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ON A PROBLEM OF INTEGER VALUED OPTIMIZATION
Chelidze G., Nikoleishvili M., Tarieladze V.

Abstract. We obtain an expression for the maximal value of the product of finite sequence
of positive integers when their sum is fixed. We show also that this value in general is strictly
less than the estimation obtained by means of the classical mean arithmetic-mean geometric
inequality:.
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1. Introduction

In historical notes to Chapter 1 of [1] it is written: “The concepts of arithmetic mean and
geometric mean of two positive quantities go back to antiquity, in particular the pythagoreans
made of them one of their favorite subjects. It is also probable that the inequality

\/%S%(a—l—b)

between these means was well-known to them; in any case it is proved by Euclid in connection
with the problem of maximizing the product of two numbers whose sum is given.”

The mentioned problem for not necessarily two numbers can be formulated as follows:

Let n > 1 be a natural number, L > 0 and x; > 0,7 = 1,...,n real numbers; mazrimize
[T, i when > " x; = L.

A solution of this extremum problem is contained in the following version of the arithmetic
mean- geometric mean inequality, for short, the AM-GM inequality:

Let n > 1 be a natural number, L > 0 and let x; > 0,i = 1,...,n be real numbers with
S,z =L. Then
n L n
[Ta= (5) - )
=1
and the equality we have if and only if x; = %, i=1,...,n. There are many different proofs

of this inequality; e.g., in [7] is presented O. L. Cauchy’s proof (it is mentioned also in [§],
however it is not mentioned in [5]); 74 proofs are included in [2]. One more proof will appear
also in [4].

Seemingly the second author of this paper was the first who considered the above-
mentioned maximization problem for natural numbers; he observed that for them the bound
(%)n was not the best possible and found the correct bound. His result first appeared in

(unpublished) preprint [3] and then (in a slightly more general setting) in [6].
In the present paper we formulate an assertion which covers the results of [3] and of [6]

and shows also, that in general the sharper bound [(%)n} may not be the best possible as well.
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2. Main result and remarks

Our assertion looks as follows:

Theorem 1. Let natural numbers L, n and an integer £ > 0 be such d := L—n(1+k) > 0.
Let, moreover, [¢q] be the integer part of ¢ := % and r := L — n[g]. Then the following
statements are valid.

(a)
n
Zy(L,n;k) := {(xl,...,a:n) €z : sz =L, x;>k,i= 1,...,n}
i=1
is a finite non-empty set and

b(L,n; k) := max{ﬁxi (21, xp) € Z4(Lyn; k:)} > 14+ k)" 1+ k+d).

i=1

(b) We have the equality:

b(L,n; k) = (1 +[a])"g]" ™" (2)
(¢) If r = 0, then
b(L,n; k) = ¢" (3)
and if r > 0, then
b(L,n; k) < [q"]. (4)

Proof. (a) is easy to verify. (b) is proved in [6] (see also [4]). (¢): (3) follows from (2);
an easy derivation of (4) from AM-GM-inequality (1) is omitted.
Remark 1. The inequality (4) from Theorem 1 can be rewritten as follows:

r

A+l < [(la+2)'] (5)

n

and the equality in (5) takes place only in the following cases:
Case 1. n = 2.
Case 2. n=3 and L € {4,5,7,8}.
Case 3. n>3and L =n+ 1.
The proof of this statements is contained in the next remark.
Remark 2. Let n > 1 and 1 < r < n be natural numbers. Then we have:

(1+x)rx”—rg[<x+ﬁ)},x=1,2,... (6)
n
and the following statements give a complete description set
o= foet e = (e 5.
n

(a) ‘/271 = N, ‘/27,71 = ‘/},72 = {1, 2} and Vn71 = {1}, n = 4, 5, Ce
b)yn>3,r>1 = V,, =0
Proof of Remark 2. Clearly, (6) is equivalent to (5) and we also have:

Vip ={z€N: (z+ %)” S ta)atT < 1) (7)



On a Problem of Integer Valued Optimization

3
B

(e ) — haye™ =30 (5Cus — Ot e, (8)
n n
k=0
where C,, ), 1= #lk), and C,, =0 if k& > r;
Tk
i Chi = Cri =0,k =0,1 9)
k
LGk =Cop >0, k=2,...,n. (10)
n

(The equalities (7), (8) and (9) are easy to verify; (10) is equivalent to the inequality

