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A DELAY OPTIMIZATION PROBLEM FOR THE LINEAR CONTROL SYSTEM
WITH THE MIXED INITIAL CONDITION
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Abstract. The necessary conditions of optimality of delays parameters, of the initial vector,
of the initial and control functions are proved for the optimization problem with constant

delays in the phase coordinates and controls. The necessary conditions are concretized for
the optimization problem with the integral functional and with the fixed right end.
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1. Problem statement and optimality conditions

Let R” be the n-dimensional vector space of points x = (x!,...,2™)T, where T denotes

transposition. Let p € R]; and ¢ € R}, with k +m =n and = = (p, q)T. Furthermore, let
T >1 >0, 09 >01, 6 <O

be given numbers. Let I = [tg,t1], with to + 70 < t1; 11 = [T, to] and I = [tg — 02, t1], where
7 = tp — max{7y, 02}. Denote by C'ij the space of continuous differentiable functions

p: L — ]R];
and by C; the space of continuous differentiable functions
g:h — RS
Next, denote by AC, the space of absolutely continuous control functions
u:lp = RY.
Let us introduce the sets
d={peCl:p(t)e K teh}, G={geC}:g(t)e M, e L},

Q={ue AC, 1 u(t) € U, |u(t)| < const, t € I},

where K C R’Ij, M C Ry* and U C R, are convex and compact sets.
To any element

w = (1,0,0,p0,0,9,u) € W = (11,72) X (01,02) X (01,02) x P
x® x G xQ
we assign the linear control delay differential equation
(t) = (p(1), 4(t))" = A(t)=(t) + B(t)p(t — 7) + C(t)q(t — o)
+D(t)u(t) + E(t)u(t — 0),t €
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with the mixed initial condition

(2)

z(to) = (po, 9(to))”"

Here P C R’; is a convex and compact set; A(t), B(t), C(t), D(t) and E(t) are the measur-
able and bounded matrix functions with dimensions n x n, n x k, n X m, n X r and n x r,
respectively.

Condition (2) is said to be the mixed initial condition, because it consists of two parts:
the first part is

p(t) = »(t),t € [, t0), p(to) = po,

the discontinuous part, since in general p(ty) # po (discontinuity at the initial moment may
be related to the instant change in a dynamic process, for example, changes of investment,
environment); the second part is

q(t) = g(t),t € I,

the continuous part, since always q(to) = g(to).

Definition 1. Let w = (7,0,0,po, ¢, g,u) € W. A function z(t) = z(t;w),t € [7,t1], is
called a solution of equation (1) with the initial condition (2) or a solution corresponding to
the element w, if it satisfies condition (2) and is absolutely continuous on the interval [t, t1]
and satisfies equation (1) almost everywhere on [tg, t1].

From the linearity of equation (1) it follows that for every element w € W there exists a
corresponding solution.

Let the scalar-valued functions 2(7, 0,6, p,x), i = 0,1, be continuously differentiable on

[71,72] % [01,02] X [01,00] x Rl x Rl

Definition 2. An element w = (7,0,0,p0,p,g,u) € W is said to be admissible if the
corresponding solution x(t) = z(¢; w) satisfies the boundary conditions

Zi(Tv 07‘97p07x(t1)) = O,Z = 1,[. (3)

Denote by W)y the set of admissible elements.
Definition 3. An element wy = (70, 00, 00, Poo, ¥o, g0, uo) € Wy is said to be optimal if
for an arbitrary element w € Wy the inequality

2°(70, 00, 00, poo, To(t1)) < 2°(7, 0,0, po, z(t1)) (4)

holds, where z¢(t) = z(t; wp), x(t) = x(t; w).

(1)-(4) is called the delay optimization problem.

Theorem 1. Let wy be an optimal element and let xo(t) = (po(t), qo(t))T be the cor-
responding solution. Moreover, the function B(t) is continuous at the point tog + 179. There
exist a vector m = (g, ...,m) # 0, with w79 < 0, and a solution p(t) = (Y1(t),...,Yn(t)) of the
equation

B(t) = =pOA(L) = Y(t + 70) (B +70), Onxm ) = (t +00) (Onxs Ot + 0) ) (5)

with the initial condition
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¢(t1) = 7TZ033, ¢<t) = O,t >t (6)

where O, xm 18 the n X m zero matriz and

0Z (10, 00,60, P00, o (t1))

