of algebraic equations

+ +
0X
Q++2<M¢o—%0—wo> +<R> =q,
dp
+
8 (ks K )* 5 9%
—R— | —09(x) + cvi(x +c =q,
a5 (1000 o) +e 35| = (15)
8 [ hs h* + 5. 9205
—R— = — o
ap (h p(x) + h Pl(x)> + 1 ; 3SE($) 47,
Yo, K 7
+ S0+ Epr=qf, ——s0 =g, =q7,
(0 10 ,Uopl qs k{ 1V1 = g5 ; ask(z) q3
3. 9%p4 h* > 0% (16)
> =qd, —vim =g, = q4,
= 08 (x) O hy ! 8 ; oSz (x)
791+19:fz:rv p+p1:fgrv p=R.
3 k
Let the functions 9, p, ¢;(x), j=3,4,5,6, Y1, p1, . W be sought in the form
k=1 k
( [e’e} S8 m

Z:: R—Ym, v = Tnzz()ﬁbm(zslp)yim? p= mzzofngm’

o0

_ & , _ s P
= > Om(iv1p)Zim, Q—mzzo T Yomy Z i Yam,

m=0

Z (z)m(ZSQp) ims Jj =34, Y = Z—O Qbm(iV?p)ija Jj=5,6,

where
Sonlisep) \/EJm+%(iskp) (i) \/EJm+%(ivkp) 1o
m\lS — . ) m\ U, — B } = 1,4
kP \/ﬁJm—l-% (ZSkR) kP \/ﬁJm—l-% (kaR)

Yin(0,9), Zn(0,¢) ,... are the spherical harmonics of order m.

Taking into account (17), we can write the particular solutions of equations Ady =
¥, Ay =1 and Apg = p in the following form
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( 2 > m
0 p
2 m
p p
Yo="%5 D Bmra o Ym
0773 mZ::ORm(3+2m) (18)
p2 0 P
p0:2mz:0Rm(3+2m) m

Remark. The conditions [ ¢;ds=0 j=3,4,5,6 in fact mean that
5(0,a1)

q90 = geo = 0, Gon, =0, Gz, =0, Z30 = Zso = 0.

Using (17) in (15) and (16), we obtain the system of equations

( *
7 2 4+ k 2 4
YE’m + %YIn + %ZIn = oy, _Eslyln = Q5
h* 19
_EU%ZIn = qg—n’ _n(n + 1)Z4n = qg—n’ Yin = q;—n7 ( )

| —n(n+ 1) Zen =qg, Yo+ Yin =i, Zn+ Zin = f3,

+
0X
0f = -2 (Mo% _ Mgy wp0> R e
© I w )
[E e k2 (B o) a6 0
= 082 (x)] T 0p \ ko Ehe qy = G,
3 82(705 :|+ o <h3 h* >+
_ =R— | —= 4+ = Lt = Ga.
“ L; 052 (x) op (P + ) ) a7 = Gs

\
Solving these systems, we get

p

+ 1.x +
05,k g, h1
Yln = 538%1’ Zln = - ;SI/% ) Y4n = q;_n
+ +
d6n dgy, G2n
Dpp = ———2—, Lgn=——""2—  Lyggy=—""—
an nn+1) 7 nn+1) 7" en(n+1)
(21)
G, g ki G5l
Zsn = ——"—, Y, = i Zn = o
5n cln(n+ 1)7 n f4n + k‘*S% ) n f5n + h*V12 ’
+ 1. +
M Ikl 2 a5
Y3, = qf, — — - = , Yo, = Gip.
\ 3n 9on 10 k‘*S% 10 h*l/12 2n 1n
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Substituting in (17) the values (19),(20) and (21

), we obtain

[e’e} pTL q5nk1 ;T oo . .
19 = P n ’19 = — E " ,
nz=:0 R (f4 k* st > ! k*s? n:o¢ (i51P)d3y,

_iﬁ F +Q§mh1 o i¢(iy)+
p= 2 Rr 5n h*u% y P1= h*l/% Z n\W10)dgy,
X n + 1.x +
X P Pt MGKE e qgnh1>
0= —7G1n, = — | ¢35, — — — ==
S ,;)R” <q2 po k*st  po hrvt
(22)
fr= 5= dnlisap) e Zm isap) - qﬁn
=1 en(n+1) n+1)’
X G?m
¥5 nzl Pn(iv2p) cn(n+1) Z¢m W2P _|_ 1)
3. 0y B o N
& 9 2 R
where Gy, fan, fsn are the spherical harmonics of order n.
Remark. The relations (22) may be written in the form
T 2T R2 k* _
// [f4 (10, 0) + ﬁq;(nmﬁo) sin nodnodéo,
1 J
T 27T R2 b _
// [fg, (10, o) + e Ilj as (10, &o) | sinnodnodéo,
1 ]
R T 27 R2 9
= 4// _3p G1(mo, §o) sin nodnodéo, (23)
T r
00

™ 27

477/

-/ [55"
A7 r3
00

T 27

[q+ 0 LkT + Y2h1

+ .
okrs? B sin nodnodép,

poh*vi s

R2—p

a3 (10, o) sin nodnodéo,
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o=,
Uy = _kT12 Z%(%’lp)qgrn’ b1 =
51 n=0

h oo

1 .

S bl
h*vi =

G 2n o - . G?m
Y3 = — Z ¢n( 52p) (7’L + 1)7 Y5 = ;¢n(zy2p) Cl?’L(?’L n 1)7 (24)
q+
1= — Z Pm(is2p) ——"— i+ Z¢m iv2p) ( + 1)
P " L mak e
W= L o \ B kst o ho?
=0 0 1 Mo 7Yy
o0 n —+ 7.%
'i 45n%1
T2 Z:: 3 +2n (f4” k*s3 > ’ (25)
2 o n +
_ 14 dg,, 11
Po=" ;_% R™(3 + 2n) <f5”+ h*v? > '
2= p> 4+ R> —2Rpcosy, cosvy = sin&sinéycos(n —ng) + cos & cos &.

Thus, the considered problem has been solved completely.

5. Conclusions

In this paper the linear theory of thermoelasticity for materials with diffusion, microtem-
peratures and microconcentrations is considered. The following results are obtained:

1. The Dirichlet type boundary value problems of thermoelastic diffusion theory with
microtemperatures and microconcentrations for a sphere is solved explicitly.

2. The explicit solution of the considered BVP is presented as absolutely and uniformly
convergent series.
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