(1—1><1—2)...<1—k_1) > <1—1)<1—2)...(1—k_1),
n n n r r r
which is of course true when r < n.)
Proof of Remark 2 (a).
The equalities Vo3 = N and V3, = V35 = {1, 2} are easy to verify by using (7).
We have 1 € V;,; from (7) and from the known inequality (1+1)" —2 < 1. The
remaining relation

r>2,n>3 = &V,

will follow from the next more general statement

To prove (11), note that from (8),(9) and (10) we can write

7,2 n—2

(m + £> —(1+z)2"" > (?an - Cr,2>zvn_2 S <1 - f) :
n n 2 n

From this relation we get (11). Indeed, if n > 4 and = > 2, then

r (1 _ f) > gn-3T(n 1)
n n

xnf2

2

and since 7(n — r) achieves its minimum value at » = 1 or at » = n — 1 we have the

estimation
:L,n—2

2

and from (7) we conclude that x ¢ V,, ;..
Proof of Remark 2 (b). From (11) we have that if x > 2, then x ¢ V,, ,..
Now let us prove, that if n > 4 and r > 1, then 1 ¢ V,,,. as well. For this purpose

according to (7) it is sufficient to show that the following ( slightly unezpected) inequality
holds

" (1 _ Z) > 2%3M > 2" 3(1 — l) > 1
n n n

n24,1<7’<n:><1—|—£> 1. (12)
n
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Therefore, it remains now to prove the next inequality:
n>4 l<r<n = ((1+5>r) >, (13)
n

It is clear that for given r the left-hand side of (13) increases as n increases. Let us
consider separately two cases r = 2 and r > 3.

If » = 2 it is enough to check that (13) is true when n = 4. Plugging in (13) r = 2
and n = 4 we are getting the true inequality % > 1 and hence it’s over.

For r > 3 it is enough to show that (13) holds when n = r + 1. In this case the
left-hand side of (13) will be

r— r— r+1
(2 1 >T+1 _or Cr122" 0 G2 n ZC 2k (—1)*
p

r+1 (r+1)2 (r+1)3 (r+ 1)k

Since the sum 271;:1 Cpyq p2r -k CD* g nonnegative, it is enough to show that

(r+1)k
Cry1,2277 1 Cry1,327 2 1. We h
iz~ g > L We have

Crgp1227 Y Chyq 52772 L 1 5 1 5 1 5
’ — ’ =2" 1-— -+ — ] > 2" 1- -
(r+1)2 (r4+1)3 r+1 6+3(r+1) r+1)6

5 15

>2X-xXx=-=—>1
4 6 12

and so, (13) holds when n =r+ 1. O

Acknowledgement. The third author was partially supported by Shota Rustaveli
National Science Foundation of Georgia (SRNSFG) grant N DI-18-1429: “Application
of probabilistic methods in discrete optimization and scheduling problems”.

REFERENCES

1. Bourbaki, N. Integration. I. Chapters 1-6. Translated from the French by Sterling K. Berberian.
Springer-Verlag, 2004. (A Russian translation from French of Chapters 1-5 of this book, made by
E. I, Stechkina, appeared in 1967.)

2. Bullen, P. S. Handbook of means and their inequalities. Kluwer Academic Publishers, 2003.

3. Chelidze, G., Kvaratskhelia, V., Nikoleishvili, M. A Discrete extremum problem. Preprint,
Thilisi, 2012.

4. Chelidze, G., Nikoleishvili, M., Tarieladze, V. On AM-GM inequality and general problems of
maximization of products. Work in progress.

5. Dorrie H. Uber einige anwendung des satzes von arithmetischen und geometrischen mittel.

Z. Math. Naturw. Unterr., 52 (1921), 103-108.

6. Nikoleishvili, M., Tarieladze, V. About a problem of extremum. Proceedings of the Fifth Inter-
national Scientific-Practical Conference “Scientific Issues of the Modernity” at Sukhishvili Teaching
University, Gori, Georgia, December, 13 (2014), 401-403.

7. Hardy, G.H. Littlewood, J.E., Polya, G. Inequalities, 1934. Russian translation made by
V.1. Levin, 1948.

8. Steffensen, J.F. The geometrical mean. J. Institute Actuaries, 62, 1 (1931), 117-118.



On a Problem of Integer Valued Optimization

25

Received 27.09.2021; revised 06.10.2021; accepted 07.10.2021

Authors’ addresses:

G. Chelidze

Muskhelishvili Institute of Computational Mathematics of
Georgian Technical University

4, Gr. Peradze St., Thilisi 0131

Georgia

Kutaisi International University, Kutaisi
Georgia
E-mail: giorgi.chelidze@kiu.edu.ge

M. Nikoleishvili

Muskhelishvili Institute of Computational Mathematics of
Georgian Technical University

4, Gr. Peradze St., Thilisi 0131

Georgia

Georgian Institute of Public Affairs (GIPA)
0105, Thilisi

Georgia

E-mail: mikheil.nikoleishviliQgmail.com

V. Tarieladze

Muskhelishvili Institute of Computational Mathematics of
Georgian Technical University

4, Gr. Peradze St., Thilisi 0131

Georgia

Georgian Technical University, Thbilisi, Georgia
E-mail: vajatarieladze@yahoo.com, v.tarieladzeQgtu.ge