Z=(2°, ...,zl)T,ZOm =

Ox ’
such that the following conditions hold:
1) the condition for the delay Ty
t1
T Zor = ¥(to + 70) B(to + 70)[poo — po(too)] + [ () B(t)po(t — 70)dt;
to

2) the condition for the delay oy

t1
T20e = P(t)C(t)Go(t — oo)dt;

to

3) the condition for the delay 6

t1
TZy = | Y()E(t)io(t — bo)dt;

to

4) the condition for the vector poo,

(7 2Z0p + (1 (t0). - 0 (t0)) ) oo = max (2o + (w1 (1), () ) o

5) the condition for the initial function ¢o(t),

to to
/t Y(t+70)B(t + o)po(t)dt = maX/t U(t +70) B(t 4 70)sp(t)dt;

0—"To PEL Jty—mo

6) the condition for the initial function go(t),

(T/Jk+1(t0), ey ¢n(t0))go(to) + /tto w(t + UQ)C(t + ao)go(t)dt
= max [ (s (to) o Uinlto))ot0) + [ 000+ 00Ot + an)g(Bide
ge to—oo

7) the condition for the control function wug(t),

/ " 500 [ Duolt) + E@ualt — 60)]dt = mass / "0 D)

to u€eN to
FE(u(t — 90)} dt.

Theorem 1 on the basis of the variation formula of solution [1] will be proved by the scheme
given [2, 3]. Delay optimal problems with the mixed initial condition, without optimization
of delay parameter in controls are considered in [4, 5].

Now we consider the optimization problem with the integral functional
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z(t) = A(t)x(t) + B(t)p(t — 1) + C(t)q(t — o) + D(t)u(t)
+E)u(t —0),t eI,

{/C(t) - (@(t)vg(t))T7t € [%7t0)7x(t0) = (p(]vg(tO))Tv 1‘(t1) = 1,

/ " [(®a) + R Op(t - 7) + (Balt — o)

+d®(Byu(t) + e (t)ult — 9)] dt — min.

Here a®(t), b°(t), c(t), d°(t) and c°(t) are the measurable and bounded row-vector
functions with corresponding dimensions; ¢(t) € Cé and g(t) € C'g1 are fixed initial functions;
po € ng and z1 € R} are fixed points.

Evidently, the above considered problem is equivalent to the following problem

#0(t) = a(t)z(t) + b (0)p(t — 7) + " (t)g(t — o)
+d (t)u(t) + e (H)u(t - 0),
&(t) = A(t)z(t) + B)p(t — 7) + C(t)q(t — o) + D(t)u(t)
+E@)u(t—0),t €1,

\_/\/

xo(to) =0, x(t) = (cp(t),g(t))T,t € [%,to),x(t()) = (p07g(t0))T7 x(tl) =1,

2%(ty) — min,

which is a particular case of the problem (1)-(4). Therefore, Theorem 2 formulated below is
a simple corollary of Theorem 1.
Let us introduce the functions

A(t) = (@°(t), A@)", B(t) = (1°(t), B(t)", C(t) = (<°(),C1)",
D(t) = (d(t), D(t))", E(t) = (¢°(t), E()".

Theorem 2. Let (19,00, 00, uo(t)) be an optimal element and let zo(t) = (po(t), qo(t))”
be the corresponding solution. Moreover, the function B(t) is continuous at the point tog+ 7.

There exists a nontrivial solution }(t) = (Yo(t), 1 (t), ..., bn(t)) = (Wo(t), ¥ (1)), with o(t) =

const < 0, of the equation

B(t) = =B AE) = (¢ + 70) (Bt +70), Oui1ysm ) — $(t + 00) (On1)cks Ol + 0) )
D(t) =0,t >t
such that the following conditions hold:
8) the condition for the delay T

t1

U (to + 70) B(to + 10)[po — (to)] + t D(t)B(t)po(t — 70)dt = 0;
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9) the condition for the delay og

t1

~

D(t)C(t)do(t — o0)dt = 0;

to

10) the condition for the delay 0

t1

t $(t)E(t)io(t — 6o)dt = 0;

11) the condition for the control function wuo(t),

/t o) [D(tyuo(t) + B(tyuo(t — 00)] dt = max /t o) Dyt

u€ef)

N

+E()u(t - 90)} dt.

2. Proof of Theorem 1
On the convex set II = Ry x W, where R = [0,00), let us define the mapping
Q: 11 — R (7)
by the formula
Q) = (Q°(), .., Q' ()T = Z(7,0,0,po, x(t1;w)) + (£,0...,0",v = (§,w) € IL
It is clear that
Q°(v0) < Q°(v),Q"(v) = 0,i =1,1,Vv € Ry x Wy C 11,

where vy = (0, wp).

Thus, the point vy = (0, wg) € II is a critical (see [2, 3]), since Q(zp) € IQ(II). Moreover,

the mapping (7) is continuous [3].
There exist numbers g9 > 0 and « > 0 such that for an arbitrary € € (0,gp) and

v = (8§, 0w) € Vi, :=1[0,a) X Viyy CII —vg = {v —wvp : VYo €I},

where
dw = (67,90,00,dpo, dp,dg, du),
Vo = (—a,a) X (—a, @) X (—a, o) X [P — po)
X[(I)—tpo] X [G—go] X [Q—UO}
we get

vg + edv € I1.

On the basis of the variation formula of solution [1] we have,

Ax(ty;edw) == x(t1; wo + dw) — xo(t1) = €dx(t1; dw) + o(edw),
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V(e,0w) € (0,e0) X Viggs

where
dx(ty;0p) =Y (to; t1) ((5200, Omx1)” + (®k><1759(t0))T)
t1
{Y to + 70;t1) B(to + 70)[poo — wo(to)] + [ Y(s;t1)B(s)po(s — To)d5}57
to
t1 to
{ Y (s;t1)C(8)do(s — ao)ds}&r + / Y (s + 710;t1)B(s + 10)0p(s)ds
to to—70
too t
+/ (s + 003 )C (s + 00)8g(s)ds — { Y (s;) E(s)iio(s — 90>ds}59
too—o0 too
t1
v [ Yist) [D(s)au(s) + E(s)du(s — eo)} ds; (8)
too
and 5
lim ofedw) = 0 uniformly for dw € Vy;

e—0 £

Y (t;t1) is the n x n— matrix function satisfying the linear differential equation with an
advanced argument

d

Y (1) = =Y (1) A(D) =Y (t+70511) <B(t 7o), emm) Y (t+o0it) (@m, Ot + ao))

and the condition

I fort=t
Y(t,tl): { fOT‘ 1’

Opnxn fort >ty

here [ is the identity matrix.
Now we calculate a differential of the mapping (7) at the point vg. We have,

Qv + edv) — Q(vo) = Z(19 + €07, 00 + €60, 8y + €06, poo + €0po, x(t1; wo + €dw))

—Z(Tg,o‘o,go,poo,ajo(tl)) + E(éf,O...,O)T, € € (0,50),5111 S Vwo'

We introduce the notation
Ze; s) = Z(1o + 501,00 + £sd0, 0y + €560, poo + £50po, xo(t1) + sAx(t1;edw))
Let us transform the difference

Z (10 + 61,00 + €d0, 00 + €66, poo + €po, x(t1; wo + edw))

1
d

—Z (710,00, 00, Poo, o(t1)) Z/ Ts Z[e; slds
0 S

1
= / [5 (ZT[E; s|0T + Zse; s|do + Zple; 5|00 + Zp|e; s]5p0> + Zgle; s|Ax(ty; eéw)} ds
0
1
= / [5 (ZT[z-:; S|0T 4+ Zge; s|do + Zyle; 5100 + Zy[e; s]0po + Zu[e; s|dx(tr; 6(5111))
0

+Zy[e; s]o(eéw)] ds=¢ {20757 + Zoo 60 + Zpgd8 + Zopdpo + Zozox(tn; 5w)} + vy(edw),
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where

v(edw) = 6/01 {[ZT[s; S| — Zor|0T + [Zs[e; 8] — Zoo)do + [Zole; s] — Zpp)db

[Zple; s| — Zop|dpo + [Zzle; ) — Zoz)ox(t1; 0w) + Zyle; 8]0(5;5111) }ds.

It is easy to see that
i%[ZT[Ev S] - ZOT] = Ovil_r}(l)[za[gv S] - ZOO’] = Oail_rf(l)[z@[ga S] - ZO@] = 07

im [Z,[e; s] — Zop] = 0, im[Z,[e; s] — Zog] = 0.
e—0

e—0

Therefore, v(edw) = o(edw). Thus,
Q(vo + 6v) — Q(vo) = edQy, (dv) + o(edv),
where o(gdv) := o(edw) and differential d@Q,,(dv) of the mapping (7) has the form
dQuy (3v) = Zo:0T + Zow00 + Z0a00 + Zopopo + Zowdx(t1; dw) + (0€,0,...,0)7.

Due to relation (8) we get

dQUO ((51}) = [ZQT—ZOxY(to—I—To; tl)B(tQ—i-To)[poo—(po(to)]—/tl Z()mY(t; tl)B(t)po(t—T())dt] ot

to
to t1
| ZYirmit) B+ m)detde+ [Zoo — [ ZoaY (5 Cle)in(t - o0)de]do
to—To to

+Zopdpo + ZozY (to; t1(8po, Omx1)” + [ZOzY(to; t1)(Okx1,0g(t0))”

to t1
+ / ZOwY(t + 00; tl)C(t + Uo)(sg(t)dt + |:Z()9 — / Z[)xY(t; tl)E(t)’L'Lo(t — ao)dt] 00
t

0—00 to

+ / ! ZooY (t; tl){D(t)éu(t) + E)oult — 90)}dt + (06,0, ...,0)T. 9)

to

From the necessary condition of criticality [3, 4] it follows that: there exists a vector m =
(7o, ..., m) # 0 such that

TdQuyy (0v) <0,V v € Ry x R X R X R x [P — po] X [® — o] (10)

X[G — go] x [ — ug]

Introduce the function

Y(t) = T20.Y (t5t1) (11)

as is easily seen, it satisfies equation (5) and condition (6). Taking into account (9) and (11)
from inequality (10) we obtain

t1

wZor = 0(to) Blto + m)lpvo — polto)) = | (Bt - o)t | o7
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/t "t ) Bl )0t + 7200 — [ UOCEE — o0)dt] 0

0—7T0 to

720+ (W180)s s 0(0)) 810 + [ (t0), s n(t0)) By 1)

t1

+ /tto Y(t 4 09)C(t + Uo)5g(t)dt} + [FZOQ — V() E(t)io(t — Ho)dt} 560

0—00 to

+ /tl w(t){D(t)éu(t) + B(t)du(t — 00)}dt +(6¢,0,...,0)7 < 0. (12)

to
Let 67 = do =90 = 0,0py = 0,0 = 0,69 = 0,0u = 0 in (12), then we obtain
mo0€ < 0,V6E € Ry

This implies w9 < 0.
Let 6§ = 00 =00 = 0,6py = 0,50 = 0,dg = 0,6u = 0 in (12), then we have

[71'207— — 1/J(t() -+ T())B(to + To)[po() — gOo(t())] — . w(t)B(t)]')o(t — To)dt or <0,

to

taking into account that J7 € R we obtain condition 1).
Let 0§ = 61 =00 = 0,0pg = 0,0 = 0,99 = 0,0u = 0 in (12), then we have

7200~ [ wC Wt - ov)a] s <0

to

taking into account that do € R we obtain condition 2).
Let 6§ = 07 = 60 = 0,0pg = 0,0 = 0,09 = 0,5u = 0 in (12), then we get

7200 - () ()it — fo)dt] 50 < 0.
to

taking into account that J6 € R we obtain condition 3).
Let 6§ = 07 =60 =060 =0,0p = 0,09 = 0,0u = 0 in (12), then we have

[wzop + (41 (to), ...,¢k(t0))]5po <o,

taking into account that dpg € Py —po = {p —po : p € Py} we obtain condition /).
Let 0§ = 01 = 00 = 60 = 0,0py = 0,99 = 0,0u = 0 in (12), then we have

to
| vt miBe+ miseoi <o,
to—7o0
taking into account that dp € ® — g we obtain condition 5).

Let 6§ = 07 = 6o =60 = 0,9pg = 0,09 = 0,0u = 0 in (12), then we have

to

[rat0) s blta)d(t0) + [ 0t + 00)C(t + ou)bg(t)dt] <o

to—oo

taking into account that dg € G — gy we obtain condition 6).
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Let 6§ = 017 =0 =00 = 0,9pg = 0,59 = 0,0 = 0, in (12), then we have

/tl B D(t)su(t) + B(t)sult — oo) }dt <0

0

taking into account that du € 2 — uy we obtain condition 7).
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